PRIME FACTORS WITH GIVEN MULTIPLICITY IN h-FREE AND
h-FULL POLYNOMIALS OVER FUNCTION FIELDS

JUAN AREVALO GOMEZ AND MATILDE LALIN

ABSTRACT. Let f € Fy[T] be a monic polynomial over the finite field F, of g elements and
let & > 1 be a natural number. Following the work of Das, Elma, Kuo, and Liu [DEKL23], let
wi(f) be the number of distinct monic irreducible factors of f with multiplicity k. We study
the distribution of wy, in F,(T") when restricted to h-free polynomials and h-full polynomials.
We show that a generalization of the Erdés—Kac Theorem restricted to the h-free polynomials
is true for wy, but not for wy for 2 < k < h, and similarly, a generalization of the Erdos-Kac
Theorem restricted to the h-full polynomials is true for wy, but not for wy for k£ > h + 1.

1. INTRODUCTION

Let F, be the finite field of ¢ elements, where ¢ is a prime power. For f € F,[T], let
0 foapppy

be its prime factorization, where P; € Fy[T] is monic irreducible, v; > 1, and « € F;.

Let h > 2 be a natural number. We say that f € F,[T] is h-free if v; < h for j=1,...,r
in (1). Analogously, we say that f is h-full if v; > h for j =1,...,r in (1). Notice that for
h = 2, we obtain the square-free and the square-full polynomials respectively. We denote by
Sy, and by N, the sets of h-free and h-full polynomials respectively.

The number of distinct prime divisors is given by w(f) := r. The distribution of values of
w has been extensively studied over the natural numbers. In 1940, Erdés and Kac famously
proved that for n a natural number w(n) has a limiting normal distribution in the sense that

— log1 1 B,
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log(n)

Various approaches to the Erdds and Kac’s theorem have been pursued, see for example the
works of Delange [Del53, Del71], Halberstam [Hal55], Billingsley [Bil69], and Granville and
Soundararajan [GS07].

The function field version of the Erdés—Kac Theorem was settled by W.-B. Zhang [Zha96],
namely, if we let M,, denote the monic polynomials of F [T of degree n, then

o1
lim —
r—00 I

eM, : <m, < w(f)—loglog(n) -
lim ’{f nemas Vog(n)  — 5

1 B8
s {f e M, : n<m} ‘m/a ‘

This was then generalized by Liu [Liu04b, Liu04a]. Rhoades [Rho09] gave another proof,
extending the methods Granville and Soundararajan [GS07] to the function field setting.
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It is also interesting to pose the question of whether the Erdés—Kac Theorem extends
to subfamilies. Lalin and X. Zhang [1.Z23] proved the corresponding generalizations to the
Erdés-Kac Theorem for h-free and h-full monic polynomials over F,[T], by the method of
moments. It is remarkable that, while a positive proportion of monic polynomials of a certain
degree are h-free, and this proportion remains positive as the degree goes to infinity, the same
is not true for h-full, which constitute a thin family as the degree goes to infinity. Therefore,
the analogue to the Erdés—Kac Theorem is more surprising in this context.

In [EL22], Elma and Liu considered a refinement of w(n) as follows. For £ > 1 a natural
number, let wg(n) denote the number of distinct prime factors of n with multiplicity k.
They computed the first and second moments of wy(n), proved the analogue of Erdés—Kac
Theorem for w;(n), and showed that wy(n) for k£ > 2 does not have normal order F(n) for
any nondecreasing nonnegative function F(n). This work was subsequently extended by
Das, Elma, Kuo, and Liu [DEKL23] to the function field setting.

The goal of this manuscript is to explore the refined functions wy(f) in the case of the
h-free and h-full families of monic polynomials in F,[T]. As one may expect from the above
discussion, we obtain that w;(f) satisfies a limiting normal distribution over the h-free poly-
nomials, while wy(f) for 2 < k < h does not. For the h-full polynomials, we have that wy,(f)
satisfies a limiting normal distribution, while wy(f) for & > h + 1 does not. (In the h-free
case, wi(f) is trivial for & > h while in the h-full case, wi(f) is trivial for k < h.)

We adopt the following notation. Let M and M,, denote the sets of monic polynomials of
[F,[T] and monic polynomials of degree n respectively. We let ), and [[p denote the sum
and product over all monic irreducible polynomials in F,[7]. For a polynomial F(T") € F,[T],
the quantity |F(T)| := ¢%&) denotes its norm or absolute value, and we set |0] := 0. We
denote by (,(s) the zeta function associated to F,[T'], defined precisely in (10).

Define
=1t (log( |P|) *ﬁ)

to be the function field analogue of the first Mertens constant, where

v = lim ( 1 log(n )) ~ 0.57721566. ..
n— o0 k
is the Euler-Mascheroni constant. The Mertens constant B; appears in estimates for . w(n)
(see [HWO8, Theorem 430]).
For f € M and P € P, let vp(f) be the multiplicity of P in the factorization of f, that
is, vp(f) is the integer such that P*»(9) | f but P*»()+1 4 f (this includes the possibility of
vp(f) =0 when P { f). We have that



Clearly we have

w(f) = Zwk(f)~

k>1
In [DEKL23, Theorem 1.1], Das, Elma, Kuo, and Liu prove that, as n — oo,

1 1 1
2 ST 3 walh) =log(n) + (Bl - ;PT) ro(3).

JEMn

For k > 2, ¢ € (0,1/2) and as n — oo, they prove

1 1 1 .
(3) M, ZWk<f):<¥W_|H—kH>+O€(Qk )

feMs

The authors of [DEKL23] compute the second moments in Theorem 1.2 obtaining results of
the form

1
ﬁ f;n w1(f)2 — logQ(n) + Cylog(n) + C5+ O < Ogrfn)) |

and
1

W] 2 @lf)? =Cl 0 (ah ),

feEMn
where Cy, Cs, C}, are certain precisely given constants (depending only on ¢).

In contrast, [L.Z23, Theorem 4.1] states that the moments over the h-free family are given,
as n — 0o, by

1 _ P
Sl 2, ) T B 2 ey O 0,

while '
m Z w(f)? =log*(n) + Sa(h)log(n) + Ss(h) + O. (ng—l) ’

feSLNMy,

for certain precise constants Sy(h) and S3(h) depending on ¢ and h.
Similarly [LZ23, Theorem 6.1] gives that

; = ﬁ e—1
|Nh N ,/\/ln| fe/\/than(f) =log (h) + N1<h) + 0. (n ) 7
while
1
Foawey, O el =g () + Nathos () + () + 0. (7).

FENLNM.,

and Nj(h), Na(h), N3(h) are certain precisely given constants depending on ¢ and h. In
particular, setting h = 1 for the h-full polynomials gives the moments of w for the whole set
of monic polynomials, namely,

o S w(f) =log (n) + Ni(1) + 0. (n7Y),

M| fEMn
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and

|/\i D ) = o () + Na(1) o (n) + N (1) + O, ().
"l remM,

We remark that for n > h,
IS, "M, | =

Co(h)

and

A= 0 ; H( ’_1130 <1+ |P|(1— (thg) deg P))) + O (qhﬂﬁn)’

where &, denotes a primitive complex root of unity of order h.

Throughout this article, the error terms have implied functions depending on ¢ and h.
This does not pose a problem, as we assume ¢ and h to be fixed.

As previously stated, [DEKL23, Theorem 1.5] asserts that @1()1oe(m) 1 5q 5 limiting normal

4/ log(n)

distribution; [L.Z23, Theorem 4.2] gives the analogous result for %bg()") restricted to S, N

og(n

M,,, while [LZ23, Theorem 6.2] gives this for % restricted to Nj, N M,,.
og( %

In this work, we compute the first and second moments of w; for h-free polynomials.

Theorem 1.1. For any € > 0 and as n — oo, the first moment of wy over the h-free
polynomials of degree n is given by:

! 1
o 1S, N M,,| fEShZWn wi(f) = log(n) + C1(Sk,1) + O (H) 7

where

Pt
G =B 2 -1y

The second moment is given by:

1 n
O a2l o) + Calsi Dlogtn) + Ca(s 1)+ 0. (),
n feSpNM,,
where
) PP -1
cz(sh,1)_< (Bl Z’P’ IR
and

2
PI"*(P| - 1 PP - P -1
C. 1) = Bi+B,—((2)— | —(2B;+1)
s = atem-co-3 (Ft Z|P| P15~ Ao
Finally, the variance is given by:

Varhffree,n(c‘)l) ::m Z wl(f)Q - (m Z W1<f>>

" ores,nM,, " res,nM,,
=log(n) + Cy(Sp, 1) + O- (n°71),
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where

[P*-2(1P| - 1) PPt -1
C4<Sh71)_Bl_<(2)_ZP:( |P|h—1 ) Z|P| |P|h—1

We remark that the error term in the first moment is of better quality than the error
term in the second moment, as this last one contains an extra factor of n°. This is due to
the fact that the first moment can be computed in two ways: one that uses the generating
function for wy directly, and another way, that deduces the moments from equations (2) and
(3) (obtained by Das, Elma, Kuo, and Liu with other methods), resulting in an improvement
of the error term.

Another interesting observation is that for the case h = 2, we have w; = w, and the results
for the moments coincide with the results from [LZ23].

The techniques used to compute the first and second moments in the case of w; can be
pushed further to prove an analogue of Erdés—Kac Theorem.

Theorem 1.2. As n — oo, wi(f) with f € S, N M,, approaches a normal distribution,

namely, for a < f3,
_ wy(f) — log(n) 1
{J"‘eshmvln D a< ) gﬁ} %m/a

Similarly we obtain the first and second moments of wy for 1 < k < h for h-free polyno-
mials.

1

3
S /2.
|Sp N M,,| ©

Theorem 1.3. For any € > 0 and as n — oo, the first moment of wy over the h-free
polynomials of degree n is given by:

(6) b Z wi(f) = Z P (P - 1) 4 0. (q%—n—f—an)

h_
[Sh OV M| fESHNMn P 1P| 1

and the second moment is given by:

1 |P[**1(|P] - 1) |P[* (1P| — 1)\
[Sh 1 M| 2 v (Z |PIF—1 ) Z( [P —1 )

" oresS,nMy,

QS

PR (P —1
+ZH (1P-1

—n+en
Pl )

- (g*

Let Y € M and ¢g,G : U — R5( be two functions. We say that G is non-decreasing if
G(f1) = G(fe) for all fi, fo with deg(f1) > deg(f2). Then g is said to have normal order G
(for a non-decreasing function G over S) if for any € > 0 the number of polynomials f with
degree n that do not satisfy the inequality:

(1=2)G(f) <g(f) < (1+e)G(f)

is o N M,,) as n — oo.

Theorems 1.1 and 1.2 imply in particular that w;(f) has normal order log(deg(f)) over
the h-free polynomials. It is natural to pose the same question for w; when k > 1. We have
the following negative result, which is consistent with the findings of [DEKL23] for the whole

set of monic polynomials.
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Theorem 1.4. For 1 < k < h, the function wi(f) does not have normal order G(f) for any
non-decreasing function G : S N M — Rs.

Using the same methods, we can prove analogous results for A},. Before stating our results,

we establish some notation. Let
1— J\— deg(P)
K(Phg) = — L= 0"G)

|PI(1 = (qré&g)=des®) 4 1

and recall that as n — oo,

1
_ﬁ Jn _i 1 T ten
AL M| = 2 Z;ah 1;[(1 ’P’) <”\p\(1_(w) e ))) +0. (q )

J=

Theorem 1.5. For any ¢ > 0 and as n — oo, the first moment of wy, over the h-full
polynomials of degree n is given by:

1 Z _
(8) N, N M, | fENhﬂan Wf) =log (h) N, h) + (n ) ’
where
Cy(No h) =By 4 — qzhi :
(N ) =B e 25 L ( |P|) [PI(1 — (ghg])~estr)

xZ( (P, h,j) — %)

The second moment is given by:

O) T o rll? =108t () + Calimtog () + ChlNi ) + 0. (1),

" reN NMy,

where

n h—

_ gt _ L !

Co(Ni, h) =2B; + 1 + ————— INhﬂM T JZ 1;[<1 |P|> <1+ Pl (ala) ))>
xZ( (P, h,j) — )

and
1

n h—1
1 PN 1— i) 1+ !
AR (- ( PI(L— (qhe)) 4P

P

. RN
;K(P, h,j)? + (; (K(P, h.j) — W))

+(2B1+1) ) (K(P, h,j) — |—]13|>

P

C5(Nn, h) =B} + By — ¢(2)
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Finally, the variance is given by:

1 , 1 i
Vary, suin (W) ZZW Z wi(f)” - (W Z Wl(f))

" FENLNM, n FENLNM,,

1 & 1 1
= log (h) B -2+ N, M| Z_:gh l_P[ (1 - ﬁ) (1 " |P|(1 — (qifi)—deg(P))>

" _ZK<P7h7j)2+<Z(K(Phj )) +Z( (Ph,j) — %)

P P

- whnng H( 1) (”|P|< i degP»)
XZ( (P.h3)~ 37)

+ O, (na_l) .

The techniques employed in the proof of the above statement can be pushed further to
prove an analogue of Erdés—Kac result.

Theorem 1.6. As n — oo, wy(f) with f € Ny N M, approaches a normal distribution,
namely, for a < j3,

! FeN,NM -a<”h<f)_1°g<%)<

Nw N M, | T log (2) \/ﬂ/

Similarly we obtain the first and second moments of wy for h < k for h-full polynomials.

Theorem 1.7. For any ¢ > 0 and as n — oo the first moment of wy over the h-full
polynomials of degree n is given by:

1 N ﬁh 1
N, N M, 2 )= Wm/\/l | h Z 1;[( |P|)< +|p|(1_(qi5i)—deg<p))>

feNLNM,,
X Z |P|(qng)) F P (P, h, §) + O. (qum)
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and the second moment is given by:

: L |
) whmwh% CII(- rP!><”|P|<1—<qhe> degm)

x [Z (1PIah €)= K (P, )

(lel (qr &) P K (P h J))

+ 0. (g ).

1
N, N M,

feENL,NM,,

+3 " |Pl(grg]) T E P K (P, b, )
P

Theorems 1.5 and 1.6 imply in particular that wy(f) has normal order log(deg(f)) over
the h-full polynomials. It is natural to pose the same question for w, when k > h. We have
the following negative result.

Theorem 1.8. For h < k, the function wi(f) does not have normal order G(f) for any
non-decreasing function G : Nj, N M — Rq.

This article is organized as follows. We start by including some notation and preliminary
statements in Section 2. The moments of wy over the h-free polynomials are treated in Section
3, including the first and second moment formulas, the normality results, and the analogue
of Erdos—Kac Theorem. Then Section 4 is organized likewise, for the h-full polynomials.
Finally, we conclude with a discussion of possible directions of future research.
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2. NOTATION AND PRELIMINARY STATEMENTS

Let M denote the set of monic polynomials over F [T and let M,, (respectively M<,)
denote the subset of M containing the polynomials of degree n (respectively degree < n). Let
P denote the set of monic irreducible polynomials, and let P,, := PNM,, and P<,, := PNM,
be defined analogously to the corresponding subsets of ./\/l The zeta function of F [T is
given by

e S S (DR

where the sum and the product converge for Re(s) > 1. By summing over the degree and
then over M,,, one can prove that

Cqls) = g
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which gives a meromorphic continuation for (,(s) to the whole complex plane, with single
poles when ¢° = ¢q. It is often convenient to consider the change of variables u = ¢~*%, which

gives
Zyuw) =Y ws O =T (1 - ulesP)

fem P
now converging absolutely for |u| < %, and having a meromorphic continuation to the com-
plex plane with a single pole at u = %.
We recall Perron’s formula over F,[T], which will be used throughout this article. (See

for example [Mur08, 4.4.15] for the classical statement, and [DFL22, Lemma 2.2] for the
function field version.)

Theorem 2.1 (Perron’s Formula). If the generating series A(u) = 3¢ a(f)udesld) s
absolutely convergent in |u| < r < 1, then

S alf) =5 f AL

. n 9
vl 210 Jiy=r w U

where § denotes the integral over the circle centered at the origin and oriented counterclock-
wise.

The following result is due to Warlimont [War93] in the context of arithmetical semigroups.
It was later rediscovered by Afshar and Porritt [AP19] in the function field setting, and
intensively used in [LZ23]. It extends the Selberg-Delange method to function fields and is
crucial for obtaining the first and second moments for w;(f) in all cases.

Theorem 2.2. [War93, Lemma 2],[AP19, Proposition 2.3] Let C(u,z) = > -, C.(n)u"
and B(u,z) = Y 5o B.(n)u™ be power series with coefficients depending on z satisfying
C(u, z) = B(u, 2)Z,(u)?. Suppose also that, uniformly for |z| < A,

B,
Z| in)|n2A+2 <4l
n>0 q
Then, uniformly for |z| < A and n > 1, we have

nzfl

I'(z)

where I'(2) is the gamma function defined by

['(z) = / t*~te~tdt.
0
For the h-full polynomial case we will need the following extension proven in [LZ23].

Theorem 2.3. [LZ23, Theorem 2.3] Let C(u, z) = >, C-(n)u" and B(u, z) =}, -, B.(n)u"
be power series with coefficients depending on z satisfying C(u, z) = B(u, z) Z,(u")?, where
h is a positive integer. Suppose also that, uniformly for |z| < A,

B,
Z | gn)|n2A+2 <4l

n
n>0 q

C.(n)=¢"

B (1/(], Z) + OA (qnnRe(z)—2) )
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Then, uniformly for |z| < A and n > 1, we have

ZgiLHB < qh 5h> , ) + OA (q%nRe(z)—2) ’

% -1

C.(n) =

where &, denotes a primitive h-root of unity in C.

To close this section, we recall another result of [LZ23] that will allow us to differentiate
inside an error term after applying Theorems 2.2 and 2.3.

Lemma 2.4. [LZ23, Lemma 3.2] Let G, (z), f(2) be complex functions, analytic at z = 1
such that G,(R), f(R) C R and

Gu(2) = f(2)n" 7 4+ O (nf)72)

in a neighborhood of z = 1. Then, for any small € > 0, we have

(1) Gu(1) = GLUA™I) +0. (1),
(12) Gut) = L] o, ()

3. MOMENTS FOR THE h-FREE POLYNOMIALS.

In this section we treat the case of h-free monic polynomials, where h > 2 and h > k£ > 1.
To prove Theorems 1.1 and 1.3, we start by considering the following Euler product, which
converges absolutely for |u| < % and gives the generating Dirichlet series for the h-free

polynomials:

Z(I<u) _ 1 — yhdes?) _ deg(P) (h—1) deg(P deg(f
Zq(uh)_EI(l—udeg(P) —H(l—i—lb Tt Z Y

P feSLNM

We introduce the coefficient wy(f) by writing it as the exponent of an extra variable, which
we will later differentiate. This preserves the additive structure of wi(f).

Crsy(,2) 1= 3 anDydents) — H(l FuteB ) Ly RAe(P) Ly (i) des(P))

fesSpNM
hdeg(P)

_ - k deg(P)
H(l—udegp)+(z D™ )

The above generating series can be used in two ways to compute the moments of wg(f).
Firstly, we can use techniques such as Perron’s formula (Theorem 2.1) and Theorem 2.2
to directly estimate the coefficient of ™ and obtain the moments by differentiating and
evaluating at z = 1. Secondly, we can use the generating series to relate wy(f) over the h-free
monic polynomials to the results from [DEKIL23] for the whole family of monic polynomials.
Next, we explain this second approach in detail.

Any f € M can always be written as f(T') = m(T)n(T)" in an unique way, where m(T)
is h-free. We define my,(f) := m(f). Our next goal is to study wy omy for k =1,...,h — 1,

that is to say, we want to find 3.\, wi(m(f)) and 3 oy, wr(m(f))*.
10



We have the following generating function for wy o my,:

Z Wk (i (f)), des(f) :H (1 Hooeo g (B0 deg(P) o kdeg(P) o (kD) deg(P) . o (htk) deg(P) )

femM P
1 (Z o 1>ukdeg(P)
- 1;[ (1 — ydee(P) + 1 _ yhdes(®) )

(13) :Zq(uh)Ck,gh (u, z).

From this we immediately see that there must be a relation between 3, s -\ wi(f)? and
> rerm, Wr(ma( ). We will make this more precise after we do a careful study of the
generating functions.

Now, notice also that for f € M,,,

(14) wi(mp(f)) = wi(f) + wnpn(f) + -+ w([%j—l)h+k(f)‘

Thus, if we can describe the relationship between the moments of wy(f) over S, and the
moments of w(my(f)) in more precise terms, we can use equation (14) and deduce Theorems
1.1 and 1.3 from the results of Das, Elma, Kuo, and Liu (2) and (3). While we have not
found an efficient way of doing this for the second moment, we do have a way of doing this
for the first moment, which in the case of w;(f), leads to an improvement to the error term
compared to what is obtained by directly applying the generating function.

We analyze the first two moments in the next subsections, as we consider two natural
cases, according to whether £ =1 or 1 < k < h, separately.

3.1. First and second moments of w; for the h-free polynomials. The case of w;
corresponds to £ = 1. We proceed to extract the singularity at u = % in the generating
function by writing

Bis, (u,z) == Z,(u)"*Cy s, (u, 2).

Our goal is to apply Theorem 2.2. In order to proceed, we verify that the hypotheses are
satisfied.

Lemma 3.1. Let By s, (u,2) = 3,20 Bz(n)u”. For|z| <A, n>2ando > 3,

s B,

aa
0<a<n q
where ca, 15 a constant depending on A and o.

Proof. The argument follows very similar steps to those in the proof of [AP19, Proposition
2.5] and [LZ23, Lemmas 3.1, 5.1]. Let b.(f) be the function defined on the powers of monic
irreducible polynomials P by

(15) L4+ ) b (P! = (14 zutu? + -+ u" 1) (1 —w),
j>1

and extended multiplicatively to all f € M.
Now Big, (1, 2) = 3 pepg b=(f)ue), and therefore, B.(n) = Y- ey, b=(f). Expanding

the right-hand side of (15), we see that b,(P) = 0. By Cauchy’s integral formula over
11



lu| = /%, we obtain
. 1 du
7y — T 2 h—1 o z
b.( )_27”, ) 2(1+zu+u +4u" (1 — ) e
lul=y/3
Thus,
N
Pl < (3)
for 5 > 2, where
My:= sup |(I+zu+u’®+-- +u")(1—w)

|2|<AJul<+/2

is a constant depending on A. The rest of the proof proceeds exactly as in [L.Z23, Lemma
3.1] to obtain

B (a)] My
Z qo'a < eXp q20'71 -1 :

0<a<n

Since a?4*? < ¢*/3 as a approaches infinity, it follows from Lemma 3.1 that
B, B,
Z| ia)|a2A+2 - Z| S)l <1
w0 1 a>0 47

uniformly for |z| < A. Thus we can apply Theorem 2.2 to By s, (u, 2).
Proof of Theorem 1.1. Recall that we have
Z zrDydeel) = ¢ s (u,2) = Bys, (u, 2) Z,(u)*.
FESHNM
Applying Theorem 2.2, this gives

nzfl B
(16> Z Zu“(f) - an(z) Bl,Sh(]‘/Q7 Z) + OA (qnnRe(Z) 2) '
fESLNMy,

Differentiating both sides of (16) with respect to z for z close to 1, and applying (11), we
have that
(17)

S w0t = (M)qn+wq 1og<n>n“+oz<1>o€( T ) |

PV I'(z) I'(z2) ni—¢

Evaluating (17) at z = 1, we have

(18)
S = B (10 UF(?(BQBL&(I/ 17 (1)q"+81’3%(<11/)q’ Y " log(n) +0. (nql_i> .
fESKAM,,
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Recall that I'(1) = 1 and I"(1) = —v. Notice that the evaluation of B; s, (1/¢,1) is particu-
larly simple:

1 1
55.0/6:0 =11 (1~ ) = o33

P

In addition, the logarithmic derivative of B; s, (1/q, z) gives

2Bis,(1/q,2) B . 1 |P|"=2(|P| — 1)
19 s (1 : (1 |P|> TP =1+ (= - D|PF2(P] - 1>> |

Applying the above identities to (18), we obtain the proof of (4) (with an error term of

O: (7).
We now proceed to prove (5). Multiplying (17) by z, differentiating both sides with respect
to z for z close to 1, and applying (12), we obtain

D wi(f) = (M) q" T+ <M> ¢"(n"" + 220 log(n))

resTm, I'(z) I'(z)

BLSh(l/q? Z)
['(2)

(20) +oz(1)0g( 7 )

+ q"log(n)(n*~' + zn*""log(n))

nlfs

Now observe that

<Bl,sh<1/q, >) _ (%Bmhwq, 2T(2) ~ Bus,(1/4. z>r'<z>)’

[(z) L(z)?
_ #2B15,(1/4,2)0(2)* = 28 Bus, (1/4, 2)L(2)I'(2) + Bus, (1, 2) (2" (2)* = L(2)1"())
I(z)? '

In addition, multiplying (19) by Bis,(1/q,2), taking the derivative, and evaluating at
z =1, we obtain

’ h—2 _
P h—2 P . 1 2
o 81:5h<1/Qa 1) ; (| |(‘P‘<h| _| 1) ))
_ ! (1 LY, PP - i
_gq(h) [; <l g<1 |P|) T Pl —1 )]
1 |PI2(|P| - 1)\
2 Ce(h) Z ( (|PI"—1) ) '

P
13



Evaluating (20) at z = 1 gives

Z wl(f)2

feSLNM,y,
- LBis,(1/q. 1)I(1)? = 22 By s, (1/q, T (DI'(1) + Bus, (1/g,1)(2I"(1)? — F(l)F”(l))qn
B r'(1)3
2 Bis,(1/¢, 1)I(1) = Bus, (1/q, 1)I'(1)
['(1)2

q"(1+ 2log(n))
%qn log(n)(1 + log(n)) + O. (n‘-’_) .

Replacing (21) in the above equation, and using the fact that I''(1) = «*+((2), we obtain

Z Wl(f)Q :q”(log(n))2

feSLNMy, Cq(h)

) (o5 o (1 - ) - L) )
o 2 (o (1= ) + )
e 2 (Cirran )

2y +1 LN PRI =D A —<(2)
*g(h)q;(log(l |P|)+ Pl —1 )* RO

Combining with the definition of By, we obtain (5).
The variance can be directly computed from equations (4) and (5) by recalling that [LZ23,
Lemma 3.3] gives, for n > h,

IS, M, | =

Ca(h)

Now we consider the improvement on the error term of the first moment that can be
obtained by working with equations (13), (14), as well as (2) and (3). From the above
discussion of the generating function and (13), we deduce that

f— N o ()Y
(22) fESthMn wr(f) = 0 erMn rma(f)).
14



Now, combining the above with (14), (2), and (3) gives
711

1 1 1
> wlf) o ¢ "log(n) +¢" (Bl Z |p|2> + Z (Z [P |P|jh+2)
feSNMy, P
() o
_q"log(n) [P"t -1 q"
R ORAAT (Bl 2 TBPF 1) |P|h—1)+0(?)’

giving (4) with the better error term of size L-
This concludes the proof of the first and second moments of wy (f). U

3.2. First and second moments of w; for the h-free polynomials. Here we consider
the case 1 < k < h. We have that Cj s, (u, 2) has a pole of order 1 at u = é. We extract it
as follows:

Bis, (u,2) = Z4(u) 'Crs, (u,2) = [ (1 = w950 4 (z — 1)ul s (1 — =Py
P

where By s, (u, 2) is absolutely convergent for |u| < ¢~ % and |2 < A.
By Perron’s formula (Theorem 2.1), we have that

S _ L [ Bis,(u,2) du

“Tomi ) (1—quut u’

feSpNM,y,

where the integral takes place on a small circle around the origin. We move the circle to
lu| = ¢=="% and obtain the residue at u = %. This gives

Z Zwk( - — Res _Bk Sh(u Z) + L f Bk75h(u7 Z) @
FESINMy, o (L= quyw " 2 fiy et (1= qujun w

(23) =By, (1/q,2)¢" + 0.(1)O. (qurE”) )
Proof of Theorem 1.3. In order to recover the first moment, we differentiate and evaluate
(23) at z = 1:
9 n 2ten
(24) > wl(f) =5_Bis,(1/a,1)q" + O: (¢FF").
fespnM,

The logarithmic derivative of By s, (1/¢, 2) gives
5:Brs.(1/4,2) Z [PI" (P - 1)
|P|"

By.s,(1/q,2) =1+ (z = D|PP=F=1(|P| = 1)
and thus
9 [P (1P| = 1)
2 — 1 1) = .
(25) 55 Brsn(1/a:1) >

L) 2= [P -1

Replacing the above in (24) gives the first moment, equation (6).
15



We proceed to compute the second moment. Differentiating (23), multiplying by z, dif-
ferentiating again, and setting z = 1, we have

0? 0 n
(26) Z wi(f)? :@Bk,‘sh(l/qa 1)g" + aBk,sh(l/C], 1)¢" + Oc (g++") .
fEShﬂMn
For the second derivative we have
2

) I, | PPk P| —1) PR (1P - 1))
@Bk,sh(l/Q7]—> _&Bk,sh(l/qa 1)2 |P|h — 1 _Bk,sh(l/Qal)Z |P|h — 1

|P|"*=1(|P| - 1) |PI"+1(1P] - 1)\
(Z [P]F—1 )‘2( [P]F—1 )

Combining this with (25) in (26) gives (7), the desired result, equation (7).
As a final note, we remark that we could have computed the first moment from (22) by

combining with (14) and (3). This alternative approach does not improve the error term in
(6). O

3.3. Normal order and an Erdos—Kac result for the h-free polynomials. The goal
of this section is to prove Theorem 1.2, namely the Erdés—Kac result for w; over the h-free
polynomials, and Theorem 1.4, which investigates the normal order of the functions wy over
the h-free polynomials.

Proof of Theorem 1.2. Our argument follows very closely the proof of [LZ23, Theorem 1.3].
In order to prove the statement we will show that as n — oo,

1 w(f) ~log(n) |
S 2 ( log(n) )%C”

fESENMyp,

where

—% 9y even
(27) c, =4 22 (3) ’
0 v odd.

Let us study the higher moments of w;. We consider again the moment generating function
with 2z = e

Cis, (u,e') = Z ptw1(£) g des(f) _ H (1 + etudes®) 4. g gy (A dee(P))
fesinM P

Evaluating at 2z = e! will allow us to differentiate multiple times in a single step and recover
the moments via the generating function

(28) E (wf) = E (e*1)"

t=0

|—=

We extract the singularity of Cy s, (u, €') at u =

Bl,«sh(ua 6t) = ZQ( ) G Sh (u € )
16
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By applying Theorem 2.2 we obtain

et—1

n _
Z e = qn—et Bis, (1/q,€") 4+ O <qnnRe(et) 2) .

fESLNMy, F( )
By (28), we have
1
+0. ().
n —&
t=0

=
Recall from Eq. (24) in LZ23], that for j > 1,

(30) (n=1)0) = 12{ }elog n)™ = 1T (e log(n).

where the { 731 } are the Stirling numbers of the second kind, and the 7} are the Touchard

polynomials [Tou39].
By combining (30) with (29), we have:
1
0. ().
n —€
t=0

(31) szz:( ) (log(n (%@/)q,et)yf—j)

Notice that

1 wi(f) — log(n) v: 1 " (v OV (1Y (Lo )¢
’ShmMn’fegMn< log(n) > (logn)? <€)E( 1){=1)"" (log )™

Combining the above with (31), we then obtain

v

oyt 2 (10 ogny

(log )% 4
(32)

Consider the change of variables u = v — ¢, m = v — £ 4 j. Then, the main term in (32)
becomes

Cq(h)g zv: (%ﬁet)) (v—m)

Zm: (Z) (:1_—2) Trm—u(logn)(—1)"(logn)*

(logn)z ~= 10 u=0
(33) = (éﬁ; ;0(:1) (%ﬁ’et})@m) ) f% (T)Tm_u(logn)(—l)“(logn)“.

Since the generating function for the Touchard polynomials [Tou39] is

. = T ()
z(et—1) § m
¢ n m! ol

m=0

17



one can see that the generating function for the inner sum in (33) is given by

t > tm e m
z(e'=1-t) _ i T 1)t
: IS (7)o sto-1%

Notice that the coefficient of 2* in the power series of (¢ 1% ig given by (et_u%t)u, whose

lowest power of t is t?*. Therefore, thinking of e®(©~1-1) a5 a power series in ¢, we have that

the coefficient of t” is a polynomial in x of degree at most [2
Now suppose that v is even. Then, the coefficient of z2¢t? in e*(¢'~1=% is given by 272”)
2)1
Back to the inner sum in (33), this gives a leading coefficient of #:n)' for (logn)? when
m)

m is even. Incorporating this information in (33), we get, for v even

e 3 (4 )Ee- 1 gy

(logn)z <= \¢
(IOg(nig 13/% ; (U) v-u(logn)(=1)*(logn)* + O <lo;;n>

while for v odd we get

as desired.

Before proceeding to the proof of Theorem 1.4, we need an auxiliary result
Lemma 3.2. Let n >0, ¢ > 0 be integers and let P € P. Then, as n — oo

Y g (1) Ot

fESINM,y,
(f,P)=1

Proof. We consider the generating function
Z udeg(P) — Zq(“)(l — udeg(f))
2, ()T - u" )

feSiNM
(f,P)=1

1 |
= g and u = &)

We remark that the above generating function has simple poles at u =

¢deg(P) — 1, and no other poles.

fory=0,...,
18



By Perron’s formula (Theorem 2.1), and by moving the integral to |u| = R with R — oo,
we have

> _ 1 f(l—que)ﬂ—udeg“))) du

B ) — _ g0deg(P n+1
feSINM,, 2mi | (1 — qu)(1 — ufdesP)) y
(f,P)=1

(1—qu)(1 —desP)  POE (1 — qu)(1 — udes(P))

Rl T ) (1 - wrte Pt Z NSty (1= qu)(1 — ul sy

- (1—|P|™"

Notice in particular that Lemma 3.2 implies that

n—k deg(P) 1—|P|-!
q
>, 1= > 1= ( | ‘z) + Onaeg(p) (1)
fesinM fes,NM Cq(f) 1 - |P|
n v n—kdeg(P)
vp(f)=k (f.P)=1

Proof of Theorem 1.4. We follow the argument given in [DEKL23, Theorem 1.4]. Let G(f)

be a non-decreasing function G : S, " M — R>,. First assume that there is an f, € S, N M

such that G(fy) > 0. Therefore, G(f) > 0 for all f € S, N M such that deg(f) > deg(fo).
Let n > deg(fy) and consider the following set:

Oso(n,h) :={feSNM, : w(f)=0}.

It can be seen that
Sk; N Mn = Sh N ./\/ln N Sk g 03,0<n, h),

and therefore
|0570(7’L, h)‘ Z ’Sk N Mn’ =

Cq(k)
for n > k.

This means that |Os(n, h)| is > ¢™. In particular, the set of monic h-free polynomials f
for which G(f) > 0 and wg(f) = 0 is not o(¢"). Clearly, for those f, we have

arlr) — ) > Y

is satisfied. That means that wy(f) does not have normal order G when G is not the constant

function 0.
Now, if G(f) =0 for all f € S, N M we define:

Osi(n,h) ={feSNM, : w(f) =1}
Let P € P; be a fixed monic irreducible polynomial of degree 1. It can be seen that

g l—q
etz Sz 5= (i) o

fESHNMy, l/p(f):k fESKNM,,
vQ(f)<k,YQEP, Q#P (f,P)=1

where we have used Lemma 3.2.
19



This means that |Os1(n, k)| is > ¢™. In particular, the set of monic h-free polynomials f
for which G(f) = 0 and wg(f) =1 is not o(¢"™). For those f, we have that

) - ) > YL

Therefore wy, does not have normal order G when G is the constant function 0.

4. MOMENTS FOR THE h-FULL POLYNOMIALS

In this section we prove the analogous results for the case of h-full polynomials, where
k > h > 2. To prove Theorems 1.5 and 1.7 we consider the following Euler product, which
converges absolutely for u < q_% and gives the generating Dirichlet series for the h-full
polynomials:
H (1 + uhdeg(P) + u(h-‘rl) deg(P) 4+ .. ) _ Z udeg(f)‘
P FENRLNM
We introduce the coefficient w(f) as in previous sections, the process being completely
analogous.

Cin, (U, 2) := Z 2r(F)ydeslf) — H (1+ uhdeeP) g g kdes(P) )
feNLNM
1 — ydes(P) 4 v deg(P)

P
_ -1 k deg(P) )
11:[ ( 1 — qdes(P) + (Z )u

For the h-full polynomials there are two cases, according to whether &k = h or h < k.
These two cases will be considered separately.

4.1. First and second moments of w, for the h-full polynomials. We consider here
the case k = h. We proceed to extract the singularity at v = q’% by writing

By, (u, 2) == 2, (uh)’ZCh,Nh (u, z)

Our goal is to apply Theorem 2.3, for which we need to verify that the hypotheses are
satisfied.

Lemma 4.1. Let By, (u,2) =, 50 B-(n)u". For|[z| < A, n>2ando >

h+17
Z |B-(a)] < caon

oa
0<a<n q

where ca, 15 a constant depending on A and o.

Proof. The argument follows very similar steps to those in the proof of [AP19, Proposition
2.5] and [LZ23, Lemmas 3.1, 5.1]. Let b,(f) be the function defined on the powers of monic
irreducible polynomials P by

(34) L4 Y b (P! = (14 zu” + "+ ) (1= "),
J>1

and extended multiplicatively to all f € M.
20



Now By ns, (us 2) = 3~ e b.(f)ude)  and therefore, B,(n) = > fem, b=(f). Expanding
the right-hand side of (34), we see that b,(P?) = 0 for j < h. By Cauchy’s integral formula

over |u| = (%)", % we obtain

du

b, (P) = — (1+zuh—|—uh+l—i—---)(l—uh)zujﬂ.

1
211 ful=(2) "

Thus,

g
i< (3) o
for y > h + 1, where

My = sup ‘(1+zuh+uh+1—I—---)(l—uh)z‘
1
|zl<A ul<(3) "

is a constant depending on A. The rest of the proof proceeds exactly as in [L.Z23, Lemma

5.1] to obtain
|B-(a)] Ma
Z e <L exp g1 1)

0<a<n

Since a?4*? < ¢*/3 as a approaches infinity, it follows from Lemma 3.1 that
|B )| 2412 |B:(a
Pl D D za
a>0 a>0

uniformly for |z| < A. Thus we can apply Theorem 2.3 to B s, (u, 2).

Proof of Theorem 1.5. Recall that we have
Z zonNydeell) = ¢ - (u, 2) = B, (u, 2) Z,(u")?.
feENLNM
Applying Theorem 2.3, this gives

-1

(35) Z P n(f) th Zf N <q gh) : >+OA(q%nRe(z)—2)'

FENL M,

Differentiating both sides of (35) with respect to z for z close to 1 and applying (11) we
get:

(36)

FENLNM,,
B (( i) e) )
nz—1 ol N qr h T,z ¥
gin in h g
G Zg I ro.mo-(51=)

21



Evaluating (36) at z = 1 we have

> () =2-1og (7 S B ((aFeh 1)
j=0

=3

fENhﬂMn
n h—1 d Lejyv—1 Lejy—1 /
qn in 5B, ((g76,) 7 D) — By, ((g765) DIV(1)
(37) TG T(1)2
7=0
qh

Note that we have

Lejy—1 _ 1 1

P

The logarithmic derivative of B, u, (u, ) gives
(39)

By, (u, 2) _ Z log(1 — u%5(P)) 4 uhdes(P) (1 — g des(P))
Bh,/\fh (U, Z) = 1— udeg(P) + uhdeg(P) + (Z _ 1)uhdeg(P)(1 _ udeg(P))

and thus

Bh/vh((qhﬁh ) ( ( 1) 1 — (gn&))~2esP )
40 %= =)+ .
(40) th\/h((qhgh ; Id |P|(1—(thh) deg(P)) 4+ 1

Replacing the above result and (38) in (37) gives

& . .
1-— 1
i Zg H< |P')< TP (ahe)- degﬂ))
n _i 1—(Qh€j) deg(P)
X [log <h> +; (log (1 ]P]) + Pl (qhgﬂ) Tex(P)) 1 1) +’Y]

%
ro.(45),

Combining the above results with the definition of B; proves (8).
We now proceed to prove (9). Multiplying (36) by z, differentiating both sides with respect
to z for z close to 1, and applying (12), we obtain

Z wp(f)2znH=1 = <1 + zlog <h>) qhn 10g< ) ZggthNh 15;)1’2)

fENhﬂMn

no,1h-l iyt /
(41) (1420108 (1)) L Yo (Bhwh((g(zf)h) ,z>>
j=0

>3

thz 1225 (BhNh l‘zgf)ib)_l’z)> + 0.(1)0. (%)



Now notice that

(Bh,Nh«qégi;)% >> _ (%Bh,m(qigi;)% 2T (2) = B, (476) ", z)r'<z>>’

I'(z) [(z)?

(42)

2B (026) 7 )T (2)* = 28 Bins, ((a76) " )T ()T (2) + B (a76) ™", 2) (21 (2)? — L(2)1"(2))
P(z)? '

Differentiating from (39), we have that
0? 0 1— (q%é“j)fdeg(f—’)
—B =—2B lo h
022 hNh((q gh) ) 9z hNh q gh ( g |P| ’P’(l—(qﬁ i)fdeg(P))—{—l
A 1 — thj — deg(P) 2
— hNh q Sh |P| 1— qhé_j — deg( P)) + 1

1
_1,](1 \P\)(Hm( = (e >>>
ox (1- L - (grg) =™\
’ [(Z <l (=) * e deg@)ﬂ))
- (g e\
43 — I
w §<|P|<1—<thz> deg@)ﬂ)]

Evaluating (41) at z = 1, recalling that I'(1) = 1, V(1) = —~, T”(1) = 72 + ((2), and
replacing (42) in (41) gives

> )P =(1+log(5)) T-log (7) Do B (gt 1)
n n h—1 ' P L L
(1210 (5)) 5 2@ [@Bhwh<<qh§z>l, D+ B (@06) 1)
L 0 L
5B ((@R6) ™) + 2y Bun (7€) ™ 1)

+H0? = C2)Bui (ah€) 1) + . (nq_) |



Replacing in the above (38), (40), and (43) gives

o gt < L 1
f@/hzwn Z H< IP!) (H [PI(1 — (qrg])~ee P>>>
n —(aF iL — deg(P)
s Y e G [ 2 (i (- )+ i )
1 L (ghg) =P 2
' (zp: <log (1 B W) ! |P|(1— (qqhii) des(P)) + 1) H)

_i 1_(qh£j) deg(P) 1—(qh£‘7) deg(P) 2
+;<log ( \P\)+|P|< 1= (ghe))- deg<P>>+1) Z(IP! I (he)) deg<P>>+1>

P

Combining the above with the definition of By proves (9).

An explicit expression for |Nj, N M,| can be found in [LZ23, Lemma 5.3]. Indeed, for
n > h, we have

O (- L !
D= 2 H<l |P|> (H\P\u—(qhw degm)) £0 (o)

The variance can be then directly computed by combining the above with (8) and (9).

O

4.2. First and second moments of w; for the h-full polynomials. Here we consider
the case k > h. We have that Cj s, (u, 2) has poles of order 1 when u = qih. We extract these
poles as

Bkah (u7 Z) :ZQ<uh)7lck,3h (uv Z)

(h+1)deg(P) (1 _ q,(h=1) deg(P))
_ u u k deg(P) hdeg(P)
—|P| (1—|— [~ e + (z — Du (1 — o8y )

where By v, (u, z) is absolutely convergent for |u| < ¢ 71 and |z < A.
We use Perron’s formula (Theorem 2.1) to compute the first moment and obtain

S _ 1 Ben(u,2) du
2mi J (1 — qu)u™ u

bl
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where the integral takes place in a small circle around the origin. We move the circle to
1 ;
|u| = ¢ ° "+ and obtain the residues at u = (q%fi)*l. This gives

h—1
By, (u, 2) 1 Bi, (u, 2) du
we(f) — _ _ kN \ Uy L kNG (Us au
fesz:M : ZResﬂF(q%&i)’l (1 — quh)untt N 210 Jyymget i (1 — qui)um u
h n
h—1 .
(07" B, (476", 2)—— —— +0,(1)0. (gFt
j=0 h 078 My (1= 677) ( )
q% h—1
(44) = " Bin, (4 €)1, 2) + 0,(1)0. <qh+1+en>'
7=0

Proof of Theorem 1.7. To recover the first moment, we differentiate and evaluate the above
equation at z = 1. This gives

(45) > wlf) Z%th ;Bm((q Rl 7L 1) + O, (qh+1+5”>.

fENLNMy, 7=0

We have

1
(46) B, ((47€) 13( |P|> (1 |P|(1— (gig])~destP ’)>.

The logarithmic derivative gives

%Bk,/\fh (u, Z) uF deg(P)(l _ uhdeg(P))(l _ udeg(P))

By v, (u, 2) - zp: (1 — yhdee(P))(1 — ydes(P) 4 yhdeg(P)) 4 (7 — 1)ykdes(P)(1 — yhdes(P))(1 — ydes(P))’

and thus

(47) 5: B (a7 6) 7" Z\P\ (qrel)hdea(P) (1 — (gugl)—dealP))
2 Pl

B, ((¢7&)71, 1) — (qh&d)—des(P)) 4 1
Replacing the above results in (45) gives the first moment (10).

We proceed to compute the second moment. Differentiating (44), multiplying by z, dif-
ferentiating again, and setting z = 1, we have

48

(18) L a
Sl = (B (@) )+ B (a0 ) + 0. ()

fENhﬁMn 7=0
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For the second derivative we have

52 0 L [Pl(gFg) =) (1 — (gF
2 QBth((q fh) ! 1) —&Bk,f\/h((q §h> 171); ‘P|( _(thjydegp

L |P|(qhe])FeeeP) (1 — (ghef)—dest?)))
= Bini ((076;) J);( q|P|( (qhgh) deg(P)) 41 )

’{I< m)@+wu m;>M>J

EﬁMwekmma4wwdww2
PI(L= (b)) + 1

1 deg(P )

&)
+1

)

P 5 ¢J\—kdeg(P) 1— R J\— deg(P) 2
_Z(Hmm (L (ghe)- v

Iz (IPI(1 = (g&})=dee?)) + 1)

Combining this with (46) and (47) in (48), we get the desired result.
U

4.3. Normal order and an Erd6s—Kac result for the h-full polynomials. The goal
of this section is to prove Theorems 1.6 and 1.8. We start by proving Theorems 1.6, which
in particular implies that w;, has normal order over the A-full polynomials.

Proof of Theorem 1.6. Our argument follows very closely the proof of Theorem 1.2 and
[LZ23, Theorem 1.6]. We will prove that, as n — oo,

v

1 wi(f) — log (%) .

|Nh N Mn|

FENZMy, log (%)

where C, is given by (27).
As before we will consider the moment generating function evaluated at z = ¢,

Chn, (u, ') = Z olwr(f)y,des(f) _ H(l 4 ety hdes(P) 4 o (ht1)deg(P) 4 ),
fENLNM P

and we extract the singularities at v = % as

Bh7Nh (u7 et) = Zq(uh)_etch,/\/h (u, et)'

By applying Theorem 2.3 we get

w qgrn n e(et)—
e B {0k ) + Outgh™ee)
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By considering the moment generating function, and combining with (30), we have, as in
the h-free case,

(49)

e - (S (w0 5 (o (e ()
K (Bh,Nh (e .e) ) v

@) w0 (53=):

t=0
Notice that

1 wh(f)—log(%) U_ 1 — (v ¢ v—t n\\ vt
NhﬂMnfeg:Mn( ox ) )aog(%»’% (b (s ()

Combining with (49), we then have

! ~ (v ¢ vt ny\v—*
oz (D) (7 )ty (e (5))

Consider the change of variables u = v — ¢, m = v — £ 4+ j. Then the main term in (50)
becomes

t=0



Similarly to the h-free case we get, for v even, that the main term should come from
setting m = v, which leads to

T X (7Bt (s (1)

(1og (3))* =

while for v odd we get

Before proceeding to the proof of Theorem 1.8 we need the following auxiliary result.

Lemma 4.2. Let n > ¢ > h > 0 be integers. Then

>
—_

(51) Ny N M, NS :‘% M s, (@5;;)71) L o. (qTM)

>3
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where Hy, s,(u) is defined below by (53).
In addition, let Py € P be fixred. Then

(52)
n h—1 1 .9\—d
DR iy TN (<qifz;>‘1)< : Lo (grg) ™ )
hy©L 1 .4 1 .4 1l .4
jexiihos = (gl g) ) + (gheh) s — (gl ) os)
fPo)=1

+O. (q’#l*a”) :

Proof. We consider the generating series for the polynomials that are simultaneously h-full
and k-free,

G5, (1) == Z deslf) — H (1 4+ oghdesP) oLy u(ffl)deg(P))
FENLNS,NM
hdeg(P) __

P
H (1 U ’LLZ deg(P) >
= + .
__ p,deg(P
5 1 — ydes(P)

28




We extract the poles at u” = % as follows

HNmSe( ) :ZII( h)_lg/\/h Se( )
h+1) deg(P) __ u@deg(P) _ u2hdeg(P) + u(th@) deg(P))

(53) = H (1 + T

where Hy, s,(u) is absolutely convergent for |u| < g
By Perron’s formula (Theorem 2.1), and by moving the integral to |u| = qfefﬁl,

Z 1:L Hy, s, (u) du

) _ h n+1
FENKNS MM, 2mi I—qut u
h—1
— Y Res . sl 1 s (w)_du
= w=@h &)~ (1 — qui)urtt 270 Ji e 1 —qui urtt
n h—1
qr Jn +en
=Ly s, ((ah) ™) + O (a7
=0

This gives a proof of (51). To prove (52), we can proceed similarly, but using the generating
series

hdeg(P) _ , ¢deg(P)
_ deg(f) _ u u
Go s =3 u=D=T1] <1+ 1 — ydea(P) )

FENLNS,NM P#Py
(f’PO):l

instead. O
Proof of Theorem 1.8. As in the proof of Theorem 1.4, let G(f) be a non-decreasing function
G : Ny,NM — Rsg. First assume that there is an fy € N}, N M such that G(fy) > 0.

Therefore G(f) > 0 for all f € N, N M such that deg(f) > deg(fo). Let n > deg(f,) and
consider the following set:

Ono(n,h) :={f e NunM, : w(f)=0}
It can be seen that
N, N M, NS € Opp(n, h),

and therefore

>
=

|ON:0(n7 h‘)‘ > ’thMn ﬂSk‘ =

Q
?| =iz

&' s, (@) ) +0: (7557)

<.
Il
o

by Lemma 4.2.

Since h and k are fixed, this means that |Opo(n, )| is > ¢. As in the case of the proof
of Theorem 1.4, we conclude that wy(f) does not have normal order G when G is not the
constant function 0.

Now, if G(f) =0 for all f € N}, N M we define

O/\[J(?’L, h) = {f € Nh N Mn : wk(f) = 1}
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Let P € P; be a fixed monic irreducible polynomial of degree 1. It can be seen that:

Onatn) = Y1
feMLmMn7 VP(f):k
vQ(f)<kYQEP,Q#P

>y 1

fFENLNM,, NSk
(f,P)=1

n—k

h—1
_ar j(n—k) 1ejy-1 1—(q
- h ]Zogh %thsk <<q gh) ) ( ( 1 h

+ 0. (g

where we have applied Lemma 4.2.

Since h and k are fixed, this means that |Ox-1(n, h)| is > ¢#. As in the case of Theorem
1.4, we conclude that wy(f) does not have normal order G when G is the constant function
0.

O

5. CONCLUSION

This work represents a natural merging of questions from both [DEKL23] and [LZ23].
Namely, we have taken the functions wy, from [DEKL23], which are refinements of the number
of distinct prime factors function w, and have considered them over the subfamilies of h-
free and h-full polynomials as in [LZ23]. The current results support the findings of the
previous works. We recall from [LZ23] that a motivation for studying and comparing results
in these two families of polynomials lies in the fact that the h-free polynomials represent a
positive proportion of the whole polynomial family, while the h-full polynomials do not, as
their size is of order ¢#, while the size of the full family is of order ¢”. It is therefore more
surprising that the h-full polynomials satisfy an Erdds-Kac type of result than the h-free
polynomials satisfy such result. From this work, we now conclude that the weight of this
behaviour is carried by w; for the h-free polynomials, and by wy, for the h-full polynomials.
This phenomenon is not so surprising for w; and the h-free polynomials, since it is exactly as
observed in [DEKL23]. However, the case of w;, and the h-full polynomials is less immediate
to predict.

The most evident direction for extending this work is to consider the number field case,
naturally restricting the results of [EL22| to h-free and h-full numbers. Das, Kuo, and Liu
have informed us that they are pursuing this direction.

Other directions of future research could include the study of intersection sets of the form
NN Sy, as well as more general settings, such as considering polynomials f satisfying that
vp(f) belongs to a union of some fixed intervals.
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