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Mahler measure of multivariate polynomials
P ∈ C[x±1

1 , . . . , x±1
n ], the (logarithmic) Mahler measure is :

m(P) =
1

(2πi)n

∫

Tn

log |P(x1, . . . , xn)|
dx1

x1
. . .

dxn

xn

T
n = S1 × · · · × S1
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Smyth (1981)

m(1 + x + y) =
3
√

3

4π
L(χ−3, 2) = L

′(χ−3,−1)

L(χ−3, s) =
∞

∑

n=1

χ−3(n)

ns
χ−3(n) =







1 n ≡ 1 mod 3
−1 n ≡ −1 mod 3
0 n ≡ 0 mod 3



Mixed sparse resultant

A0, . . . ,An ⊂ Z
n, Ai := {aij}j=1,...,ki

.

Fi (t1, . . . , tn) :=

ki
∑

j=1

xijt
aij = 0 i = 0, . . . , n (1)

t
a = ta1

1 ta2
2 . . . tan

n for a = (a1, . . . , an).

ResA0,...,An
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Fi (t1, . . . , tn) :=

ki
∑
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xijt
aij = 0 i = 0, . . . , n (1)

t
a = ta1

1 ta2
2 . . . tan

n for a = (a1, . . . , an).

ResA0,...,An
∈ Z[xij ] irreducible polynomial.

It vanishes on a specialization of the xij in K (alg. closed) if the
system (1) has a common solution in (K \ {0})n.
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Examples

I A0 = {0, . . . , d0}, A1 = {0, . . . , d1} ⊂ Z

ResA0,A1 = Sylvester resultant of two polynomials of degree
d0 and d1.

I A0 = A1 = · · · = An =
{(0, . . . , 0), (1, 0, . . . , 0), . . . , (0, . . . , 0, 1)}

xi0 + xi1t1 + · · · + xintn = 0 i = 0, . . . , n

ResA0,...,An
= det(xij).



Some previous work

I Sombra (2004) bounds h(ResA0,...,An
), m(ResA0,...,An

) in
terms of mixed volumes.

H(Res(f(m), g(n))) ≤ (m + 1)n(n + 1)m



Some previous work

I Sombra (2004) bounds h(ResA0,...,An
), m(ResA0,...,An

) in
terms of mixed volumes.

H(Res(f(m), g(n))) ≤ (m + 1)n(n + 1)m

I D’Andrea and Hare (2004) computed H(Res(f , g)) when
deg(f ) = 2 and found a tight estimate when deg(f ) = 3.

H(Res(f0+ f1x + f2x
2, g(n))) ∼

2.3644√
nπ

1.6180n−O

(

1.6180n

n
√

n

)

H(Res(f0+f1x+f2x
2+f3x

3, g(n)))∼
8.13488

nπ
1.83928n−O

(

1.83928n

n2

)



m(ResA0,...,An
) when dim(N(ResA0,...,An

)) is low.
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(Sturmfelds (1994))
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where k =
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) when dim(N(ResA0,...,An

)) is low.

Theorem
(Sturmfelds (1994))

dim(N(ResA0,...,An
)) = k − 2n − 1,

where k =
∑n

i=0 ki .

Theorem

m(ResA0,...,An
) = 0 ⇐⇒ dim(N(ResA0,...,An

)) = 1.

xj1t
ηj

j − xj2 j = 0, . . . , n



dim(N(ResA0,...,An
)) = 2

k0 = 3, k1 = · · · = kn = 2.

F0(t1, . . . , tn) = x01t
a01 + x02t

a02 + x03t
a03

F1(t1, . . . , tn) = x11t1
η1 − x12,

. . . . . . . . .

Fn(t1, . . . , tn) = xn1tn
ηn − xn2.

Theorem

m(ResA0,...,An
) = η L

′(χ−3,−1),

where η := η1 + η2 + . . . + ηn.



F0 = x01t
a01 + x02t

a02 + . . . + x0`t
a0l ,

F1 = x11t1
η1 − x12,

. . . . . . . . .

Fn = xn1tn
ηn − xn2.

Theorem

m(ResA0,...,An
) = η m(1 + s1 + s2 + . . . + s`−1).



dim(N(ResA0,...,An
)) = 3

1. k0 = 4, k1 = k2 = . . . = kn = 2. As before,

m(ResA0,...,An
) = ηm(1 + s1 + s2 + s3) = η

7

2π2
ζ(3).

2. k0 = k1 = 3, k2 = k3 = . . . = kn = 2.



F0 = x01t
a01 + x02t

a02 + x03t
a03 ,

F1 = x11t
a11 + x12t

a12 + x13t
a13 ,

F2 = x21t2
η2 − x22,

. . . . . . . . .

Fn = xn1tn
ηn − xn2.

Can be reduced to

Theorem

m(ResA0,...,An
) = η m(ResA′

0,A′

1
)

where

A′
0 := {α01, α02, α03},A′

1 := {α11, α12, α13}

and αij ∈ Z is the first coordinate of the vector
aij , i = 0, 1, j = 1, 2, 3.



Theorem
Let A′

0 = A′
1 = {0, p, q}, with p < q and gcd(p, q) = 1.

Then,

m(ResA′

0,A′

1
) =

2

π2
(−pL3(ϕ

q) − qL3(−ϕp) + pL3 (φq) + qL3 (φp))

ϕ root of xq + xq−p − 1 = 0 s.t. 0 ≤ ϕ ≤ 1,

φ root of xq − xq−p − 1 = 0 s.t. 1 ≤ φ.



Theorem
Let A′

0 = A′
1 = {0, p, q}, with p < q and gcd(p, q) = 1.

Then,

m(ResA′

0,A′

1
) =

2

π2
(−pL3(ϕ

q) − qL3(−ϕp) + pL3 (φq) + qL3 (φp))

ϕ root of xq + xq−p − 1 = 0 s.t. 0 ≤ ϕ ≤ 1,

φ root of xq − xq−p − 1 = 0 s.t. 1 ≤ φ.

L3(z) = Re

(

Li3(z) − log |z |Li2(z) +
1

3
log2 |z |Li1(z)

)

.

Lik(x) :=

∞
∑

n=1

xn

nk



m(Res{{0,1,2},{0,1,2}}) =
4
√

5ζ
Q(

√
5)(3)

π2ζ(3)



m(Res{{0,1,2},{0,1,2}}) =
4
√

5ζ
Q(

√
5)(3)

π2ζ(3)

Use

z − (1 − x)p(1 − y)q−p

(1 − xy)q



An example in dimension 4

A0 = A1 = A2 = A := {(0, 0), (1, 0), (0, 1)}.
(3x3 determinant)

Theorem

m(ResA,A,A) =
9ζ(3)

2π2



An example in dimension 4

A0 = A1 = A2 = A := {(0, 0), (1, 0), (0, 1)}.
(3x3 determinant)

Theorem

m(ResA,A,A) =
9ζ(3)

2π2

Use
(x − 1)(y − 1) − (z − 1)(w − 1)



Why should we expect such values?

X := {ResA0,...,An
= 0} ⊂ C

k .

Theorem
The symbol

{x01, . . . , x0k0 , . . . , xn1, . . . , xnkn
} ∈ KM

k (C(X ))Q

is trivial.


