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-
Mahler measure for one-variable polynomials

Pierce (1918): P € Z[x] monic,

P(x) =[] (x— o)

A, = H(a;’ —1)

Px)=x—-2=A,=2"-1
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Lehmer (1933): Consider
An-i—l

Ap

A Jar = 1]

o™t —1 [ ]a| if|a] >1
L1 ifle <1

For

P(x)=a H(x — )
M(P) = |a| Hmax{l, ||}

m(P) = log M(P) = log |a| + Z log™ ||

1
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E—
Kronecker's Lemma

P e Z|x], P#0,
m(P) =0« P(x) =x* ][ ®n(x)

where ®,, are cyclotomic polynomials
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.
Lehmer's question

Lehmer (1933)

Tox0 x5 —x—x3 4+ x+1)

m(x* +x° — x
= log(1.176280818...) = 0.162357612....

V/Ds79 = 1,794,327, 140, 357

I

(AN WOV Yo B DEE BV IV LI SN MR M ahler measure under variations of the base ¢ June 1st, 2007 5/27



.
Lehmer's question

Lehmer (1933)

Tox0 x5 —x—x3 4+ x+1)
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.
Lehmer's question

Lehmer (1933)

7

m(x0 +x% —x" = x® —x® —x* = x>+ x+1)

= log(1.176280818...) = 0.162357612....

V/Ds79 = 1,794,327, 140, 357

Does there exist C >0, forall P(x) € Z[x]
m(P)=0 or m(P)> C??
Is the above polynomial the best possible?
i
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-
Mahler measure of several variable polynomials

P c C[x, ..., xF], the (logarithmic) Mahler measure is :

1 1
m(P) = /0 /0 Iog\P(ezmel,...,ezme")|d91,,.den
1

dX1 an
= — log |P . — ...
(27mi)n /Tn og [Plxa, . xa) X1 Xn
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-
Mahler measure of several variable polynomials

P c C[x, ..., xF], the (logarithmic) Mahler measure is :

1 1
m(P) = /0 /o log |P(e2™% .. ™) |dg; ... do,
1

dX1 dX,,
= — log |P . — ...
(27mi)n /Tn og [Plxa, . xa) X1 Xn

Jensen’s formula:
1 .
/ log |29 — a|df = log™ |o|
0

recovers one-variable case.
=4
T\
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-
Boyd & Lawton Theorem

P e Clxi,...,xn]

lim ... lim m(P(x,x", ... x*)) = m(P(x1,x,...,x,))

kp—o0 kn—00
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Examples in several variables

Smyth (1981)

o
33 D(c3)
1 = 00(x-3,2) = L/(x_3,-1) =
m(l+x+y)=——L(x-32) = L'(x-3-1) p.
(-]
(I+x+y+2) 5 5C(3)
oo 1 n=1mod3
L(x-3,s x—3(n)=< —1 n=—-1mod3
n= 0 n=0mod3
Bk
n=1 n°
Mahler measure under variations of the base ¢ June 1st, 2007
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Boyd, Deninger, Rodriguez-Villegas (1997)

/
m<x+1+y+1—k>ﬁ45“n keN, k#4
X y By

Ey determined by x + L +y + L —k =0.

I
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Boyd, Deninger, Rodriguez-Villegas (1997)

/
m<x+1+y+1—k>1L(Ek’0) keN, k#4
X y By

Ey determined by x + L +y + L —k =0.
m x+1+ +1—4f2 =L'(E, s,0)
x y y - 4./25

Enys: Y2 =X —44X 4112
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-
The general technique

Rodriguez-Villegas (1997)
1 1
PAly) =1-AP(xy)  Plxy)=x+_+y+ "

m(P, ) :== m(Py)

I
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-
The general technique

Rodriguez-Villegas (1997)
1 1
PAly) =1-AP(xy)  Plxy)=x+_+y+ "

m(P, ) :== m(Py)

1 dx dy
PA)=—— [ log|l—AP ==
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Note

IAP(x,y)| < 1, A small, x,y e T?

- 1 dx dy
m(P,A) = W/?P log(1 — AP(X,)’))77
din(P,)) 1 / Plx,y) dxdy

dx (7)1 -AP(x,y) x y

I
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Let

1 1 dx dy
P ) = Xy
u(P,A) (27i)?2 /Tz 1-AP(x,y) x y

I\
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Let

1 1 dx dy
P.A) = —
u(P,A) (27i)?2 /Tz 1-AP(x,y) x y
> 1 dx dy >
= An— P n__ — )\n
nZ:;) (27T1)2 /11:2 (X’y) % y nzz;)an
Where

e fo P SIS = [Pl o = 2

I

(AN WOV Y B DEET BV I VLI SN MBI M ahler measure under variations of the base ¢ June 1st, 2007 12 /27



~ 1 dx dy
m(P, ) = W/Tz log(1 — )\P(X,)’))77
A e n
—— [Py -nF -2

n=1
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~ 1 dx dy
m(P,\) = W /1r2 log(1 — )\P(x,y))77

A o0 ann
:—/()(U(P,t)—l)%:—z :

n=1

InthecaseP:x-i-%-l-y-i-}l—,,

an=0 n odd
Cr)
am =
m

I
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Definition
Fy,,..x free group in xq,...,x,
N < ]FX]_,...,X/; = Fxl,...,x,/N
Q=Q(a,...,x) = chg e Cr,
gel

Q" = Z@g_l € CT reciprocal.
ger
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|
Definition
Fy,,..x free group in xq,...,x,
N < ]FX]_,...,X/; = Fxl,...,x,/N
Q=Q(xt,...,x1) = chg eCr,

gel
Q" = Z@g_l € CT reciprocal.
ger
P=P(x,...,x)€CT, P =P,

dn = [P(Xl, R ,X/)n]o.
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We also write

ur(P,A) = ap\"
n=0

for the generating function of the a,.

I\
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We also write

ur(P,A) = ap\"
n=0
for the generating function of the a,.
Q(x1,...,x;) € CI

00" =5 (1-(1-10Q")

for A real and positive and 1/\ larger than the length of QQ*.

log A <= by, “n
mr(Q) = —=2= =32 by =[(1-AQQ"),-
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Liick’s combinatorial L2-torsion.

K knot
= 71‘1(53 \ K) = <X1,...,Xg rl,...,rg_l)

Let

on on

Ox1 o 8Xg

F= S e M&=Dxe(Cr)

8rg,1 8rg,1

o0x1 T Oxg
Fox matrix.

Delete a column F ~» A € M(e—1)x(e=1)(Cr).

_—
I\
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Theorem
(Liick) Suppose K is a hyperbolic knot. Then, for k sufficiently large

o V01(53 \K)=2(g —1)In(k ; L trer ((1— k2AA%)").

3

A € MEC[t, t~!] the right-hand side is 2m(det(A)).

_—
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-
The Mahler measure over finite groups

P=> (5Si+8S1)+> nT,eCr

J
Si#S L Tj=T'6¢€CneR ands,Tel,

I
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-
The Mahler measure over finite groups

P=> (5Si+8S1)+> nT,eCr

J
Si#S L Tj=T'6¢€CneR ands,Tel,

Theorem

For I finite 1

T
A is the adjacency matrix of the Cayley graph (with weights) and
3> p(A).

Analytic continuation for mr(P, A) to C\ Spec(A).

mr(P,\) log det(/ — M\A),

I
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N
Abelian Groups

I" finite abelian group

Fr=2%2/mZx---x7/mcZ

Corollary

TN | p—

J1seesdt

where &\ is a primitive root of unity.

Uses description of the spectra of Cayley graphs of finite groups given by
Babai (1979)
i
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Theorem

For small X,

im Mz mzxxz)mz(Ps A) = mzi(P,A).

my,...,m—o0

Where the limit is with my, ..., m; going to infinity independently.

I\
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Dihedral groups

M= Dm = <,0,0' ’ pm’UZ’Jpa_p).

Theorem
Let P € C[Dp,] be reciprocal. Then
P”]ofim 1)+ " (€ 1),
2m

=1

where P" is expressed as a sum of monomials p*, op* before being
evaluated.
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For [ = Z/mZ x /27 = (x,y | x™, y2,[x, 1),

Plo= - z( L) 4P 1)),

Compare D, and Z/mZ x 7/27Z with x = p and y = o in Dp,.

i
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For [ = Z/mZ x /27 = (x,y | x™, y2,[x, 1),

Plo= - z( L) 4P 1)),

Compare D, and Z/mZ x 7/27Z with x = p and y = o in Dp,.
Theorem
Let

P=> apx*+) Biyxk

with real coefficients and reciprocal in Z/mZ x 727 (therefore it is also
reciprocal in Dy,). Then

Mz, mzx7,/22(P;s A) = mp, (P, ).

v

i\
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Corollary

Let P € R[Z x Z/2Z] be reciprocal. Then

mZxZ/2Z(P7 A) =mp_ (P, ),

where Dy, = (p,0 | 0%, 0pop).
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.
Quotient approximations of the Mahler measure

I, are quotients of I':

Theorem

Let P €T reciprocal.
@ ForT' =Dy, I'm = Dpy,

lim mp, (P,\) = mp_(P,\).

o ForT = PSLy(Z) = (x,y | X%, y3), Tm = (x,y | x%, 3, (xy)™),

lim mr, (P, A) = mpsi,z)(P, A).

m—oo

o ForT=ZxZ=1{(x,y), Tm=(x,y|[x,y]™,

lim mrm(P, )\) = mZ*Z(P,)\).

m—0o0
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-
Arbitrary number of variables

For Pry=x1+x; 4 +x+x7,
up, (P11, A) = g21(N).

where

B 2(d—1)
d—2+4dy/1—4(d—1)A\2

is the generating function of the circuits of a d-regular tree (Bartholdi,

1999).

8d(N)

I
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-
Arbitrary number of variables

For Pry=x1+x; 4 +x+x7,
up, (P11, A) = g21(N).
where

B 2(d —1)
d—2+4dy/1—4(d—1)A\2

8d(N)

is the generating function of the circuits of a d-regular tree (Bartholdi,
1999).

For Ppy=(14x1 4 +x-1) (14+x "+ +x}),
W/,l(PQ,/7 )\) = g/()\)
In particular,
mF,(Pl,Ia /\) - mF2I—1(P2«,2/’ >\) T
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Abelian case.
For Py =x1+x1_1+~-+x/—|—x,_1,

n 2n)!
Filo= X G e

ar+-+a=n

I
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Abelian case.
For P =x1 +X1_1 +"'+X/+Xl_1,

n 2n)!
Filo= X G e

ar+-+a=n

For Pay=(1+xi+ - +x-1) (L+x 1+ +x7),

LIS SR G

2 (o
n 2n n
P27l = () 1P2

I
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-
Further Study

o Why are mr, ur “too nice”, i.e., algebraic, or coefficients satisfy
recurrences?

I
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-
Further Study

@ Why are mr, ur “too nice", i.e., algebraic, or coefficients satisfy
recurrences?

@ Is the new Mahler measure multiplicative?
o Further studies with variations of the base group.

@ What can we say of the combinatorial L2-torsion?
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