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Smyth (1981)
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Examples in three variables

Smyth(1981)

m(1 + x + y + z) =
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D’Andrea & L (2003)
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Boyd & L (2005)
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Bertin (2003)
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Examples in several variables

L (2003)
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Philosophy of Beilinson’s conjectures

• Arithmetic-geometric object X (for instance,
X = OF , F number field)

• L-function (LX = ζF )

• Finitely-generated abelian group K (K =
O∗F )

• Regulator map

r : K → smooth differential forms

(r = log | · |)

Conjecture: special value of LX ∼Q∗
∫
γ r(ξ)

(E.g. Dirichlet class number formula, F real
quadratic, ζ′F (0) ∼Q∗ log |ε| ε ∈ O∗F )



Big picture

· · · → (K3(Q̄) ⊃)K3(∂γ) → K2(C, ∂γ) → K2(C) → · · ·

∂γ = C ∩ T2

• η(x, y) is exact, then {x, y} ∈ K3(∂γ). We

have ∂γ 6= ∅ and we use Stokes’ Theorem.

Ã dilogarithms Ã zeta function of a num-

ber field.

• ∂γ = ∅, then {x, y} ∈ K2(C). We have

η(x, y) is not exact.

Ã L-series of a curve.



Big picture II

· · · → K4(∂Γ) → K3(S, ∂Γ) → K3(S) → · · ·

∂Γ = S ∩ T3

· · · → (K5(Q̄) ⊃)K5(∂γ) → K4(C, ∂γ) → K4(C) → · · ·

∂γ = C ∩ T2



Polylogarithmic motivic complexes

Beilinson (after work of Bloch, Deligne, Beilin-

son, etc) rD : gr
γ
j K2j−i(X)Q → Hi

D(X,R(j))

Goncharov: possible ”Explicit construction” of

rD and gr
γ
j K2j−i(X)Q.

F field, define Rn(F ) ⊂ Z[P1
F ] and

Bn(F ) := Z[P1
F ]/Rn(F )

R1(F ) := 〈{x}+ {y} − {xy}, x, y ∈ F ∗, {0}, {∞}〉

Bn(F ) := Z[P1
F ]/Rn(F )

R1(F ) := 〈{x}+ {y} − {xy}, x, y ∈ F ∗, {0}, {∞}〉



Z[P1
F ]

δn→
{

Bn−1(F )⊗ F ∗ ifn ≥ 3∧2 F ∗ ifn = 2

δn({x}) =





{x}n−1 ⊗ x ifn ≥ 3
(1− x) ∧ x ifn = 2

0 if {x} = {0}, {1}, {∞}

An(F ) := ker δn

Rn(F ) := 〈α(0)− α(1), α(t) ∈ An(F (t))〉



δn(Rn(F )) = 0

BF (n) :

Bn(F )
δ→Bn−1(F )⊗F ∗ δ→ . . .

δ→B2(F )⊗∧n−2F ∗ δ→ ∧nF ∗

δ : {x}p ⊗
n−p∧

i=1

yi → δp({x}p) ∧
n−p∧

i=1

yi.

Hn(BF (n)) ∼= KM
n (F )

Conjecture 1

Hi(BF (n)⊗Q) ∼= grγ
nK2n−i(F )Q
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• ηn(1)({x}n) = L̂n(x).

• dηn(n)(x1 ∧ . . . ∧ xn) = πn

(
dx1
x1

∧ . . . ∧ dxn
xn

)
.

• ηn(m) compatible with residues (residues

are given by tame symbols).

Conjecture 2 ”Image of ηn(i)” coincides with

image of regulator
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