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-
Mahler measure of polynomials

P € C[x, ..., xF], the (logarithmic) Mahler measure is :

1 1
m(P) = /0 /0 log |P(e2™% ... e?™n)|dg; ... db,
1

dX1 an
= —— log [P(x1,. .., Xn)|— ...
(2mi)n /Irn og [P, x) X1 Xn
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Given ;
P(x) = aq [ [(x — an) € C[x]
n=1

d
m(P) = log |aq| + Z log™ |cn]

n=1

Jensen's formula:
1 .
/ log |2 — a|df = log™ |o]
0

recovers one-variable case.
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N ——..
Properties

e m(P) > 0 if P has integral coefficients.
e m(P-Q)=m(P)+ m(Q)
@ « algebraic number, and P, minimal polynomial over Q,

m(Pa) = [Q(e) - Q] h()

where h is the logarithmic Weil height.
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Kronecker's Lemma
P e Z[x], P#0,

m(P) =0 P(x) = x* ][ ®n(x)

Matilde N. Lalin (MSRI) Mahler measure and evaluation of regulators May 10th, 2006

5/ 32



N ——..
Lehmer's question

Lehmer (1933)
m(x0 +x% —x" = x® —x® —x* — X34 x +1)

= log(1.176280818...) = 0.162357612. ..
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N ——..
Lehmer's question

Lehmer (1933)
m(x0 +x% —x" = x® —x® —x* — X34 x +1)
= log(1.176280818...) = 0.162357612. ..

Does there exist C >0, forall P(x) € Z[x]
m(P)=0 or m(P)> C??

Is the above polynomial the best possible?
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Boyd & Lawton
Pe (C[Xl,. .. ,X,-,]

lim ... lim m(P(x,x", ... x*)) = m(P(x1,x,...,x,))

kp—o0 kn—o00
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Jensen’s formula — simple expression in one-variable case.

Several-variable case?
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N ——..
Examples in several variables

Smyth (1981)
o
3v3

m(L+x+y) = 5 —L(x-3,2) = L'(x-3,-1)

m(l+x+y+z)=%§(3)
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Boyd, Deninger, Rodriguez-Villegas (1997)

1 1 L/(E
m<x++y+—k) 2 HE0) keN, k#4

X y B

1 1 )
m{x+=-+y+-——-4] = 2L'(x-4,-1)

X y

1 1
m(x+;+y+;—4\/§> = L/(A0)

A:Y?=X3 - 44X +112
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N ——..
Examples in three variables

o Condon (2003):

v (2= (155) a+9) = 560

o D'Andrea & L. (2003):

4\/§CQ(\@)(3)
w°m (z(l —xy)?2—(1-x)(1- y)) = T

e Boyd & L. (2005):

22m(® + 1+ (x+ 1)y + (x — 1)2) = 7L(x_a,2) + 2—814(3)
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N ——..
Examples with more than three variables

L.(2003):

1—
mm <1 +x+ (1 +2) (1 +y)z> = 241(x—4,4)

].—Xl 1—X4 14
~m (1—|— (1+X1) (1+X4) z) :62C(5)+?7r2<(3)

wtm (1 +x o+ (1 ;2) (1 ;Z) (1+y)z) —93((5)

Known formulas for n.
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-
Polylogarithms

The kth polylogarithm is
Lig(x) == Z % xeC, |x/<1

n=1

It has an analytic continuation to C\ [1, c0).
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-
Polylogarithms

The kth polylogarithm is

X  on
Lig(x) :== Z % xeC, |x/<1
n=1

It has an analytic continuation to C\ [1, c0).
Zagier:
k—
Li(x) := Rex Z Iog x|V Lik—j(x)
j=0

B; is jth Bernoulli number
Rey = Re or Im if k is odd or even.
One-valued, real analytic in P1(C) \ {0,1, o}, continuous in P1(C).
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L satisfies lots of functional equations
1 _ _ _
£ () =D L) = ()
Bloch—Wigner dilogarithm (k = 2)

D(x) := Im(Lia(x)) + arg(1 — x) log ||

Five-term relation

D(x)+D(1—xy)+D(y)+D(1_};)—i—D(l_X):O

1—x 1—xy
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Philosophy of Beilinson's conjectures

@ Arithmetic-geometric object X (for instance, X = Of, F a number
field)

o L-function (Lr = (F)
o Finitely-generated abelian group K (K = Of)
@ Regulator map reg : K — R (reg = log | - |)

(Krank1) L’ (0) ~qg+ reg(€)

(Dirichlet class number formula, for F real quadratic,
CF(0) ~q-~ loglel, € € OF)
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-
An algebraic integration for Mahler measure

Deninger (1997): General framework

Rodriguez-Villegas (1997) : P(x,y) € Cl[x, y]
" 1
m(P) = m(P) =5 [ 2ty

n(x,y) = log|x|dargy —log|y|d arg x
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-
An algebraic integration for Mahler measure

Deninger (1997): General framework

Rodriguez-Villegas (1997) : P(x,y) € Cl[x, y]

m(P) = m(P) ~ 5= [ n(x.y)

5

n(x,y) = log|x|dargy —log|y|d arg x

n(x,1 —x) = dD(x) dn(x,y) = Im <d7x A d7y)
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N —
The three-variable case

P(X,y,Z):(l—X)—(l—y)Z X:{P(X,y,Z)ZO}
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N —
The three-variable case

P(X,y,Z):(l—X)—(l—y)Z X:{P(X,y,Z)ZO}

1—x
1—y

dxdy dz

Xy z

zZ —

1
m(P):m(l—y)+WA3log
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N —
The three-variable case

P(X,y,Z):(].—X)—(l—y)Z X:{P(X,y,Z)ZO}

1 1—x|dxdydz
P)=m1l-y)+——— | log|z— Xdyez
m(P) = m( y)+(27ri)3/11~3 8|2 l-y| x y z
! / ot |17 x| dxdy
—(271)2 Jpe & 1—y| x y

——L/Io |zd—Xd—y
T Ry

F=Xn{lx|=lyl=1]z] > 1}
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N —
The three-variable case

P(X,y,Z):(].—X)—(l—y)Z X:{P(X,y,Z)ZO}

1 1—x|dxdydz
P)=m1l-y)+——— | log|z— Xdyez
m(P) = m( y)+(27ri)3/11~3 8|2 l-y| x y z
! / ot |17 x| dxdy
—(271)2 Jpe & 1—y| x y

——L/Io |zd—Xd—y
T Ry

F=Xn{lx|=lyl=1]z] > 1}

1
= _W/rn(xayvz)
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n(x,y,z) = Iog|x]< dlog|y| Adlog|z| — dargy/\dargz)

+log |y < dlog |z| A dlog |x| — dargz/\dargx)

+|og|z\< dlog|x| Adlog|y| — dargx/\dargy>

d d d
dn(x,y,z) = Re (7)( AL _z)

y z
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77(X7 1 - X7y) - dW(X,y)
where
w(x,y) = —D(x)dargy

1
+§ log |y|(log |1 — x|d log |x| — log |x|d log |1 — x|)
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77(le _X7y) - dw(va)
where

w(x,y) = —D(x)dargy

1
+§ log |y|(log |1 — x|d log |x| — log |x|d log |1 — x|)

1—x

z:l_y

n(x,y,z) = —n(x,1=x,y) —n(y,1 —y,x)

1
m(P) = gz [l 1wy ey 1oyx) = s [ wly)rty. )
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w(x, x) = dL3(x)
F=Xn{lxl=lyl=1lz[ > 1}
Maillot: if P € R[x, y, z],

O =v={P(x.y,2) = P(xy L.z ) =0} n{lx| = ly| = 1}

w defined in
C={P(x,y,z)=P(x 1y ', z7)=0}

Want to apply Stokes’ Theorem again.
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1-x)1-x1) i
(1-y)A-y1)

C={x=ytu{xy =1}

- T

o
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(1) = (L= 9)2) = 45 [ wlxy) + (%)

T2

w(x, x) = dL3(x)

- #8(&;(1) — L3(-1)) = %4(3)
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S
In general
N 1
m(P) = m(P*) — W rn(XaY»Z)
Need

x/\y/\z:Zr,- xiAN(1—x) Ay

in A*(C(X)") ©Q,
({x,y,z} =0in KM(C(X)) ® Q) then

/ X.y’ Zrl/ Xla Xl7yl
r

=> /MW(Xi,yl')
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w(x,y) = —D(x)dargy

1
+§ log |y|(log |1 — x|d log |x| — log |x|d log |1 — x|)
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w(x,y) = —D(x)dargy
1
+3 log |y|(log |1 — x|d log |x| — log |x|d log |1 — x|)

Let

Ral(x,y) = b + ] + [1 = ] + [11__ Jy] v [11—_ xyy}

inZ Pk )|
F field,
Ba(F) := Z[PE]/ ([0], [o0]. Ra(x. ¥))

Need
2@y = rilxla®x

in (B(C(C)) ® C(C))g.

Then
/w(x,y) = Z ri L3(xi)l,
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-
Big picture in three variables

o — Ky (OT) — K3(X,0IN) — K3(X) — ...
or=xnt?

<= (Ks(Q) D)K5(97) — Ka(C,07) — Ka(C) — ...
oy =CNT?
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-
Polylogarithmic motivic complexes

Beilinson (after work of Bloch, Deligne, Beilinson, etc)
rp : g1 Koj—i(X)g — Hp(X,R(j))

Goncharov: possible " Explicit construction” of rp and ng7K2j_;(X)Q.
F field, define R,(F) C Z[P}] and
Bn(F) := Z[PE]/Rn(F)

Ra(F) == {({x} +{y} —{xv}, xy € F7,{0}, {oo})
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Bn(F) := ZIPE]/Ra(F)
Ri(F) = {x +{y; =}, xy € F7,{0},{oo})

ey [ BE)o s
{x}n_1®x ifn>3
6n({x}){ (I1—-x)Ax ifn=2
0 if {x} = {0}, {1}, {oc}

An(F) :=kerdp,

Ra(F) = (a(0) — a(1), a(t) € An(F(t)))
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n(Ra(F))=0
Br(n) :

Bo(F) 5By 1(F) @ F* 5. L By(F) @ AT2F* 2 AnF?

§:{x}p® /\ Yi = 6p({x}p) A /\ Yi-
i=1 i=1

H"(Be(n)) = Ky'(F)

Conjecture
H'(BF(n) ® Q) = gr] Kan-i(F)g J
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(Goncharov) X complex algebraic variety. There exist 7,(m) inducing a
homomorphism of complexes

0 6 6

B.(C(X)) % B,1(CX)oCX)* % ... %  A"CX)
1 nn(1) 1 1n(2) L nn(n)
AX)(n—-1) & AY(X)(n— 1) 4L A (X)) (n—-1)

(A/(X)(j) = smooth i-forms with values in (27i}R) such that
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o na(1)({x}n) = La(x).
o dnp(n)(x1 A+ Axp) =y (m/\---/\dx—’;")

X1

@ 7,(m) compatible with residues (residues are given by tame symbols).

1

Conjecture J

"Image of n,(i)” coincides with image of regulator

Matilde N. Lalin (MSRI) Mahler measure and evaluation of regulators May 10th, 2006 30/ 32



Deninger(1997)

. 1
m(P) = m(P*) + W /rn,,(n)(xl, ey Xn)
where
F={P(x1,...,xp) =0} N {|x1| =+ = |xp—1| = 1, |xn| > 1}
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Deninger(1997)

. 1
m(P) = m(P*) + W /rn,,(n)(xl, ceey Xp)
where
F={P(x1,...,xp) =0} N {|x1| =+ = |xp—1| = 1, |xn| > 1}

2m <1+ <1‘X1)...(1‘X2")z>
14+ x 1+ xo,

= canm (20 + 1)

h=1

Matilde N. Lalin (MSRI) Mahler measure and evaluation of regulators

May 10th, 2006

31/ 32



Random walks

Mahler measure <€—>» Regulator

\

Hyperbolic manifolds

Beilinson’s conjectures
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