CONJECTURES FOR MOMENTS ASSOCIATED WITH CUBIC TWISTS
OF ELLIPTIC CURVES

CHANTAL DAVID, MATILDE LALIN, AND JUNGBAE NAM

ABSTRACT. We extend the heuristic introduced by Conrey, Farmer, Keating, Rubinstein
and Snaith [CFK™05] in order to formulate conjectures for the (k, £)-moments of L-functions
of elliptic curves twisted by cubic characters. We also apply the work of Keating and Snaith
[KS00] on the (k,¢)-moments of characteristic polynomials of unitary matrices to extend
our conjecture to k, £ € C such that Re(k), Re(¢), and Re(k + £) > —1. Our conjectures are
then numerically tested for two families.

1. INTRODUCTION

We present in this paper conjectures for the general moments of L-functions of elliptic
curves twisted by cubic characters, and test them numerically. More precisely, let E be a
fixed elliptic curve over Q with conductor Ng and L-function L(s, F) as defined by (13). This
is the normalized L-function such that the functional equation relates L(s, E) to L(1 —s, E)
and the central critical value is L(1/2, F). Let Fg is the set of primitive cubic characters
defined over Q with conductor co-prime to 3Ng. We also denote by Fg(D) the subset of
Fr consisting of characters with conductor less or equal to D. For any y € Fg, the twisted
L-function is defined by

L(s, B, x) = Z anzs(n)’ where L(s, E) = %.
n=1 n=1

By the Hasse bound, both series converge for Re(s) > 1, and have analytic continuation to
the whole complex plane by the work of Wiles [Wil95].
We define the general (k, £)-moment as

k —\/ L 1 k —\/
(L(1/2,E,x)*L(1/2, E,X)"),, = #T@XEIZHD)LQQ,E,X) L(1/2, B,%)".

There are few results in the literature for moments of cubic twists of L-functions. For cubic
twists of L-functions attached to automorphic representations of GL(2,Ag), where K =
Q(v/—3), a weighted non-sieved first moment was computed was computed by Brubacker,
Friedberg, and Hoffstein in [BFHO05]. This is the only result for cubic twist of L-functions
of elliptic curves. For Dirichlet cubic twists, the first moment (the (1,0)-moment) for cubic
characters over Q was computed by Baier and Young [BY10] (the non-Kummer case), and
by Luo for a subset of the cubic characters over Q(v/—3) [Luo04] (the Kummer case). For
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the case of function fields, the first moment was computed by David, Florea, and Lalin in

both the Kummer and non-Kummer case [DFL19]. The scarcity of results for moments of

L-functions twisted by cubic characters, compared to the abundance of results for moments

of L-functions twisted by quadratic characters, can be explained by the fact that the sign of

the functional equation of cubic twists involves cubic Gauss sums which are chaotic objects.
We conjecture that as D — oo,

k —\0 Gkt Akl 1y
(L(1/2,E,x)"L(1/2, E,X)") , ~ (R0 log" D,

where g, is given by (1) and depends only on the symmetry type of the family (coming
from random matrix theory), and the arithmetic factor ay, is given by (3) and depends on
the arithmetic of the family. In fact, we make a conjecture for all the powers of log D and
we compute explicitly the first two terms, see Conjecture 1.1.

The division by (kf)! is a standard normalization which makes the random matrix factor
gr¢ an integer. Families of cubic twists are unitary families, and for unitary families, previous
literature considers mostly the (k, k)-moments, which in our case would be

1 2k
_— E L(1/2, F .
LT (D) e )| ( / ) 7X)|

In the case of cubic twists, all moments are real, even if the special values L(1/2, E, x)
are complex numbers, since L(1/2, E,Y) = L(1/2, E, x), and it is natural to consider all
(k, {)-moments.

Independently of our conjecture, the random matrix factor g, can be deduced from the
work of Keating and Snaith [KS00], as we explain in Section 2. In both cases, this gives

k—1 -1
!Hh:O h! Hh:[) h! ]

(1) Gk = (kf) H:if)_l Al
Notice that

k—1 j'
2 = (k2)! :
(2) Irk = ( )j]:[()(j—i_k)'?

which is the usual g associated with the (k, k) -moments of unitary matrices, as computed
in [KS00].

We now state our main result, a conjecture for the (k, £)-moments of cubic twists of elliptic
curves L-functions, with an explicit formula for the first 2 terms.

Conjecture 1.1. As D — oo,

1
ZEAD) L(1/2,B,x)*L(1/2, B,X)" = Pu(log D) + O(D™°
#]:E(D) Xe]—‘ZE(D) ( / ) 7X) ( / ) 7X) kg( og )_|_ ( )7

for some § > 0, and where Py (x) = Crex™ + cpe1 2™ + - 4 ¢ s a polynomial of degree
k{ with

a
(3) Cke = g?}f:g)’j7é and Qe = QMAEJC’@(O, O),
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where

AE,k,e(Zh 22) = HAE,k,£<Zl7 22;p)7
p

and the Euler factors are defined by (35). Furthermore, we also compute that

Cro—1 =g 2"
N 104 10A
x ((fy(k +0—2)+log <4—7f;> - 2) Ape(0,0) + (% 82“ (0.0) -7 62“ (0, 0))> .

We deduce our conjectures from a general framework based on the paper [CFK105] often
called “the recipe” (see also [AK14, RW15| for the function field setting). It is based on
computing the shifted moments, and using the combinatorics given by the shifts to get the
conjecture for the moments. There is a strong analogy with shifted moments of unitary
random matrices as explained in Section 2. The recipe leads to the conjecture (16) stated
at the beginning of Section 4. In Section 5, we proceed to compute formulas for the first
2 coefficients from (16), generalizing the work of [CFK™05] to the case k # ¢ to compute
the first coefficient ¢y, and extending our formulas to compute the second coefficient czp_1.
We remark that Conrey, Farmer, Keating, Rubinstein, and Snaith [CFK*08] computed the
first 10 coefficients for the case of the zeta function, which also corresponds to the unitary
case, while Rubinstein and Yamagishi [RY15] obtained the first 170 coefficients numerically
in this case. In fact, our formula for cx_; is analogous to formula (2.71) from [CFK'08],
but in our case, we have k # ¢ and the arithmetic factor is considerably different. Goulden,
Huynh, Rishikesh, and Rubinstein [GHRR13] computed several coefficients for quadratic
Dirichlet L-functions and L-functions associated to quadratic twists of an elliptic curve over
Q, corresponding to symplectic and orthogonal families.

Our work differs from the works cited above because we consider cubic characters and
our situation allows for the possibility of k£ # /¢, leading to considerations of entirely new
moments. The case where either k or ¢ are 0 is much simpler, and is presented in Section 6.

The random matrix theory factor is naturally extended to all k&, ¢ € C such that Re(k), Re(¢),
and Re(k+¢) > —1, since all (k, )-moments of characteristic polynomials of unitary random
matrices can be computed in this region from the work of Keating and Snaith [KS00], as
explained in Section 2. Our formulas for the second coefficient ¢y_; are written in such a
way that they can also be extended for non-integer values of k and ¢, and we speculate that
Conjecture 1.1 could also be extended to k, ¢ € C such that Re(k), Re(¢), and Re(k+¢) > —1
in Section 7. In that case, Py(x) is the power series Coex™ + cpp_12F 4+ - We remark
that the extension to non-integral powers was already considered in [CFK*08] for the zeta
function. Our case differs because having k # ¢ allows for the possibility that one of the
parameters is negative, such as in the case of k =1/2,0 = —1/2.

We present in Section 8 numerical tests for several values of (k, /), including real non-
integers, and cases involving a negative values for one or two parameters, and complex
parameters, for two elliptic curves. As explained in Section 8, the amount of data that
can be obtained for cubic twists is unfortunately limited compared to the case of quadratic
twists, but the numerical tests still show a good fit with the conjectures.
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2. MOMENTS OF CHARACTERISTIC POLYNOMIALS OF RANDOM MATRICES

In their influential work, Keating and Snaith concentrated on the (k, k)-moments of unitary
matrices [KS00]. For a unitary matrix U let Zy(s) be the characteristic polynomial

Zy(s) =det (I —Us).

For any positive integer k, they prove that the moments over the set of all N x N unitary
matrices (denoted U(N)) with respect to the Haar measure satisfy

k—1

|
Zo) = / Zy(e™ )" dHaar(U) ~ A
<’ d U(N) U(N)‘ o )’ ©) jl})(j-i-k)! k2!

as N — oo [KS00, Equations (15, 16), page 60]. Notice that the answer is independent of the
choice of #. We now show how to deduce deduce from their work that for the (k, £)-moments,

. Glk+ DG + 1)
(4) <ZUZU>U(N) T

as N — oo (for any k, ¢ € C such that Re(k),Re(¢),Re(k + ¢) > —1).
In the above, G denotes the Barnes G-function, which is given by the following Weierstrass

product
<ﬂz+1):(mﬂﬁ%xp(_iif%}iiﬁ)fi{(1+%)ﬂmp<§;—z>},

k=1

where v is the Euler-Mascheroni constant.
It satisfies the following crucial properties

(5) G(z+1) =T(2)G(z), G(0)=0, G(1)=1, G(n)=]]J
7=0
Writing
4 i(k—£)Imlo
(6) <Z§ZU >U(N) = <|ZU|k+£€ (k—£)Im1 gZU>U(N)

and using [KS00, Equation (71), page 71], we get

— C(k+£0+7)
() <ZEZU >U(N) H J+k: G+

=1

Proposition 2.1. As N — oo,

H P(k+0+35)  G(+1)G((+1)
j+k G+0  ~ Glh+i+1)

Jj=1



Proof. First notice that
N

HF(j)P(k+€+j) Gk+1)G(+1)G(N+1)G(k+C+N +1)

FG+kIG+0 Gk+e+1) Gk+N+1)GU+N+1)

j=1

We use Barnes’ formula
2 2

1 1 1
(8) logG(z+1) = %logz— 3% —|—§log(27r) - Elogz—l— (E —logA) +0 (;)

to estimate the quotient of the Barnes G-functions evaluated at N. Thus we consider
Jim logG(N +1)+1logG(k+ ¢+ N+1)—logG(k+ N +1) —logG({ + N +1).
—00

322

All the terms approach zero when N — oo, except for those coming from —=5- and % log z.

The terms of the form —% give

3kt

—%(N2+(k:+€+N)2—(k+N)2—(£+N)2):— =,

and the terms of the form % log z give

%(NzlogN—i- (k+¢+ N)*log(k+(+ N)— (k+ N)*log(k+ N) — ({+ N)*log({ + N))

kl
~—7+2k€+k€log(k+€+N).

Combining everything, we get
| GIN+1)G(k+{(+ N +1)
Gk+N+1)GUl+N+1)

and we deduce the result by taking the exponential and observing that (N + k + £)* ~ Nk
as N — oo. O

) ~ kllog(k + ¢+ N)

Using Proposition 2.1 in (7), we get (4), and using (5) it follows that for k, ¢ € Z

27" o~ SEONM
< uny  (k0)!

For the sake of completeness, we include the proof that g, is an integer, which follows by

a counting argument (see the work of Connery and Farmer [CF00] for the proof in the case
k=1).

Lemma 2.2. For any positive integer q, let k = k;mod q and ¢ = {;mod q with 1 < kg, ¢, <
q. Then,

(9) gee= ] .
q=p"
where the product runs over prime powers, and
B byl < q.
(10) e(q) =

[@—kq)q(q—fq)} ky+ L, > q.
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It follows that for k,{ € Z~q, e € Z.

Proof. We write
B KO- (k€ —1)... 1181282 (k—1)-1-15122 . (¢ —1)
Gkt = PhH—19k+=2 (4 ( — 1) :
For any positive integer ¢, let n(q) and d(q) be the number of integers (counted with mul-
tiplicities) on the numerator, respectively the denominator, which are multiples of ¢. Let

e(q) = n(q) — d(q). Then, gy, is given by (9), and we have to show the formulas for e(p) as
stated in the lemma. We have that

Y [((k—1)/q] ((£-1)/q]
n(q) = H+ S k-t Y (- aqi)
=1 =1
[(k+£-1)/q]
dlg) = Y, (k+l—qi)
=1

We write k = qa, + k, and ¢ = gb, + ¢, where 1 < k4, ¢, < q. Then,

[(k=1)/d] = aq

[(E=1)/a] = b,
a, +b ko +10,<q
(k+0-1)/q = ¢ 7 ¢ s
ag+b,+1 k,+4,>q.
(11) (Kl/q] = qagby + agly + keby + [kely/q]
We first suppose that k, + ¢, < ¢. In that case,
R4
e(q) = E} + ka, + by, — (k+ £)(aq + by) — g (ag(ag+ 1) 4+ by(by + 1) — (aq + by)(ag + b, + 1))
[kt
= E — (agq + kq)bg — (bgq + €g)ay + qagb,
_ ’fq_gq}
L g |

where the last line follows by using (11).
If ky + ¢, > q, we have

.
ela) = || ket By = (b O)ag by +1) - = (ayag+1) + by(b, + 1)
—(ag + by +1)(ag + b, + 2))
o
= 7] (aqq + kq)bg — (bgq + €g)aqg — (K +€) + qagby + q(ag + by + 1)

[kl
= %}—l—qaq—%qbq—kq—k—ﬁ
_ -(q_kq)(q_fq)}.

q




Since e(q) > 0 for all g, it follows that gi, is an integer.
U

An alternative proof that gy, € Z for k,{ € Z~, can be obtained by observing that gy,
counts the number of rectangular standard Young tableaux of k x ¢, which can be deduced
from the Hook length formula.

Finally, we state the result for the shifted (k, £)-moments of unitary random matrices which
is the base for the recipe, where analogous computations are performed on the L-functions.
This is the extension of [CFK*05, Theorem 1.5.2], which is stated for the (k, k)-moments.
Since U is unitary, we have the functional equation

Zy(s) = e(U)s™ Zy«(s71h),

where U™ is the transpose conjugate matrix, and the sign of the functional equation is
e(U) = (=1)N det U. Let
Zy(s) = e(U) V25 N27,(s).

The following theorem is proven in [CFKT03]. The integrand contains terms of the form
(1 — e7#nF#+m)~1 which have simple poles at z;y,, = z,. For the L-functions, the simple
poles will come from the arithmetic factor, which contains the terms ((1 + 2z, — zg1.m) after
extracting the poles. See (28). In both cases (the theorem below for random matrices and
the conjecture for L-functions), the formulas are derived from Lemma 4.3 (Lemma 2.5.3 from
[CFK™*05]) and they involve the Vandermonde determinant

1 ... 1
(12) T N e N | )
27171'_1 ' zﬁ.*l 1<i<j<m
Theorem 2.3. Let o = (aq, ..., Qgy Qi1 - -+, Qgrg) and

¢
G215+ 05 21pe) = H (1 — e‘zh+zk+m)_1 )

h=1m=1
Then,
(_1)(k+€)(k+€—1)/2 1

—ary ., —ag ek L (Ot —
<ZU(6 ) Zule ™) Zy- (e - - Zys (e )>U(N) Ll (2mi)k+ X
2
X j{ . ]{ “lr }g;rjeZkJrlﬁzA(Zh SETLET) e%(ZLl 2h =Y et Zm) dzy ... dzgy,
I15 [T (2 — am)
where the integration takes place over small circles around oy, . .., gy

3. ESTIMATES FOR THE NUMBER OF CHARACTERS AND MOMENTS OF CONDUCTORS
Let E be an elliptic curve with conductor Ng and let L(s, F) be its L-function
s —2s\ 1 sy -1
(13) L(S,E):H(l—app +p %) H(l—app )

ptNE pINE
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where we take

pmEEE) iy,
(14) a, =

L
Nk
Notice that this is the normalization such that the central critical value is L (1/2, ). From
the Hasse bound, the L-function converges absolutely for Re(s) > 1, and from [Wil95,
TW95], it has analytic continuation for all s € C and it satisfies the functional equation

L(s,E) = WE% (%) E L(1—s,E),

where the sign of the functional equation is wg = +1.

For any fixed integer N, let Fxn be the set of primitive cubic characters with conductor
co-prime to 3N, and let Fn (D) be the subset of those characters with conductor less or equal
to D. This following lemma can be found in [Cohb4] for the family of all cubic characters,
but in our case the constant is slightly different as we are excluding characters of conductor
not co-prime to 3.

Lemma 3.1.
#Fn(D) ~ c3(N)D,
where

_ V3 (P+2)(p—1) 2\
Cg(N)_QW Elg)dB) p(p+1) H (1+ ) .

D p=1 (mod 3) p
pIN

Proof. Let Ck(s) is the Dedekind zeta function of K = Q(y/—3), which is

wo-(-5) I (-5) I (%)

p=1 (mod 3) p=2 (mod 3

s

It has a simple pole at s = 1 with residue -Z=. We write the generating series for #Fy (D)

3v3"
as
2
Gris) = ] <1+—S)ZCK(3)FN(3)7
p=1 (mod 3) p
pI3N
where
1 2 1\° 1 2\ !
o= (-4)_JL(+2) 62 I 68 L (02)
3/ p p _ p _ p
p=1 (mod 3) p=2 (mod 3) p=1 (mod 3)

p|N

is analytic for Re(s) > 1/2. Using the Tauberian theorem, this shows the result. Using
Perron’s formula and bounding (x(s) in the critical critical strip gives a power saving error

term, but we do not need this in our heuristic argument. 0]
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Corollary 3.2. As D — oo,

#F,un (D) < . 2) !
= mayNTs o + = )
#Fn(D) p}r_n[od:s) p
p|lm,ptN

For any function f(d) defined on positive mtegers let

{(F(d)p

X))-

XEF(D)

Then for h a real number and n a nonnegative integer,

n

(1) (log"d), ~ D (~1h(h=1)--(h=j+1)log" 7 D+ 0 (log" "' D).

=0

Moreover, when h is a nonnegative integer and n = h, we have

h .
(log"d), ~ h1) S
o = (h=13)!

Proof. We have that
#FmN(D) N C3(77’LN)
#Fn (D) cs(N)

and the first result follows.
For the average of log" d results, using partial summation, we have that

D
> loghd ~ c;»,(N)DloghD—h/ c3(N)log" 't dt
XEFN(D) !

~ ¢s(N)Dlog" D — c3(N)hD Y (=1)"'(h = 1)+ (h— j+1)log" 7 D
+0 (Dlogh’*"*1 D)
and the result follows. O

4. SHIFTED MOMENTS

We explain in this section how the recipe of [CFK*05] leads to the conjecture

(16) (L(1/2, B, ) L(1/2, B, X)") |, ~ (Tre(2logd))

where

o) = (—1)(+O(k+0=1)/2 G(z1,. .. Zk+Z>A<Zl,...7Zk+Z) o5 (Thoi s =Tt 2kem) g,
k. k‘ﬁ‘ 2 )kt - Zpge) R H L-

and G(z1, ..., zg1¢) is defined by (27).

This is obtamed by considering shlfted moments and solving the combinatorics of the shifts
as in the corresponding random matrix theorem (Theorem 2.3). Taking the limit when the
shifts go to 0 leads to (16).

We assume that £ > ¢ > 1. The case where £ = 0 is much simpler, and it is treated in

Section 6.
9

. dzk:-i—f»



Let x be a character of conductor d. The functional equation for the twist of L(s, F) by
X is given by

D(3—s) [4n2\* "2
17 L(s,E,x) = ¢(F, 2—(—) d"7L(1 — s, E.Y),
(17) (s, B, x) = ( X)F(S+%) N, ( X)
where Ng is the conductor of E. The sign of the functional equation is
N 2
(19 o(B,y) = LD

where 7(x) is the Gauss sum of the character. We take
Z(s,E,x) = X(s,E,d)"*L(s, E, x),

where

T(3—s) (4n2\*"2
19 X(s,B,d) = —2—~ — A% = X(s,E) d7%,
(19 080 = =20 () (5.)

and the functional equation becomes
Z(Sa EaX) = €<E7 X)Z(l - S, Ea%)

We remark the following result, which will be useful later.

1 Ng
= 4+ —log [ £
v gtoe (5]

Lemma 4.1.

9
O0s

where 7y is the Euler—Mascheroni constant.

(X(s,B)71?)

1
$=3

Proof. First notice that

T/ (3 _ 1\ _ 3 _ / 1 2\ 5—3
X'(s, E) = F(2 s)F(S+2) F2(2 S)F(s+2) <4i>
I'(s+3 Ng
(23— s) (47#)5‘5 <47r2>
+ 1 —
Therefore,
9 Ly X(/2E) 1,
55 (X(s, B)7'7%) T A2 B S X'(1/2,B)

1 Ng
- _ “log [ =£
v gios (1 ).

where we have used the fact that T"(1) = —~.

The approximate functional equation gives

(20) Z(s, B, x) = X(s, B,d)~/? Z %ﬁn) +e(BE,\)X(1 - s, E,d)"\/? Z anX(n)
10



and

(21) Z(s,E,X) = X(s, B, )™/ %(”) +e(E )X -5, B,d) 2y anx(n)

nls

where we have used the fact that (18) implies that

e(E,X) = e(E, x).
In the approximate functional equations above, we neglected the smoothing and the bounds

on the sum. For the exact formula we refer to Exercise 2 in page 99 in [IK04].
Notice that X(1/2, E,d) = 1 implies that

(22) (L(1/2,E.x)*L(1/2, E.X)") , = (Z(1/2, B,Xx)"2(1/2, E.X)") ,
and therefore we can work with the average of Z instead of L.
Let a = (aq, ..., ax1e). We consider the shifted moment

(Z(1)2,E,x)"Z 1/2 >D =
(Z(1)2+ o, E,x) - (1/2 +ar, E,x)Z(1/2 — apy1, E,X) -+ Z(1/2 — cwye, B,X)) p

Notice that the o;’s with the conjugate characters are negative in accordance to Theorem
2.3. This pairs principal terms with principal terms and dual terms with dual terms and
simplifies the computation.

We apply the approximate functional equations (20) and (21) to evaluate the products
of L-functions. We obtain a sum of 27 terms, but we keep only the terms where there is
no oscillation on the product of signs of the functional equation, as we conjecture that the
terms with oscillation do not contribute to the moment. This means that the product of
the e(F,x) and e(FE, x) is 1, i.e. we keep only the terms where there is the same number
of each. To make that precise, let 0 < m < ¢ be the number of times that we are choosing
the second factor of the approximate functional equation (21). Then, we must also choose
the second factor of the approximate functional equation (20) m times, and this gives the
average of terms of the following form:

F ¢ e €1 v yCRte

.y -1/2 , , -1/2 Upy = Onyyy X (n1) -+ X*H (Npge)
[[x(/2+ €0y, E,d) * T X(1/2 + €jin0tjin, E. d) » o ey ,
=1 j=1 LTI Y 1 Ny

where (eq,...,erse) € {£1}¥ with the property that exactly ¢ of the e; are equal to —1,
which is independent of m. For example, for m = 0, we have

M(1/2;004, ..., Q) HX 1/2 + a;, B, d) WHX 1/2 — ajyp, B, d)V?

Jj=1 j=1

93 Qpy = CGny x(na) - x ()X (Mrg) - - X (o)

( ) X Z 1/2+011 1/2+ak 1/2 Q41 1/270{k+g :
Ny,e..y Ng4e 1 T k+1 e nk+£

Summing over all m, and counting the number of ways that we can choose the second factor
of (21) m times, and the second factor of (20) m times, there is a total of

()0 - (7

m=0
11



summands, which naturally recovers the number of (k + ¢)-uples (e, ..., exie).

We write the summands by permuting the shifts in M(1/2;aq,..., k). Notice that
M(1/2;0q,...,0p4¢) is symmetric in aq, ..., a4 and in qgyq,. .., . Then, to get all the
summands, it suffices to consider all the permutations in the cosets of Sym(k) x Sym(¥) as
a subgroup of Sym(k + ¢). We then conjecture that

(20)  (Z(1/2.E.x)"2(1/2.E.%)")} = < 3 M<1/2;ag<1>,...,ag<k+e>>> ,

o€k
where
Eke = Sym(k + £)/Sym(k) x Sym(¢).
According to the recipe of [CFKT05], we now replace
x(na) - ox () X (rega) - - X (Tre)
in (23) by the average over the family using the following result.

Lemma 4.2. As D — oo,

(x(na) - x ()X (nas1) - X(nege)) o =(x (1) - - 'X(nk»((nz—i-l) o 'X(n12c+z)>D

-1
| Mmpe (142) 7 mooomntyont =0
- p=1 (mo

o(1) otherwise.

Proof. Assume that n is a cube and write n = m?. Then x(m?) = 1 for (d,m) =1 and 0 if

(d,m) > 1. We have
2. xm)= 3 1
XEFNg (D) XE€EFmNg(D)

and the result follows by Corollary 3.2. Assume now that n is not a cube. For any a, b € Z[&;5],
we use the notation 4
(),

to denote the cubic residue symbol defined over the Eisenstein ring Z[&3]. If a,b € Z, by
cubic reciprocity (since integers are primary Eisenstein integers), we have that

.- (),

Using cubic reciprocity, we write the generating series for
> x(n)
XEFN (D)
as

10 (1 NG Q) = Do) E(s, T F(s),
)

S
p=1(mod 3 p p
pP=TT

where F(s) is analytic for Re(s) > 1/2 + . We recall that

o= (1252) T (=52) (-52) 7 I (-32)

12




and is analytic for all s € C. This shows the result.

Let
2= p=1(mod3),
0 otherwise.

Replacing the product of the characters by its average, we replace M (1/2; ;. .., Qgir)
by

¢

HX(l/Q +aj, E,d)1? 1_[/16(1/2 — i, B, d) V2R e(1/2, a0, o),
=1 =1

where

Rppe(1/2,00,. . o) = [ [ Rewe(1/2, 01, . aises p)
p

where for p{ Ng,

RE,k,E(l/Qa A, ... ,Oék;-i-é;p)
k k+¢

25 =1+0-a)) > [T 1 i

j=1 e1+-+ep+2ep41++2ep4 =35 h=1 h=k+1
and for p | Ng,
(26)
00 k a k+¢ a
RE,k7E(1/27 ag, ... 7Oék’+€7p) =1+ H peh(1/2+ah) peh(1/2*ah) :
Jj=1 e1+-+erp+2epy1+-+2erp=375 h=1 h=k+1

In order to evaluate the above expression, we have to determine the poles when the shifts
«; tend to zero. Let

G(ala B 7ak+f) .
k J4
(27) [1X/2+a;, B) P T[X(1/2 = aji, B) P Rppe(1/2, 01, - . ),
j=1 j=1

where we recall that X (s, F) is defined by (19). Looking at the Euler factors (25) and (26),

the poles come from the terms where 5 = 1, e, = 1 for exactly one value of h, and e;,,, = 1

for exactly one value of m, and the rest of the e; are zero, and this is for all the possible

combinations (h, k +m) with 1 <h < k and 1 < m < £. Then, we rewrite G(a, ..., axr)
13



as
k l

G(Oq, ce ,Oék+g) :F(Ozl, ce ,()zk+g) H H C(l “+ ap — Oék+m)

h=1m=1

¢
=[[X1/2+a;, )T X(1/2 = qji. B) P Ao, . ., )

j=1 j=1
ko0
(28) < [TTI ¢+ an — arsm).
h=1m=1
where
(29) Apgeloa, ..., Qppep H H (1 T, ) Rppe(1/2, 01, ... appe; p).
h=1m=1

Replacing in (24), we conjecture that
(30)

<Z(1/2,E,X) (1/2,E >D < Z A25=1 %)~ E5 O G (1), - - - 7O£a(k+e))> )

0EEL ¢ D

Recall Lemma 2.5.3 from [CFK*05].

Lemma 4.3. Suppose that Fy(ay, ..., a5 by,...,by) is symmetric in the variables a; and in

the variables b; and is regular near (0,...,0). Suppose that f(s) = l +c+--- and let

k¢
Gl(al,...,ak,bl,...,b) F1 al,... HH

If for all i, j, we have oy — ouy; is contained in the region of analyticity of f(s) then
Then

Z G1(Qo(1)s - - - s Qo) Qo(kt1)s - - - > Co(kts))

TEEL p
(_1)(“6)(“(_1)/2 R, Gl(zla X Zk+£)A(Zlv cey Zk+€)2
- LI €521, s 2k 0) =(Cr (1) 51 (kt0)) Hk-ﬁ-f k+£ ( — )
o TESym (k+20) “h — Qm
. ( 1)(k+£)(k+é D/ G1 Zl, .o Zk+4)A(Zl, oo ,Z]H_g) dor - d
- LI 2m K+t k+12 k+£ (2 — am) 21 Zk+0;
where we are integrating over small circles amund Oy eeey Qg p-
Applying Lemma 4.3 in (30) for
Gl (ala B 7ak+f) = de:l aj—2§2£+1 ajG(ala B 7ak+f)
we conjecture that
(21/2,8,0"2(1/2, B, = (13} 21ogd)) .

14



where

k'é' 27ri)k+e

k+£)(k+£ 1)/ -

kJrf (zh . am)

This is in accordance to Theorem 2.3, where z is the conductor of L(s, E, x), which is
log(Ngd?). Since N is constant, we use z = N = 2log d.

Now we let a; — 0 in order to obtain the conjecture stated at the beginning of the section,
recalling that we can replace Z by L in light of (22).

5. THE FIRST TWO COEFFICIENTS FOR k,{ POSITIVE INTEGERS

We show in this section that

zkﬁ

(k0)! (log™ d)p

(Tre(2logd))p =greApe(0,...,0)

kl—1

 ges (7(k+€— 2) + log @T ))AW«) - 0) gy o )

O0AE 1y 0AE ks 2kt ke—1
Sk o — — o —{]
+ 9k.0 ( aZk (07 ) O) (9Zk+e (07 ) O)) (l{?g _ 1)| < 0g d)D
(31) +0 (log" D).

It is not hard to see that T (z) is a polynomial of degree (at most) k¢, and we compute
the coefficients of 2** and z*~'. To compute the coefficient of z**, we adapt the proof of
[CFK™05] to the case ¢ # k. In doing so, we consider a more general integral (Lemma 5.2)
that allows us to go one step further and compute a general formula the coefficient of z**~*.

Conjecture 1.1 will then follow using the summation formulas of Section 3 in (31).
15
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We now proceed to prove (31). After making the change of variables z; — /2, and writing
C1+s)=1/s+~v+---, we get

_— (= 1) k001 7{ j{ ...,ik—;;)Hh e 1C< $/2_z;7;)
ke\T) =

KLY (27i)k+e (217 Zpge)Fte

XA(Zl, .. Z]H_g) Sher =Y Fetmdz L dZ]H_g
(—1) k+£)(k+£ 1)/2 Zere) [T\RE
B K0\ (2mi)k+t ]{ 7{ (x/Z 7:(:_/2> (_)
<1+ —= (EZZ}L —k22k+m> +O _2)>

Az, .. Zk;+€) JH IR SO Borm |
Hh 1 Hm V(20 = Zigm) (217 Zige) P

(— 1)(k+e)(k+z 1)/2.ke s
- QRLEN ) (27i ) e+ j{ ]{ < ’$_/2>
2y -2
X 1+? EZzh—kZsz —|—O(I )
h=1 m=1

" Az1y ooy 2h00) A1, oy 28) A2kt - - - ’Z’“Jre)eZ'Z:th—an:lZHmdzl
(217 zppe)FHe

. de+g

.. dzk+g.

This shows that Y () is a polynomial of degree k¢. The following lemma allows us how
to extract the coefficients from the integrals.

Lemma 5.1. Let H(zy, ..., z,) be a function that is analytic around (z1,...,z,) = (0,...,0),
and let Ly(z1,...,2n), Lo(z1,...,2n), and P(z1, ..., z,) be polynomials.

(a)

X Me Falreldzy L day

f f‘ (21, . 6L2(21 ..... Zh)dzl ...dzy,
27?2

16



Proof. (a) The term involving Ly (21, ..., 2z5) goes to zero when x goes to oco. The same is
true for O(z~2). We note that the term H(z/z, ..., z,/x) will tend to H(0,...,0) in the
limit and can be extracted as a constant.

(b) The term involving L;(z1,...,2,) contributes because of the cancelation of x and %
Then there is another possible contribution coming from first derivatives of H(z1/x, ..., z,/x).
More precisely, we have

P(Zl7...,2h) L (z Z)
m11_)1’21o 277_@ % f zl/x Zh/QJ)—H(O,,O))We 2= hdzl...dzh
:—‘ \%.% hm (Zl/x Zh/x) H(()??O) p<217'~-7zh)6L2(z1 ..... Zh)dzldzh
(27Tl)h T—00 1/x (Zl . zh)h

By considering the Taylor expansion we have

H(z/z,...,z2n/x) — H(O,...,0) <~z 0H
hl/x _xZ;a—%(o...,o).

J=1

Since the terms gH (0,...,0) are constant, they can be extracted from the integral. O
Zj

We now proceed to the computation, following the technique from (2.7.11) in [CFKT05].
By Lemma 5.1 (a), the main coefficient of the polynomial Y () is given by gp ,F'(0,...,0),
where g,g,g is a constant arising from the integral. Expanding the Vandermonde determinant
(12), we proceed as follows.

(k+-0) (k+6—1) /24Kt
926 = lim Tie(z) —< D) ]{ j{ S he1 2= e Zhtm
’ z—o0 F(0,...,0)xk kLR OV (274 )R +E

k—1) o(k o(k+0-1) k—1
<ngn ( )Zkil)" ki; > (ngn ( )>

X <Z SgH(P)ZZSg ZkEfZ D) (21« 2hpe) " FH0dzy -+ daps.
p

Here o, 7, and p are permutations of {0,... , k+¢— 1}, {0,...,k — 1} and {0,...,¢ — 1}
respectively. Since the integrand is symmetric with respect to the zq, ..., 2 and with respect
to the zx11, ..., 2x1e, We can permute the variables 2y, . . ., zx so that Zj appears with exponent

7 — 1 in the sum over 7. This redefines the permutations inside the sum over ¢ and changes
17




the sign by canceling the sgn(7). We can do the same over p. We are left with k!¢! copies of
the sum over the permutations o, and then

(k+0) (k+0—1) /2+k¢
go :< 1) Zh 1”h— Zm 1 %k+m
k.t Qké 27TZ k+¢
(Z sgn(o ~(k+t=0(0)) , P —(k+l—o(1)-1) Zkf(k+ffa(k71)f(k71))
Zk——i(_];-ﬁ-f—o( ))Zk—$+z—a(k+1)—1)” Zkfere o(k+e—1)— >dz1 cdzrs.

Instead of computing g,gjg, we will consider a more general integral. This will help us
compute the coefficient of zF~! later.

Lemma 5.2. Let

k+0) (k+0—1)/2+k¢
(— 1)( )( )/ 7{ j{ I I

Ore(u,v) = ke (i) R+

(Z sgn(o —(k+L—05(0)) - —(k+t—o(1)=1) —(k+£ o(k—1)—(k—1))

- {—0o — {—o — {—0o {—
zkff ())Zngr = Zkfﬁ e >dz1 “dZp -

Then we have

k—1 -1

h! h! (u+wv

ousl ) = L= OWthh'o ( 2 )
h=0

We remark that g, = gre(1,1).

Proof. Since

1 1 —z, —t(
m:%/c(—t) e (—dt),

where the path of integration C' starts at +o0o0 on the real axis, circles the origin in the

counterclockwise direction, and returns to the starting point, the integral defining g ¢(u,v)
18



can be rewritten as

1) kO (k+£-1)/2
(1) o Zsign(g)uk+e—a(0)—1uk+e—a(1)_2 o

o ko (k) =1, ko (k+1)-2

gk,f(ua U) =

oo =1)—k
o (k+t—1)—¢

X (r(k+z—a(0))r(k+z—a(1) 1) Tkt l—o(k—1)— (k—1))
X (=1)°PD(k 4+ ¢ — (k) (=1)7FDHD(k + 0 — o(k 4 1)

~1
x (1) "Dk (k40— 1) — (£ — 1)))
(_1)(k+€)(k+€fl)/2

—1)--

9kl
wltk—1 wltk—2 ul pktHe—1 _pkte—2 (_1)671Uk
L(¢+k) T'(l+k-1) ( 1) I'(k+¢) I'(k+¢-1) I'(k+1)
wltk—2 ultk—3 wl—1 _pkte=2 pk+e=3 (,1)21)1%1
% T(l+k—1) T(l+k—2) I'(¢) I(k+£4-1) I'(k+£-2) (k)
uO ’U,*l ulfk (_1)k+£711}0 (_1)k+lv71 (_1)k+2£72v1—l
(1) r'(0) T T(2—k) (1) r'(0) r(2—7)

Notice that g . en = =0 for £ = 0,1,....

We proceed by multiplying the first row by

(0+k—1) the second row by (¢ + k —2)! and so on. We divide the first column by 0!, the

second column by 1!, up to the k& column by (k —
column by 1! until the k£ + ¢ column by (¢ — 1)

1)!, then the k + 1 column by 0!, the k +2

I. We get
1) kO k=12 TTFL 1 TTE L B
Ore(u,v) = ) okt e k+zr{h ,0
h—o N
ktl=1Y , k+0—1 (k-i—Z—l Ul (k-l—é—l)vk-i-z—l (k+€ 1) k-2 (—1)t-! kM_l)v"f
0 k-1 0
kt0—2Y ) k40— k=2 . 0~ k02 k40— k+ kt-t—
y (G Lt ) L ) LT (A A

N A

Notice that the terms of the form (a

(=1)F+H=1 We get

(_1)(k+4)(k+£—1)/2 Hz—l I Hé—t I

(32> gk,@(“)v) = okt

k+0—1 1
hOh

B (e B

k+0-2
0

(_1)k+.£ ((13)1)—1

b) with a < b are equal to zero.
We reverse the order of the rows. We also multiply the columns k£ + 1,k + 2

_1\¢ YA
(=D ()

(_1)k+2€—é (égl)vl—e

. k+ 1 by

: (_1)(k+€)(k'+€—1)/2(_1)(k+z—1)eX

(_1)4—1 (581)7’1_2

R il ol et v o T el vy ol
o JutTh e (B (FRE T ()R (T ot (=nr2 ()

19
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Now, the first & columns of the above matrix are the same as the first k columns of

(o) Dut e (o Jut
M(u) = : : - : :
(7t (e (e

which is a lower triangular matrix of determinant 1. Tts inverse is N(u), where

(821;01 _(E)U_l . (_1)1@4—:—; (kﬁg_l)vf_;_e
N(v) = _(0 v (1)00 (—1)k+ (k:+e—1)” _
(_1)k+£—1 (é+§—1)vk+z—1 (_1)k+£ (k%f—l)vk%_Q o (Zigii)vo

The columns k + 1,...,k 4+ ¢ in (32) are the same as the first ¢ columns of the above
matrix.
We multiply (32) by det M (v) and this does not change its value. Thus,

(=¥ [Thoo M [T 1!

gre(u,v) = okl R
h=0
R
X : : :
(s (e L (e
(W o ()uth (o)?"° e (D)0
X k+572'uk+g72 (kzﬁé)ueq (_1)k+£—2 k.-+£—2 pRH=2 L. (_1)k+2€73.(k42512)vk71
(k+éfl)uk+€fl . (k:;rﬁl)uf (_1)k+£—1 (Héﬂ)vkﬂ—l . (_1)k+2€72 (kﬁIl)Uk
(DM T M T !
9kt z+€ lh'
(u+v)° ((1)) (u+wv)~ (1?) (u+v)1*k(k§1) 10 -0
o () o) D) 0
X (u—l—v)Z 1(0) (U+U)_ (7Y o (wHu)E(GC) 00 1
(u+wv ( ) (u+ )1 () o (utv)HE(E) 00
(u+v)k+e—1(k+é ) (u+v)k+é_2(k+f_l) s (uto)f (k;réll) 00 - 0

20



Computing the determinant by blocks,

—1)k k—1 N -1 B
Oke(u,v) :< ka [T P TT—

[T
(u+0)(5) (w+v)=H0) e (w e
x (=) : : - :
(o)) )R w0 ()

Reversing the order of the rows,

1T Tt a
gk,f(uv U) :W hiok_y_g_lhhilo

h=0
(ot ) e ) ) ()

% (_1)k(k71)/2 : : . .
(u+0)(p) (wt )10 e (w0 TR
Extracting the powers of (u + v),

k—1 /-1
Ok.0(u,v) _1 Lo M = M
’ ? 2’{@ Hk+€71 h'

57 () (5D

% (_1)k(k71)/2(u+v>ké

Now the matrix can be decomposed as

(o) () (5D

o O (1) (o) G (o)
The first matrix on the right-hand side is left upper triangular, with determinant (—1)**=1/2,

The second matrix on the right-hand side is right upper triangular with determinant 1. Thus
we have

k—1 -1 ke
gne(u, v) ====2 Ve Ly R :
| o\ 72

For the main coefficient, applying Lemma 5.1 (a), we set u = v = 1 and therefore

k—1 -1
o _ 1o M ILizo M
Ik = -1y
h=0 v
21




If we normalize this coefficient by multiplying by (k¢)! so that it becomes an integer, we
recover g, from (1)

9k = (M)!glg,z-

For the coefficient of z¥~!, Lemma 5.1 (b) implies that this coefficient equals

8F
1,1
ngF +Z kl]a ngék—i-maz 70)

By Lemma 5.1 (b), we have

27( 1)(k+f )(k+£0—1)/2+kL

1 . Z Z Zm Zk+m _
Tt =M (2 )R f f{ e (52% kme)

A(’Zla s 7Zk+€)A<Zla s 7zk>A(Zk+17 s ?Zk+€) le

..d
Ogr.e agkz
=290—=—(1,1) + 2vk—=(1,1
DL (1,1 + 29k 25 (1,1)
Il
O 1hh|0 k(K + ().
h=0
Forthegkej,gkmrm, since gF(O,...,O) :...:%(0,_..70) and 82311(0,...,0) — =
9F_(0,...,0), it suffices to compute

Oz

k (k+6)(k+£-1)/2 k
291,1A:2( 1) Sk 2= Zerm Zz
kt,j Qkéklgl Qm k+e J
j=1 j=1
% A(Zlv s ,Zk_l,_g)A(Zl, s 7Zk)A(Zk+17 s Jzk—i-f)d
(Zl e Zk-+g)k+é

Z1 ... d2k+g

3%@
2754 (1, 1)

1o M T !
= Hk’-i-f 1h‘ kﬁ

We remark that the factor of 2 in front of the integral comes from the fact that we have

F (;—/12, e ick—/*;> instead of F' (2, ..., %) inside the integral and that yields a factor of 2

upon differentiation and application of Lemma 5.1 (b).
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Analogously,

¢ - (—1) kO h+t-1)/ g
) I Zj m=1 fk+m
gk’,f,k+m - k'f' 27TZ k40 f %\ J 1< 1 Z Zhtm

m=1
Az, ... Az, ... A o
(217 ) ZkJr@) (217 ) Zk]z Z(Zk+17 7Zk+€) le N de+g
(217 zige)ET
agk:z
1,1
2908ty 1)
k—1 1
_Hh Oh Hh Oh‘kf
- sy .
h=0
Putting everything together, and recalling from (28) that
k ¢
Floy,.. i) = [[X(1/2+ a5, B P T X(1/2 = ajin, B) ™ Apalan, - . k),
j=1 j=1

the contribution from the derivatives equals

agk V4 OF 2(99“ oF

1.1 — 1.1
8u ( ) 8Zk <O ’ 0) 8v ( ’ ) 8zk+g (O’ ’ O)
3gkz OAE k4 agkz OAE ks

1.1 Gk 1.1 i
0u ( ) &zk (O’ ’O> 811 ( ’ ) &sz (0, ’O>

— Ape(0,...,0) (ag’“’f(1,1)X'(1/2,E) 89“(1 )X ’(1/2,E))

ou ov
—1 -1
o ! Hh o P! (aAEké OAE k4 )
= kl = (0,...,0) — —(0,...,0
[Tiso P [T 2! L (Ne
+ AE7]§7((O, . ,O) Z+€ 1 Bl |74 - + 5 log 47‘(‘2 s

where we have used Lemma 4.1 in order to evaluate X'(1/2, F).
We have then proven (31).
We remark that in the symplectic and orthogonal cases it suffices to differentiate

k

k(k+1) A k) v (k(E=D\ ¢ A ke
(T NT] w2 and o (RN w2
a(u) ( 2 )g(zh)!“ and gi(u) 2 g(%)!“

respect to u and do an analogous treatment to the previous page in order to get the second
(and higher) geometric coefficients.

6. THE CASE ¢/ =0

In the previous session, we assume that both k,¢ > 0. Now we consider the case when
¢ = 0. This case is different because R 0(1/2,a1,..., ;) does not have poles when the

shifts are zero.
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Indeed, we have for p t N,

et o =1+ 0005 5 it

j=1e1+-+ex=3j5 h= l

and for p | Ng,

RE,k,O(1/27 Ay ..., O3 P) = =1 + Z Z H €h01/[/):;0lh)

=1 e1+--+ex=35 h= 1
We then work with the expression

k
Glan, ..., o) = [[ X(1/2+ a;, B, d) "’ Rpso(1/2, 01, ),

i=1

and the conjecture from (30) is that

(33) (2(1/2,B0%)) = (== Glar,... ) .

Now, we can take directly a; — 0 as G(0,...,0) = Agxo(0,...,0) is defined, and therefore,
we conjecture that as D — oo

(34) (Z(1/2,E,X)*),, ~ Apro(0,...,0).

7. THE SUM OF THE FIRST TWO TERMS

We prove in this section the formulas for the coefficients ¢y, and ¢y in Conjecture 1.1.
In doing our computations, we write the formulas in such a way to allow the generalization
to k, L & 7.

Combining equations (31) and (34) with Corollary 3.2, we have

1) log"~ D
Y.(2logd A 2“§j
( u( og )>D =0k, Eke kﬁ—j
kl— 1 ke—1—j
Ng 1) log ’'D
—D4log(—=))A 0)2k¢1
+ Gre (’y(k—l—€ ) +log (47T2)) 5k, (0, ]E = 1— )
8AEH (9AEH ) kf— 1M_1( 1J10gk€_1_jD
+ —(0,...,0) — — (0, . 2 E
gW( 0z, ( ) 8Zk+€< i (kt—1—7)!

+0 (log"? D),

where it is understood that the second term is not present if ¢ = 0.
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By formula (29), the Euler factors of Ag (21, ..., 2k+¢) can be rewritten using (25) and
(26) as

kL
1
Apssterseevvein) =TT TT (1= st ) (- )
h=1

m=1

(2 (Hﬁ (k) 1 ()
+gﬁp( S ) e () e (50 T () ) )

where &3 is a primitive third root of unity,

I% pEl(mOd?)), 1 p)(NEW
0p = Tp =
0  otherwise, 0 p|Ng,

and the £,(u) are the Euler factors of the L-function, namely
(1—apu+u®)~' ptNg,

ﬁp(u) =
(1 —ayu)~ p| Ng,

and a, is normalized as in (14).

In order to simplify the notation we collapse the first k& variables and the second ¢ variables
into just two variables. This change of notation is crucial to extend the formulas for k,/¢
non-integral. Thus, we consider

(35)

A )= (1 1M15W5P1£—1 kc—lg
E,k,Z(ZlazQap)_ _p1+21722 ( —Tp p) 1_5p+§ p p1/2+21 p p1/2722

&\ g\ g\ &\
+£P (p1/2+z1 EP p1/237z2 +£P p1/23+z1 EP pl/zsz )

With this new convention, we obtain

—1)log"~7 D
(K= )1

1574
(Cre(210g d)p =g Are(0,02 3
j=0

ke—

Ng 1) log™ "7 D
+gk,g( (k+¢— 2)+log(4 ))AEHOOQ“ 12 o8

= k@—l—j)
16AEH 1(‘3AEM kl—1 iy (—1)] logkz_l_j D
2 E
+gk£(k 07, (0,0) — 7 PN (070)) po (k( —1—j)!

(36) +0 (log" D).

This gives Conjecture 1.1.
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Now we focus on extending this construction for & and ¢ real. Recall from equation (4) in
the introduction that Keating and Snaith [KS00] considered

Gk + )G + 1)
Glk+(+1)

In our experiments with k, ¢ € C and satisfying the conditions of [KS00], we have encoun-
tered an additional difficulty in the cases where the term

(38) L(1/2,E,x)*L(1/2, E,x)"

is not defined when L(1/2, E, x) = 0. For example, this issue arises when k + ¢ is a negative
real number or when either £ or £ is purely imaginary. We have conducted numerical evalua-
tions excluding these terms (so that we divide by the number of x such that L(1/2, E, x) # 0),
and the model still matches the numerical results.

The above discussion, together with Remark 8.1, allow us to extend formula (36) in the
following way for k, ¢ € C, Re(k), Re(¢), and Re(k + ¢) > —1:

Gk+1DG(+1) okt
A — 1,—logD
G(k+(+1) 1,0(0,0) [T (k¢ + 1, —log D))

G(k+1)G((+1) Np k-1
YA Yk +L=2)+log (5 ) | Apre(0,0)=5—T(kt, — log D)|
Glk+1)G(+1), (10Apu, 10Ag

Gk+(+1) H\Ees 00 (0,0)
k-1
D

We remark that we have replaced the polynomial <10gh d> by the incomplete I'-function,
and this will be explained in Section 8.

If, in addition to the conditions k,¢ € C, Re(k),Re(¢) >, and Re(k 4+ ¢) > —1, we also
have kf & Z.o, then we can extend gy

(37) , for Re(k),Re(f),Re(k +¢) > —1.

<Tk7g(2 log d)>D ~

(39) X ID(k¢, —log D).

Gk +1)G( +1)
G(k+(+1)

This allows us to write the previous formula as

2 [P (k + 1, —log D)|

(YTre(2logd))p ~greAp k(0 0)3 T(kl+ 1)

N Qkt=117 k¢, —log D
+gk,e(v<k+f—2>+1og< E))AE,k,z<o,o> Lkt — log D)

ke = F(k)é + 1)

42 D T(k()
1 aAEng 1 8AE7/€7( 2“71 |F(k’f, — log D)|

When kl € Zy, gre is not defined, but we can still evaluate (39). Thus, the condition
kl & Zq is inessential.
We close this section by computing the derivatives of Apj (21, 22) by logarithmic dif-

ferentiation. The derivatives will also be needed for numerical computations in the next
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section.

OAE k¢
=2(0,0) k(1o
oz (0,0) 8P . 1
—_— = + kp log p
AE,k,Z(O: 0) p% p—1
k40+1 k+1 Ny 9 N k+1 ;
(21)_1/2 - ap)cp (ﬁ) + 53(253]?_1/2 —a )Ep (1%) Ep (%) + 5%(2532,19_1/2 —a )Ep (%) Ep (%)
X
k1t k Ny 2 \ K
36, ¢
1-§ (Ep <p11/2) +Lp (171_%> Ly <p1?/’2 + Ly <p1_?/’2) Ly <§_3/2> )
et ; )P e \* 2 g\t &\
ke log p i Ly (m) + &L, (m) Ly <,ﬁ) + &L, (ﬁ Ly <F)
Z 1 kayp~ /" logp NGE o \F o\ a2 \F Y
p|Ng ﬁp (W) + ﬁp <p1/2> ,Cp <m> + £p (F Ep (F)
and
OAE 1
5..(0,0) Z kllogp _1/2
2 = l log p
Apke(0,0) el 1-
k4041 041 2\ k NNVAS ] k
= (1) ot -ty () 1, () g - e, () 4, ()
X

1 +0+1 . +1 & k 9 £2 I+1 & k
kllog p 12 (ﬁp (W + &L, <W) Ly <F + &L, <ﬁ) L, <F) )
T Z 1—p + la,p~ /% logp L\ A o \F 2\ ¢ 2 \F o\
p|NEg [»p (m) + »Cp (1)1_?2> Ep <pl_32> + Ep <pl_32 £p <pl_32)

8. NUMERICAL EXPERIMENTS

In this section we conduct some experiments comparing numerical formulas for the k, ¢-
moment <L(1/2, E,x)*L(1/2, E,X)E>D, with the approximation predicted by our model us-
ing equations (36) (when k, ¢ are nonnegative integers) and more generally (39) under the
conditions

(41) k.l € C,Re(k),Re({),and Re(k + ¢) > —1.

We continue to use the convention that Re(k) > Re(?).

The experiments are done for the elliptic curves 11al and 14al and for D = 3 - 10°. The
amount of data that can be obtained for cubic twists is unfortunately limited compared
to the case of quadratic twists, where one can use powerful results of Waldspurger [Wal80]
and Kohnen—Zagier [KZ81] which relate the values of L(1/2, E, x) to the Fourier coefficients
of a weight 3/2 modular form. For the case of cubic twists, one has to rely on using the
approximate functional equation to compute the value of L(1/2, E, x).

To compute L(1/2, E,x,) for a primitive quadratic Dirichlet character x4, where d is a
fundamental discriminant, Mao, Rodriguez-Villegas, and Tornaria [MRVTO07] used general-
ized theta series associated to positive definite ternary quadratic forms. With their method,

the computational complexity to compute the values L(1/2, E, x,) for |d| < D is O(D??).
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To compute L(1/2, E, x) for a primitive cubic Dirichlet character of conductor d, we use
the approximate functional equation to write the critical L-value as

12) L0/ =- W_EZ )+ (B 0Tm) ™ exp (—d%_)

To obtain L(1/2, E, x) with a desired precision, we need to take roughly O(d) terms in the
sum of (42). Thus, with this method, the computational complexity to compute the values
L(1/2,E, x) for x € Fg(D) is O(D?).

The numerical values of L(1/2,E,x) for 11al and 14al for 2- 105 < D < 3 - 10°% were
obtained by using 40 threads in the cluster of the Centre de Recherches Mathématiques
(CRM) for a couple of months. The codes to evaluate L(1/2, E, x) were created by using
Cython built in SageMath [Thel2]. Moreover, those L-values up to D = 2-10° were already
computed by Jack Fearnley for the paper [DFK04], and we used his L-values. At least 9
decimal place accuracy is maintained in the numerical moments.

Finally, when doing numerical tests for a case when k + ¢ < 0 or when there is a purely

imaginary exponent involved, we use the nonvanishing subfamily F (D) instead of Fg(D)
defined as

Fp(D) :={x € Fe(D) | L(1/2,E, x) # 0}
on computing (L(1/2, E, x)*L(1/2, E,X)") ,. For D = 3-10°, we have the following numbers
of twists for Fg(D) and Fp(D):

| B | #Fs(D)| #F,(D) |
11al 778150 775686

14al || 605256 | 597822
TABLE 0. #Fg(D) and #F}(D) for 11al and 14al for D = 3 - 10°.

Regarding equation (36), we recall that k, ¢ are nonnegative integers and if ¢ = 0, then
only the first term is considered. We also evaluate moments in cases where k, ¢ are not
integers but still satisfy conditions (41). For this, we evaluate equation (39). The poly-

nomial (k()! Z 0 ()(ka# is replaced by the incomplete Gamma function which is well

implemented in standard mathematical software. The incomplete Gamma function is defined

by
F(a,z):/ th=te~tdt.

['(a, z) satisfies for a € C and n fixed
n—1
—1)(a—k+1 3
[(a,z)=2""te" (% ala - 1) zk(a +1 + Oa(z_”)> , as z — 00, |arg z| < g
Moreover, the formula is exact for a € Z-( (see formulas 6.5.32 and 6.5.13 in [AS64]). By
setting a = h+1 and z = —log D above and combining with Corollary 3.2, we conclude the
following.

Remark 8.1. For h € R,

1
(log” dy,, ~ 5|F(h +1,—log D)].
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8.1. Results for k, ¢ nonnegative integers. We have computed the moments for (k, ) =
(1,0),(2,0),(1,1), and (2,1). In the cases of (k,¢) = (1,0), (2,0) our conjecture predicts that
Pro(x) is a constant. When (k,¢) = (1, 1), a polynomial of degree 1 is predicted, and for the
case of (k,0) = (2,1), we expect a polynomial of degree 2. Since we have only considered
the first two coefficients, our computation of Py, (z) is missing the constant coefficient for
(2,1). Nevertheless, the approximation is still good. Our results are recorded in Tables 1
and 2. We present two ways of predicting the moment. The first one, indicated as “log**”,
is calculated with

log™ D

A 0,0)2k
ke E,k,é(a ) (kﬁ)! )

while the one denoted by “log™ +1og"~'” is calculated from equation (36). Of course, when

k¢ = 0, the conjecture simply predicts the constant ag,. The column “moment” indicates the
numerical moment. The column “quotient” indicates the quotient between the numerical
moment and the one predicted in column “log" +1og" 7. We see in general that using two
terms is a better approximation than simply using the main term.

In Figures 1 and 2, the quotient is plotted as a function of all values of D up to 3 - 10°
sampled at intervals of size 10*. Note that the outliers (which all lie in D < 5 - 10°) are
removed in those figures. We see that the convergence is relatively slow compared to the
usual cases involving quadratic twists.

(k,0) || gne 14 Mllal ke—1 :
Y log log™ + log moment | quotient
(1,0) || 1 0.9369 | 0.9369 0.9369 0.9410 | 1.0044
(2,0) || 1 | —1.9659 | —1.9659 —1.9659 —1.9648 | 0.9994
(1,1) || 1 1.6516 | 24.632 24.015 24.100 | 1.0035
(2,1) || 1 0.8744 | 97.372 111.96 111.97 | 1.0001

TABLE 1. Integral moments for 11al with D = 3 - 10°.
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F1GURE 1. Convergence of integral moments for 11al with D < 3 - 10°.

(6, 0) || g _ 14al . ‘

’ oy, ‘ log ‘ log" +1og"~! | moment | quotient
(1,0) || 1 | 1.0394 | 1.0394 1.0394 1.0369 | 0.9976
(2,0) || 1 | 0.6467 | 0.6467 0.6467 0.6247 | 0.9660
(1,1) || 1 |/ 0.8899 | 13.277 13.188 13.240 | 1.0039
(2,1) || 1 || 0.4987 | 55.540 65.580 65.344 | 0.9964

TABLE 2. Integral moments for 14al with D = 3 - 10°.
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FIGURE 2. Convergence of integral moments for 14al with D < 3-10°

8.2. Results for other real values of k, /. The numerical evaluation of non-integral mo-
ments presents some computational challenges due to having to specify a choice for the
branch of the logarithm. For the moments of the Riemann zeta function, log ((1/2 + it)
and then arg((1/2 + it) are defined by continuous variation of the imaginary part ¢, and
similarly in the work of Keating and Snaith for the moments of Z (U, ) where arg Z (U, )
is defined by continuous variation of #, and (6) indicates a clear choice for the arguments
defining the moments. In our case, we are dealing with moments of a discrete family (there
is no continuous variation of the conductor). When doing numerical testing, the value of
L(1/2,E,x)*L(1/2, E,X)* is obtained with the principal branch of the logarithm, i.e. with
argument in (—m, 7|. Furthermore, the conjectural prediction for the moments involves the
Euler product (35), where the numerical computations are performed at the level of each
factor. We then have to restrict our computations to cases where both computations lead
the same results.

To see the influence of both L(1/2, E, x)*L(1/2, E,X)* and the Euler product, let L = L;e®
be a nonzero complex number with L; = |L| and —7 < § < 7 such that L = AB. Similarly
write A = A€’ and B = Bje' with A, = |A|,B; = |B| and —7 < a, 3 < 7. On the one
hand, equation (6) indicates that we should consider

(43) Lkﬂ _ LR ilk—05 _ Lk+eei[(k—z)5][,m)’

where [x][_, r) indicates the representative of x in the interval [—m,7), namely, the unique
x+2mn € [-n,m) for n € Z.
On the other hand,

(44) (A¥A"Y(B¥B') = (AB)k el h=0elinm ¢ilh=0OB]-nm)
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However, we have that

[(k = 0)6]—r.x) = [(k = O + B —rm)(-m,m) and [(k — O)a](—rm) + [(k — €)B][—rm)

do not always have the same representative in [—m, ) when k, ¢ are not integers.

The conjecture requires that all the computations be performed as in equation (43), but the
numerical computations of the product L(1/2, E, x)*L(1/2, E,X)* and of the Euler product
(35) are performed at the level of each factor, resulting in computations as in equation (44).

A way to avoid this issue is to explore cases of (k,¢) where both computations yield the
same result when performed by standard software. This could happen in cases in which
(43) and (44) yield always the same result (such as k = ¢, k = £ + 1), or in cases in which
the discrepancy is very small and there is a clear default in how the software computes the
arguments because the factors in the Euler product are close to 1 (for example, when ¢ =0
with k small, or k+ ¢ =0, k+ ¢ = 1 with |¢| small).

We have computed the moments for k, ¢ real nonnegative for (k,¢) = (1/n,0) for n =
2,...,10. As before, in this case the model predicts a constant polynomial. Our results are
recorded in Tables 3 and 4. The last column of each table, denoted by “quotient”, indicates
the quotient of the numerical value for the moment and the prediction ay .

Figures 3 and 4 illustrate the convergence for the values (1/n,0). The values seem to be
quite regular and stable. However, we notice that they do not seem to approach 1 as n goes
to infinity, specially in the case of 14al. We speculate that this is due to insufficient data,
namely, that our D is too small.

(k. ) 11al .

Qpp moment | quotient
(1/2,0) || 1.0924352 | 1.1064131 | 1.012795
(1/3,0) || 1.0736431 | 1.0809212 | 1.006779
(1/4,0) | 1.0579795 | 1.0619068 | 1.003712
(1/5,0) || 1.0472890 | 1.0493806 | 1.001997
(1/6,0) | 1.0397736 | 1.0407432 | 1.000932
(1/7,0) || 1.0342601 | 1.0344846 | 1.000217
(1/8,0) || 1.0300620 | 1.0297604 | 0.999707
(1/9,0) | 1.0267666 | 1.0260758 | 0.999327
(1/10,0) || 1.0241146 | 1.0231252 | 0.999034

TABLE 3. Rational moments with a positive and a zero parameter for 11al

with D = 3 - 10°.
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(k, ) 14al .
Qier moment quotient
(1/2,0) || 1.0450753 | 1.0499353 | 1.0046504
(1/3,0) || 1.0323368 | 1.0333675 | 1.0009984
(1/4,0) || 1.0246570 | 1.0230284 | 0.9984105
(1/5,0) || 1.0198069 | 1.0163783 | 0.9966380
(1/6,0) || 1.0165123 | 1.0118002 | 0.9953645
(1/7,0) || 1.0141414 | 1.0084705 | 0.9944081
(1/8,0) || 1.0123583 | 1.0059443 | 0.9936643
(1/9,0) || 1.0109705 | 1.0039639 | 0.9930694
(1/10,0) || 1.0098607 | 1.0023704 | 0.9925828

TABLE 4. Rational moments with a positive and a zero parameter for 14al

with D = 3 - 10°.
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F1GURE 4. Rational moments with a positive and a zero parameter for 14al
with D < 3-106.

We have also computed the moments of the form (1/n,1/n) for n = 2,...,10, as well as
(3/2,3/2). As discussed earlier, these moments correspond to powers of the absolute value

|L(1/2, E, x)|. The results are recorded in Tables 5 and 6. As before, the column “log"*”
denotes

log" D

A 2kf—
ke Arke(0,0) NS

while the column “log" 4 log"~'" is calculated from equation (40). Again, using the first

two terms (together with the incomplete Gamma function) is a better approximation than
simply using the first term.

Figures 5 and 6 illustrate the convergence. In these graphs and all the subsequent figures in
the article, the quotient has been computed using the first coefficient, namely, the value from
the column “log™”. This is a slightly less good approximation than using the computation
of column “log™ +1log" 1" but it is sufficient to see the convergence towards the value
D = 3-10% indicated in the corresponding tables. We see that the data seems to approach

1, and that the data is still very unstable for the moment (3/2,3/2).
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(k,0) ke 11al -

’ ’ oy, ‘ log"* ‘ log* +1og"~! | moment | quotient
(3/2,3/2) || 1.1444 || 1.3693 | 268.69 313.98 317.49 | 1.0112
(1/2,1/2) | 1.0362 || 1.3685 | 3.0748 2.9792 2.9852 | 1.0020
(1/3,1/3) || 1.0341 || 1.2266 | 1.8086 1.7778 1.7787 | 1.0005
(1/4,1/4) | 1.0264 || 1.1596 | 1.4567 1.4415 1.4415 | 1.0000
(1/5,1/5) || 1.0203 || 1.1222 | 1.3038 1.2947 1.2943 | 0.9997
(1/6,1/6) || 1.0158 || 1.0985 | 1.2216 1.2156 1.2149 | 0.9994
(1/7,1/7) || 1.0126 || 1.0823 | 1.1715 1.1671 1.1664 | 0.9994
(1/8,1/8) || 1.0103 || 1.0706 | 1.1383 1.1350 1.1341 | 0.9992
(1/9,1/9) || 1.0085 || 1.0618 | 1.1149 1.1124 1.1113 | 0.9990

(1/10,1/10) || 1.0071 || 1.0549 | 1.0978 1.0957 1.0945 | 0.9990

TABLE 5. Positive moments of |L(1/2, E, x)| for 11al with D = 3 - 105.
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FIGURE 5. Positive moments of |L(1/2, E, )| for 11al with D < 3 - 10°.
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(k. ) s 14al _

’ ’ i ‘ log™* ‘ log® +1og™ ™" | moment | quotient
(3/2,3/2) || 1.1444 || 0.5207 | 102.19 122.76 124.97 | 1.0180
(1/2,1/2) || 1.0362 || 1.0526 | 2.3650 2.3046 2.3116 | 1.0028
(1/3,1/3) || 1.0341 || 1.0504 | 1.5487 1.5262 1.5274 | 1.0008
(1/4,1/4) | 1.0264 || 1.0419 | 1.3087 1.2969 1.2962 | 0.9994
(1/5,1/5) || 1.0203 || 1.0351 | 1.2026 1.1953 1.1934 | 0.9984
(1/6,1/6) || 1.0158 || 1.0300 | 1.1454 1.1404 1.1375 | 0.9975
(1/7,1/7) || 1.0126 || 1.0261 | 1.1106 1.1070 1.1034 | 0.9967
(1/8,1/8) || 1.0103 || 1.0230 | 1.0877 1.0849 1.0807 | 0.9961
(1/9,1/9) || 1.0085 || 1.0206 | 1.0717 1.0696 1.0648 | 0.9955

(1/10,1/10) || 1.0071 || 1.0187 | 1.0601 1.0583 1.0530 | 0.9950

TABLE 6. Positive moments of |L(1/2, E, x)| for 14al with D = 3 - 105.

14a1
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FIGURE 6. Positive moments of |L(1/2, E, x)| for 14al with d < 3 - 10°6.

We have similarly computed the moments of the form (1 4+ 1/n,1/n) for n = 1,...,10.
These moments correspond to powers of |L(1/2, E, x)| combined with powers of L(1/2, E, x).
The results are recorded in Tables 7 and 8.

Figures 7 and 8 illustrate the convergence. We see that the data is quite unstable, but it

still could approach 1 with some delay.
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(k,0) kb 11al -

’ ’ Qe ‘ loght ‘ log* +1og*~! | moment | quotient
(3/2,1/2) 0.9312 || 1.0634 | 8.1802 8.0262 8.0627 | 1.0045
(4/3,1/3) 0.9568 || 1.0444 | 3.7503 3.6524 3.6745 | 1.0061
(5/4,1/4) 0.9719 || 1.0234 | 2.5839 2.5233 2.5385 | 1.0060
(6/5,1/5) 0.9804 || 1.0081 | 2.0810 2.0387 2.0506 | 1.0058
(7/6,1/6) 0.9857 || 0.9970 | 1.8074 1.7754 1.7854 | 1.0057
(8/7,1/7) 0.9891 || 0.9888 | 1.6371 1.6116 1.6205 | 1.0055
(9/8,1/8) 0.9914 || 0.9825 | 1.5216 1.5005 1.5085 | 1.0054
(10/9,1/9) | 0.9931 || 0.9776 | 1.4383 1.4203 1.4278 | 1.0053

(11/10,1/10) || 0.9943 || 0.9736 | 1.3755 1.3599 1.3669 | 1.0052

TABLE 7. Positive moments of the form L(1/2, E,x)|L(1/2, E, x)|* for 11al
with D = 3-10°.
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FIGURE 7. Positive moments of the form L(1/2, E, x)|L(1/2, E, x)|¢ for 11al
with D < 3-106.
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(k) s A

’ ’ Qe ‘ loght ‘ log* +1og*~! | moment | quotient
(3/2,1/2) 0.9312 || 0.8596 | 6.6120 6.5848 6.5569 | 0.99576
(4/3,1/3) 0.9568 || 0.9465 | 3.3987 3.3410 3.3340 | 0.99790
(5/4,1/4) 0.9719 || 0.9800 | 2.4743 2.4322 2.4281 | 0.99830
(6/5,1/5) 0.9804 || 0.9967 | 2.0575 2.0259 2.0224 | 0.99829
(7/6,1/6) 0.9857 || 1.0064 | 1.8244 1.7994 1.7963 | 0.99828
(8/7,1/7) 0.9891 || 1.0127 | 1.6767 1.6562 1.6532 | 0.99820
(9/8,1/8) 0.9914 || 1.0171 | 1.5751 1.5578 1.5549 | 0.99813
(10/9,1/9) |/ 0.9931 || 1.0203 | 1.5011 1.4861 1.4833 | 0.99813
(11/10,1/10) || 0.9943 || 1.0227 | 1.4449 1.4317 1.4290 | 0.99808

TABLE 8. Positive moments of the form L(1/2, E,x)|L(1/2, E, x)|* for 14al
with D = 3-10°.
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FIGURE 8. Positive moments of the form L(1/2, E, x)|L(1/2, E, x)|¢ for 14al
with D < 3-106.

In addition we have considered several fractional exponents satisfying £k > 0 > ¢. This
was done by removing the terms L(1/2, E,x) = 0. As explained after equation (38), this
was not an issue if we chose k 4+ ¢ > 0 and those terms could be safely ignored. The (k,¢)
were again chosen in such a way that equations (43) and (44) yield the same numbers. We
obtained good matches for large n, as illustrated in Tables 9 and 10, and Figures 9 and
10, corresponding to (1/n,—1/n), and 11 and 12 and Figures 11 and 12, corresponding to
(1+1/n,—1/n).
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(k. ) e 11al _

’ ' Qe ‘ log"* ‘ log" +1og" ™" | moment | quotient
(1/2,—1/2) | 0.7904 || 0.8322 | 0.2732 0.2860 0.2871 | 1.0039
(1/3,—1/3) | 0.8973 | 0.9316 | 0.5744 0.5870 0.6021 | 1.0258
(1/4,—1/4) | 0.9402 || 0.9627 | 0.7349 0.7441 0.7565 | 1.0166
(1/5,—=1/5) | 0.9611 || 0.9765 | 0.8220 0.8286 0.8372 | 1.0104
(1/6,—1/6) | 0.9728 | 0.9838 | 0.8731 0.8780 0.8837 | 1.0065
(1/7,—1/7) | 0.9799 || 0.9882 | 0.9052 0.9090 0.9127 | 1.0041
(1/8,—1/8) | 0.9845 || 0.9909 | 0.9267 0.9296 0.9319 | 1.0025
(1/9,—1/9) | 0.9878 || 0.9929 | 0.9417 0.9440 0.9453 | 1.0014

(1/10,—1/10) || 0.9900 || 0.9942 | 0.9525 0.9544 0.9549 | 1.0005
TABLE 9. Positive moments of % for 11al with D = 3 - 106.
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FIGURE 9. Positive moments of the form 8;2 g X for 11al with D < 3-108.
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(k. ) e 14aJ_7 ‘

’ ' Qe ‘ log"* ‘ log" +1og" ™" | moment | quotient
(1/2,—1/2) | 0.7904 || 1.0333 | 0.3391 0.3543 0.3549 | 1.0017
(1/3,—1/3) | 0.8973 | 1.0159 | 0.6264 0.6389 0.6430 | 1.0065
(1/4,—1/4) | 0.9402 | 1.0091 | 0.7704 0.7791 0.7793 | 1.0002
(1/5,—=1/5) | 0.9611 || 1.0059 | 0.8468 0.8529 0.8497 | 0.9963
(1/6,—1/6) | 0.9728 || 1.0041 | 0.8911 0.8956 0.8901 | 0.9939
(1/7,—=1/7) | 0.9799 || 1.0030 | 0.9189 0.9223 0.9152 | 0.9923
(1/8,—1/8) | 0.9845 || 1.0023 | 0.9373 0.9400 0.9318 | 0.9913
(1/9,—1/9) | 0.9878 || 1.0018 | 0.9502 0.9523 0.9433 | 0.9906

(1/10,—1/10) || 0.9900 || 1.0015 | 0.9594 0.9612 0.9516 | 0.9900
TABLE 10. Positive moments of (1?3 g X for 14al with D = 3 - 10°.
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FIGURE 10. Positive moments of the form Elggx for 14al with D < 3 - 10°.
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11al

(. Ih Qkr log™ | log" +1log" ™" | moment | quotient
(3/2,—1/2) 2.0725 || —1.2263 | —0.0923 —0.1042 —0.1044 | 1.0019
(4/3,—1/3) |[1.1901 | —0.1717 | —0.0384| —0.0430 | —0.0866 | 2.0140
(5/4,—1/4) |/ 1.0801 | 0.2071 | 0.0729 0.0740 0.0277 | 0.3743
(6/5,—1/5) 1.0440 || 0.3968 | 0.1786 0.1826 0.1417 | 0.7760
(7/6,—1/6) 1.0278 || 0.5095 | 0.2673 0.2728 0.2371 | 0.8691
(8/7,—1/7) ] 1.0192 || 0.5838 | 0.3400 0.3461 0.3153 | 0.9110
(9/8,—1/8) 1.0139 || 0.6364 | 0.3997 0.4060 0.3793 | 0.9342
(10/9,—1/9) || 1.0106 || 0.6754 | 0.4492 0.4555 0.4321 | 0.9486

(11/10,—1/10) | 1.0083 | 0.7056 | 0.4907 0.4969 0.4763 | 0.9585
TABLE 11. Positive moments of the form L(1/2, E,x) (%)K for 11al
with D = 3 - 10°.
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FIGURE 11. Positive moments of the form L(1/2, E, x) (%)g for 11al

with D < 3-10°.
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(k,0) k.t 14al =
’ ’ age ‘ loght ‘ log" +log"~! | moment | quotient
(3/2,—1/2) 2.0725 || 0.8750 | 0.0658 0.0705 0.0721 | 1.0231
(4/3,—1/3) 1.1901 || 0.9663 | 0.2161 0.2255 0.2074 | 0.9200
(5/4,—1/4) 1.0801 || 0.9951 | 0.3503 0.3612 0.3406 | 0.9430
(6/5,—1/5) 1.0440 || 1.0084 | 0.4539 0.4648 0.4454 | 0.9582
(7/6,—1/6) 1.0278 || 1.0157 | 0.5330 0.5433 0.5257 | 0.9676
(8/7,—1/7) 1.0192 || 1.0204 | 0.5943 0.6040 0.5881 | 0.9737
(9/8,—1/8) 1.0139 || 1.0235 | 0.6429 0.6520 0.6375 | 0.9778
(10/9,—1/9) | 1.0106 || 1.0258 | 0.6823 0.6907 0.6774 | 0.9808
(11/10,—1/10) || 1.0083 || 1.0275 | 0.7147 0.7226 0.7103 | 0.9830

TABLE 12. Positive moments of the form L(1/2, E, ) <M> for 14al

with D = 3 - 10°.
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FIGURE 12. Positive moments of the form L(1/2, E, x) <M

with D < 3-10°.

Finally, we have also considered some cases within the conditions (41) with & > 0 > ¢ and
k + ¢ < 0. These cases present difficulties as discussed after equation (38). For example,
we must divide by #F5(D) instead of #Fg(D), since we must completely ignore the zero

terms.

The values we obtained are very stable. We list them in Tables 13 and 14 and Figures 13
and 14, where (0, —1/n) is considered, and Tables 15 and 16 and Figures 15 and 16, where

(—=1/n,—1/n) is considered.
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(k. 0) 11al |
App moment quotient
(0,—1/2) ]/ 0.9158795 | 0.8954299 | 0.9776721
(0,—1/3) || 0.9320485 | 0.9261987 | 0.9937238
(0,—1/4) ]/ 0.9456153 | 0.9421381 | 0.9963229
(0,—1/5) |/ 0.9551282 | 0.9524591 | 0.9972055
(0,—1/6) || 0.9619489 | 0.9597014 | 0.9976636
(0,—1/7) ]/ 0.9670249 | 0.9650543 | 0.9979622
(0,—1/8) [/ 0.9709315 | 0.9691658 | 0.9981814
(0,—1/9) ]/ 0.9740236 | 0.9724195 | 0.9983531
(0,—1/10) || 0.9765285 | 0.9750568 | 0.9984929

1.04 4

1.02 4

TABLE 13. Rational moments with a negative and a zero parameter for 11al
with D = 3 - 10°.
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FiGURE 13. Rational moments with a negative and a zero parameter for 11al
with D < 3 - 106.
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k.0 14al, D = 3 - 106 |
5y moment quotlent
(0,—1/2) || 0.96782787 | 0.90653233 | 0.9366669
(0,—1/3) || 0.97368552 | 0.94499539 | 0.9705345
(0,—1/4) || 0.97878866 | 0.96018439 | 0.9809926
(0,—1/5) || 0.98241577 | 0.96863406 | 0.9859716
(0,—1/6) || 0.98503776 | 0.97408115 | 0.9888770
(0,—1/7) || 0.98700029 | 0.97790152 | 0.9907814
(0,—1/8) || 0.98851726 | 0.98073453 | 0.9921269
(0,—1/9) || 0.98972207 | 0.98292110 | 0.9931284
(0,—1/10) || 0.99070076 | 0.98466066 | 0.9939032

11 A

1.05 4

TABLE 14. Rational moments with a negative and a zero parameter for 14al
with D = 3 - 106.
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F1GURE 14. Rational moments with a negative and a zero parameter for 14al
with D < 3 - 106.
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(k,0) k.t 11al =

’ ’ oy, ‘ log"* ‘ log" + log"~! | moment | quotient
(—1/3,—1/3) || 1.4284 | 0.9207 | 1.8752 1.8265 1.5295 | 0.8374
(—1/4,—1/4) || 1.1553 || 0.9254 | 1.3082 1.2898 1.2121 | 0.9398
(—1/5,—1/5) | 1.0805 || 0.9329 | 1.1479 1.1377 1.1015 | 0.9682
(—1/6,—1/6) | 1.0492 || 0.9400 | 1.0796 1.0731 1.0514 | 0.9798
(—1/7,—1/7) | 1.0331 || 0.9461 | 1.0447 1.0401 1.0251 | 0.9856
(—1/8,—1/8) | 1.0238 || 0.9512 | 1.0248 1.0213 1.0102 | 0.9891
(—=1/9,—1/9) || 1.0179 || 0.9554 | 1.0126 1.0100 1.0011 | 0.9912
(—=1/10,—1/10) || 1.0139 || 0.9591 | 1.0048 1.0027 0.9954 | 0.9927

TABLE 15. Negative moments of |L(1/2, E, x)| for 11al with D = 3 - 10°.
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FIGURE 15. Negative moments of |L(1/2, E, )| for 11al with D < 3 - 10°.

(k. 0) s 14al _

’ ’ Qs ‘ log"* ‘ log"* +logh* ‘ moment | quotient
(—1/3,—1/3) || 1.4284 || 0.9371 | 1.9085 1.8619 1.4466 | 0.7770
(—1/4,—1/4) | 1.1553 || 0.9520 | 1.3459 1.3282 1.1954 | 0.9000
(—1/5,—1/5) || 1.0805 || 0.9613 | 1.1827 1.1731 1.1031 | 0.9403
(—1/6,—1/6) | 1.0492 || 0.9676 | 1.1113 1.1051 1.0596 | 0.9588
(—=1/7,—1/7) | 1.0331 || 0.9722 | 1.0735 1.0692 1.0360 | 0.9690
(—1/8,—1/8) || 1.0238 || 0.9756 | 1.0511 1.0479 1.0221 | 0.9753
(—1/9,—1/9) || 1.0179 || 0.9783 | 1.0368 1.0344 1.0133 | 0.9796

(—1/10,—1/10) || 1.0139 || 0.9805 | 1.0272 1.0252 1.0075 | 0.9827

TABLE 16. Negative moments of |L(1/2, E, x)| for 14al with D = 3 - 10°.
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FIGURE 16. Negative moments of |L(1/2, E, )| for 14al with D < 3 - 10°.

8.3. Results for complex values of k,¢. We consider several purely imaginary moments.
As in the case of k+ ¢ < 0, we must divide by #F(D) instead of #Fg(D) when computing
the numerical moment, since we have to completely ignore the zero terms.

The first family that we consider is (k,¢) = (ni,0), for n = 1,2 as well as 1/n =2,.. ., 10.
The results are listed in Tables 17 and 18 and Figures 17 and 18.

Then we consider (i/n,—i/n) and (i/n,i/n) for n = 1,...,10. The results are listed in
Tables 19, 20, 21, and 22 and Figures 19, 20, 21, and 22. The case (i, ¢) satisfies that k¢ = —1
and therefore g;; is not well-defined. We record the value of g;;/I'(0) in its place.

In all the tables, the word “quotient” indicates the absolute value of the quotient of the
numerical moment and the moment predicted by the conjecture. As before, in the figures,
the quotient is computed by using the first coefficient, namely, the value from the column

Kl

“log™”. We see that these purely imaginary results are very stable.
(k. 0) 11al, D = 3-10° ‘
Ay moment quotient

(2¢,0) || —0.1151 + 1.6647:¢ | —1.1425 + 0.8930¢ | 0.8690

(1,0) 0.9025 4+ 0.4665¢ | 0.7676 + 0.4864: | 0.8944
(1/2,0) 0.9877 4+ 0.1507¢ | 0.9688 + 0.1568: | 0.9823
(1/3,0) 0.9955 4+ 0.0893¢ | 0.9891 + 0.0940z | 0.9941
(1/4,0) 0.9976 + 0.0639¢ | 0.9945 + 0.0679: | 0.9972
(1/5,0) 0.9985 4+ 0.0500¢ | 0.9967 + 0.05347 | 0.9984
(1/6,0) 0.9990 + 0.0412¢ | 0.9978 + 0.0441z | 0.9989
(1/7,0) 0.9993 + 0.0350¢ | 0.9984 + 0.03752 | 0.9992
(1/8,0) 0.9994 + 0.0305¢ | 0.9988 + 0.03277 | 0.9995
(1/9,0) 0.9995 + 0.0270¢ | 0.9991 + 0.0290z | 0.9996
(¢/10,0) || 0.9996 + 0.0242¢ | 0.9992 4 0.02617 | 0.9997

46



TABLE 17. Complex moment with a zero parameter for 11al with D = 3 - 10°.
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k.0 14al, D = 3 - 10° |
Ay moment quotient

(2i,0) 0.6458 + 0.8093: | 0.2451 4+ 0.87607 | 0.8785

(4,0) 0.9606 + 0.1743: | 0.9286 + 0.2159: | 0.9765
(¢/2,0) || 0.9923 + 0.0579: | 0.9982 + 0.0782¢ | 1.0073
(¢/3,0) || 0.9967 + 0.0350¢ | 1.0010 + 0.05077 | 1.0050
(¢/4,0) || 0.9982 + 0.0253: | 1.0010 + 0.0378¢ | 1.0032
(¢/5,0) || 0.9988 + 0.0199: | 1.0008 + 0.0302¢ | 1.0022
(1/6,0) || 0.9992 4 0.01644 | 1.0006 + 0.0252: | 1.0015
(¢/7,0) || 0.9994 + 0.0140: | 1.0004 + 0.0216¢ | 1.0012
(¢/8,0) || 0.9995 + 0.0122: | 1.0003 + 0.0189; | 1.0009
(¢/9,0) || 0.9996 + 0.0108: | 1.0003 + 0.0168¢ | 1.0008
(2/10,0) || 0.9997 + 0.00974 | 1.0002 + 0.01514 | 1.0006

TABLE 18. Complex moment with a zero parameter for 14al with D = 3 - 10°.
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FIGURE 18. Complex moment with a zero parameter for 14al with D < 3 - 106.

(k,0) s 11al
’ ’ Qlep ‘ log™* ‘ log"™ +1og"~* | moment | quotient

(1,—1) 3.2540 || 1.2527 | 60.801 48.511 22.948 | 0.4730
(1/2,—i/2) || 1.3008 || 1.1201 | 3.1593 2.9982 2.6168 | 0.8728
(1/3,—1/3) || 1.1204 || 1.0589 | 1.6918 1.6537 1.5707 | 0.9498
(1/4,—i/4) || 1.0654 || 1.0342 | 1.3484 1.3314 1.2962 | 0.9736
(¢/5,—1i/5) || 1.0411 || 1.0222 | 1.2120 1.2022 1.1827 | 0.9838
(1/6,—i/6) | 1.0283 || 1.0156 | 1.1432 1.1369 1.1243 | 0.9889
(¢/7,—1/7) || 1.0207 || 1.0115 | 1.1257 1.0990 1.0902 | 0.9920
(1/8,—1/8) || 1.0158 || 1.0088 | 1.0784 1.0750 1.0685 | 0.9940
(1/9,—1/9) || 1.0124 || 1.0070 | 1.0615 1.0589 1.0539 | 0.9952
(1/10,—i/10) || 1.0100 || 1.0057 | 1.0495 1.0474 1.0435 | 0.9962

TABLE 19. Complex moments of % for 11al with D = 3 - 10°.
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F1GURE 19. Complex moments of
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M for 11al with D < 3 - 10°.

L(1/2,EX
14al

(k. ) Tt iy, ‘ log"t ‘ log" +1og" ™! | moment | quotient
(1,—1) 3.2540 || 0.8050 | 39.070 32.025 18.186 | 0.5679
(1/2,—i/2) || 1.3008 || 0.9587 | 2.7038 2.5815 2.3578 | 0.9133
(1/3,—1/3) || 1.1204 || 0.9825 | 1.5697 1.5381 1.4877 | 0.9673
(1/4,—1/4) || 1.0654 || 0.9903 | 1.2911 1.2765 1.2548 | 0.9830
(¢/5,—i/5) || 1.0411 || 0.9939 | 1.1783 1.1698 1.1576 | 0.9896
(1/6,—i/6) || 1.0283 || 0.9957 | 1.1209 1.1153 1.1074 | 0.9929
(¢/7,—1/7) || 1.0207 || 0.9969 | 1.0876 1.0836 1.0781 | 0.9949
(1/8,—1/8) || 1.0158 || 0.9976 | 1.0664 1.0634 1.0593 | 0.9962
(1/9,—1/9) || 1.0124 || 0.9981 | 1.0522 1.0498 1.0466 | 0.9970
(1/10,—i/10) || 1.0100 || 0.9985 | 1.0421 1.0402 1.0377 | 0.9976

TABLE 20. Complex moments of

49

% for 14al with D = 3 - 109.
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FIGURE 20. Complex moments of % for 14al with D < 3 - 10°.
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