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Mahler measure of multivariate polynomials
P c C[x, ..., xF], the (logarithmic) Mahler measure is :

1 dxq dx,
P) = log |P e Xp)|— ..
m(P) = e [ loglPloa ) T

T"=S'x...x St
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Smyth (1981)
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7 L(x-3,.2) = L'(x-3,—1)
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m(l+x+y) =
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Mixed sparse resultant

Ao, ..., A CZ", Ai :={aj}tj=1,. k-

Fi(t1, ..., tn) —ZXU t% =0 i=0,...,n

t? = t't52 ...t for a = (al,...,an).

Res ..., A, € Z[xjj] irreducible polynomial.



Mixed sparse resultant

Ao, ..., A CZ", Ai :={aj}tj=1,. k-

Fi(ti, ..., tn) —ZXU t% =0 /i=0,...,n
j=1
t? =t t52 ...t for a = (a1,...,an).

Res ..., A, € Z[xjj] irreducible polynomial.

It vanishes on a specialization of the xj; in K (alg. closed) if the
system (1) has a common solution in (K \ {0})".



Examples

> A():{O,...,do}, A1:{0,...,d1}CZ

Res 4,,4, = Sylvester resultant of two polynomials of degree
do and C/l.



Examples

> A():{O,...,do}, A1:{0,...,d1}CZ

Res 4,,4, = Sylvester resultant of two polynomials of degree

doand C/l.
> Ag= A = :A,,—
{(O,...,O)( ,0),...,(0,...,0,1)}

Xio +Xxiit1 + -+ Xinth =0 i =0,...,n

Res 4,....4, = det(x;;).



Some previous work

» Sombra (2004) bounds h(Res4,,....4,), m(Res 4,,....4,) in
terms of mixed volumes.

H(Res(f(m), gny)) < (m+1)"(n+1)7



Some previous work

» Sombra (2004) bounds h(Res4,,....4,), m(Res 4,,....4,) in
terms of mixed volumes.

H(Res(f(m), gny)) < (m+1)"(n+1)7

» D’Andrea and Hare (2004) computed H(Res(f, g)) when
deg(f) = 2 and found a tight estimate when deg(f) = 3.
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m(Res4,...4,) when dim(N(Res,...4,)) is low.

Theorem
(Sturmfelds (1994))

dim(N(Res4,,..4,)) = k—2n—1,

where k =37 4 ki.



m(Res4,...4,) when dim(N(Res,...4,)) is low.

Theorem
(Sturmfelds (1994))

dim(N(Res4,,..4,)) = k—2n—1,
where k =37 4 ki.

Theorem

m(Res4,,..4,) =0 <= dim(N(Res4,,. 4,)) = 1.

ni .
xj-ltjj—xj'z j=0,...,n



dim(N(Res4,,..4,)) =2

k=3, ki =---=k,=2.
Fo(tl, ey tn) = xp1t! + xpot?2 4 xp3t03
Fl(tl,...,tn) = xu1t™ — xq2,
F,,(tl; . tn) _ ;<.,,.1t,,’7" — Xn2.

Theorem

m(Resaq,....A,) = L' (x-3,-1),
wheren:=m+m+ ...+ 0n.



Fo = xo1t + xgot2 + ... + xppt?,
Fi = xu1ti™ — x,

Fn = Xxp1th" — Xp2.
Theorem

m(Res .. 4,)=nm(l+si+s+...4+s-1).



dim(N(ReSAO,_”,An)) =3

1. k=4, ki =ky=... =k, =2. As before,

.
m(Res4,,...4,) =nm(l +s1+ s +s3) =17 ﬁCB)

2. ko=ki=3, ko =ky=...=ky=2.



Fo = x01t® + xp2t? 4 xp3t®3,

_ a a
Fi = xq1t® + xot%2 4 x3t783,
o = x1t™ — X,
Fn = Xmta" — xp2.

Can be reduced to

Theorem

m(ResAo ..... An) =N m(RegA/ _A/)

where

A6 = {Og017a02,0603},./4€[ = {0111,0612,0113}

and ajj € Z is the first coordinate of the vector
aj, 1=0,1,=1,2,3.



Theorem
Let Ay = A} ={0,p, q}, with p < q and gcd(p, q) = 1.
Then,

m(Res.g 1) = 5 (~pL3(e) — aLs(~¢P) + pL3 (6%) + aL3 (67))

prootof x34+x97P —-1=0st 0<p<1,
¢ root of x9 —x9 P —1=0st 1< ¢.



Theorem
Let Ay = A} ={0,p, q}, with p < q and gcd(p, q) = 1.
Then,

m(Res iy 4;) = 5 (~PL(#%) — GLs(~¢P) + pL3 (67) + L3 (7))

prootof x34+x97P —-1=0st 0<p<1,
¢ root of x9 —x9 P —1=0st 1< ¢.

L3(z) = Re <Li3(z) — log|z|Lix(z) + % log? |Z\Lil(z)> :

Lik(x) := Z %

n=1



m(Resg10,1,2},40,1,2}}) =

45615 (3)
m2((3)



4/5(0v5)(3)
m(Res{(0,1,0},{0,1,2}}) = - m2¢(3)

Use
(L= x)P(1—y)T P
(1—xy)d




An example in dimension 4

Ao = A1 = Ay = A:={(0,0),(1,0),(0,1)}.
(3x3 determinant)

Theorem

m(Resa.a.4) = =



An example in dimension 4

Ao = A1 = Ay = A:={(0,0),(1,0),(0,1)}.
(3x3 determinant)

Theorem

m(Resa.a.4) = =

Use
(x=1D-1)-(z-1)(w-1)



Why should we expect such values?

X :={Resu,..4, =0} CcCk

Theorem
The symbol

{X017 <o s XOkgy o+ 3 Xnly - - - JX"kn} € Kli\/l(c(‘)())@

is trivial.



