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ABSTRACT. In this paper we consider complex differential systems in the neighbor-
hood of a singular point with eigenvalues in the ratio 1 : —X with A € RT*. We
address the questions of normalizability (i.e. convergence of the normalizing trans-
formation), integrability and linearizability of the system. We introduce the notion
of isochronicity of a system at an integrable saddle for general A and prove that a
system is linearizable if and only if it is isochronous. We then specialize to quadratic
systems and give explicit examples of non-normalizable quadratic systems as well as
quadratic systems which are integrable but not linearizable, for any A satisfying a
convenient diophantine condition. A distinction between normalizable and orbitally
normalizable systems is also drawn along similar lines.

Our main interest is the global organization of the strata of those systems for
which the normalizing transformations converge, or for which we have integrable
or linearizable saddles as A and the other parameters of the system vary. We give
several tools for demonstrating normalizability, integrability and linearizability and
apply them to the detailed study of several classes of quadratic systems. Many of
the results are valid in the larger context of polynomial or analytic vector fields.
We explain certain features of the bifurcation diagram, namely the existence of a
continuous skeleton of integrable (linearizable systems) with sequences of holes filled
with orbitally normalizable (normalizable) systems.

1. INTRODUCTION

In this paper we study the question of normalizability, integrability and lineariz-
ability (cf. Definitions 1.1) for the analytic system

i=x+ flz,y) =+ o(z,y)

y=-Xy+g(x,y) = y+o(z,y) 1)

in C? with a saddle at the origin i.e. A > 0. The aim of this paper is two-fold.
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Firstly most of the known results on (1.1) study the geometry of the foliation
defined by the solutions of (1.1) and ask if the foliation can be transformed to the
foliation of a linear system or of a resonant system in normal form. We call this the
integrability and orbital normalizability problem. These results do not take into
account the time dependence of solutions of (1.1). We address in this paper the
question of integrability when A is irrational and orbital normalizability when A is
rational.

In this paper we also examine the problem of conjugacy either to the linear model
or to the resonant model. We call these the linearizability and normalizability
problems.

We introduce the notion of isochronicity expressed in terms of the integral of
some time form and prove that it is precisely the isochronicity condition that makes
an integrable system linearizable and a nonintegrable orbitally normalizable system
normalizable to a particular normal form: the “resonant model”. These results gen-
eralize the classical equality between isochronous systems and linearizable systems
in the case of 1: —1 resonance.

We establish the diophantine condition on A\ necessary and sufficient for lineariz-
ability of any integrable system with the fixed eigenvalue ratio —A. We also provide
explicit polynomial (usually quadratic) examples giving the difference between var-
ious notions.

We believe that the more general study of time dependence for integrable and
normalizable systems enriches their understanding just as the study of isochronous
centers enriches the study of the centers.

Most studies of the system (1.1) where f and g are analytic functions are con-
cerned with the case where A is fixed. A second goal of our paper is to understand
how the strata of integrable, linearizable and normalizable saddles are organized
globally when A, f and g vary. For that purpose, we restrict some parts of our
study to the study of the space of all polynomial systems (1.1) of a fixed degree
with varying A and examine the strata of integrable, linearizable or (orbitally) nor-
malizable systems in this finite parameter space. It is well known, for instance,
that for rational A the set of integrable systems is algebraic; for good irrational A
all systems are integrable; for bad irrational A the parameters for which the system
is integrable form a very complicated set having probably some fractal structure.
It seems very challenging to understand the structure of these sets.

There does not seem a priori to be any continuity with respect to A of the set of
integrable systems and the algorithm that seeks integrable or linearizable systems
for A = % depends in an essential way of the chosen values of p and ¢ and can in
no way be made continuous. However, in examples developed here or in [Z], we
observed continuous families of integrable systems depending on A\. We introduce
and examine techniques leading to such continuous families : Darboux integrability
and linearizability, and blow-down to a node.

Even though these techniques are simple, they are sufficiently rich to prove lin-
earizability of all linearizable quadratic systems for A = 2 studied in Section 7 and
many of the strata thus obtained extend to other values of \. The present work
is a first step in the direction of understanding why our parameter space contains
such a continuous “skeleton” of integrable and linearizable systems. We also prove
a structure theorem for the space of linearizable or integrable systems.
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The paper is organized as follows:

In the first section some of the main results are formulated: Theorem A gives
the diophantine condition on A assuring linearizability of an integrable system.
Theorem B is a general structure theorem on the parameters giving integrability or
linearizability. Theorems C and D prove the existence of quadratic systems which
are nonintegrable or integrable and nonlinearizable under a convenient diophantine
condition. Some open questions are formulated. These theorems are proved in
Section 2.

In Section 3 (resp. 4) isochronicity condition is defined for integrable (resp. or-
bitally normalizable) systems. It is proved that this condition is necessary and suf-
ficient for linearizability (resp. normalizability to the particular “resonant model”).
This part might also be of independent interest, as it gives a local result charac-
terizing relative exactness of a form in a neighborhood of a saddle point having a
Darboux first integral in terms of vanishing of integrals along asymptotic cycles.

In Sections 5 and 6 two methods for proving integrability or normalizability are
developed: the Darbour method which is here extended to treat normalizability and
linearizability problems and the blow-down to a node method. The node is either
linearizable or normalizable, yielding that the original system is either linearizable
or normalizable in a neighborhood of the saddle point.

These methods are applied in Sections 7 and 8 to quadratic systems and Lotka-
Volterra systems. We give in particular the complete list of linearizable quadratic
systems for A = 2 and show that many of these strata extend to strata defined for
other values of A\. The necessary and sufficient conditions for integrability had been
found in [FZ]. The dimension of the strata of integrable or linearizable centers drops
for some rational values of A, the problem coming from failure of integrability. In
all the examples studied in quadratic systems the “missing parts” are filled with
normalizable systems. Hence the known examples of normalizable and integrable
systems are nicely organized as algebraic surfaces or half-surfaces (stopping at a
value of A) in the whole parameter space {A = (A, ¢, dg;)} describing quadratic
systems. A few other strata are found for A = 2 which look isolated. Although our
study of Lotka-Volterra systems is far from complete, it seems that the family of
Lotka-Volterra is sufficiently rich to exhibit most general features that are expected
from the general polynomial families: existence of non normalizable systems, exis-
tence of integrable and non linearizable systems, etc. We propose to go deeper in
that direction in some future work.

We now give the basic definitions and known facts.
Definitions 1.1.
(1) The system (1.1) is integrable at the origin if the form
w=(=Ay+g(z,y))dz + (z + f(z,y))dy = 0 (1.2)

1s linearizable in a neighborhood of the origin, i.e. if and only if there exists
an analytic change of coordinates

(X,Y) = (z+ ¢(2,9),y + ¥(2,9) = (x + o(z,y),y + o(z,y)) (1.3)
bringing the system (1.1) to the system
X =Xh(X,Y)=X(1+0(X,Y))

. (1.4)
Y = —AYR(X,Y) = —AY (1 + O(X,Y)).
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(XY s then a first integral of the type introduced by Dulac.) The definition
1s also valid for the case A = 0.

(2) The system is linearizable at the origin if and only if there exists an analytic
change of coordinates (1.3) linearizing the system. The definition is also
valid for the case A = 0.

(3) For \ = § € Q the system is normalizable at the origin if and only if there
exists an analytic change of coordinates (1.3) bringing the system (1.1) to
an analytic normal form

X = Xk (U)

Y = —\Yky(U), (15)

where U = XPY? and k1 (U), k2(U) are analytic functions of U such that
k1(0,0) = k2(0,0) = 1. The definition extends to the case A = 0 by taking
U =Y in that case.

(4) For A = % € Q the system is orbitally normalizable at the origin if the form

(1.2) is normalizable at the origin. In practice this is the case if and only if
there exists an analytic change of coordinates of the form (1.3) transforming
(1.1) to the semi-normal form

X = Xk (U)W(X,Y)

. (1.6)
Y = - AYko(U)A(X,Y),

where ki, ko and h are analytic functions such that h(0,0) = 1, and U =
XPY4q,

(5) For A = % € Q there exists a formal change of coordinates of the form (1.3)
transforming (1.1) to the formal normal form

X:X(l—l-zakUk)
E>1

Y =AY (14> bU),
k>1

(1.7)

where uw = XPY9. The quantity ay — by is called the k-th saddle quantity.
If a; = b; fori < k and ay # by, the system is said to be non integrable of
order k

Equivalent definitions 1.2.

(1) The system (1.1) is integrable if and only if the holonomy of any separatriz
is linearizable. This follows from the theorem of Mattei-Moussu [MM].

(2) The system (1.1) is orbitally normalizable if and only if the holonomy of any
separatriz is normalizable i.e. given by the time-one flow of a vector field
in a neighborhood of the origin in C composed with a rotation (cf. Theorem

4.3).

Remarks 1.3.

(1) If a system is linearizable then it is integrable.
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If a system is normalizable, then it is orbitally normalizable.
It is possible to perform a change of coordinates straightening the invariant
stable and unstable manifolds of (1.1), i.e. bringing the system to the form

i =x(1+ f(z,y))
y=-Ay(1+g(z,9)

with f,§ = O(z,y). Then the origin is integrable if and only if the system
obtained by division by 1+ f(z,y) is linearizable:

(1.8)

1+9(z,y) (1.9)
1+ f(x,y)

(If (1.9) is integrable, there is a first integral of the form XY, with X = zh.
Choosing y; = Yh™* linearizes (1.9))

The system (1.8) is orbitally normalizable if and only if the corresponding
system (1.9) is normalizable. (If (1.9) is orbitally normalizable then there
is a first integral of the form XPkla=Dyakag=1/X""Y™" fr4m the Martinet-
Ramis normal form (see Corollary 4.2), which has symmetry transforma-
tions of the form (4.20). It is clear that we can choose X = z using such
a transformation. The corresponding transform of Y gives the normalizing
change of coordinates for (1.9))

In the sequel it will be very important to distinguish how well A ¢ Q can be ap-
proximated by rational numbers. For that purpose, we introduce a set of conditions

on .

Definition 1.4. For A € Rt \ Q we introduce the expansion of \ in continuous
fraction. This yields a sequence of approximations of A by means of 7;'—" (see for
instance [Y]).

(1)

The number X\ is a Brjuno number if and only if

1
Z o log gn4+1 < +00 (1.10)

n

(this is condition w in [B]). We denote by B the set of Brjuno numbers and
by BC its complement in RY \ Q. (This is not the original form of Brjuno’s
definition [B] but he shows in his paper that his definition is equivalent to
the one above.)

The number X\ satisfies a Cremer condition if and only if

. 1
lim sup — log g, 41 = +o00. (1.11)
dn
(1t is also the complement of @ in [B]). We denote by C the set of numbers
satisfying a Cremer condition and by CC its complement in RT \ Q.

The number \ satisfies a Peréz-Marco condition if and only if

1
Zq—loglogan < +o0. (1.12)

n

We denote by P the set of numbers satisfying a Pérez-Marco condition [PM].
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Definition 1.5. Let Z (resp. L) be the set of A € RT such that any system (1.1)
is integrable (resp. linearizable).

Facts 1.6.

(1) The sets T and L are invariant under X\ — 1/X. Indeed we just make the
change (z,y,t) — (y,x, At).

(2) The set T is invariant under A — X+ 1: this follows from the similar prop-
erty for diffeomorphisms z — exp(2it\)z 4+ o(z), [Y], and from [MM] and
[PMY]. (Note that the blow up (X,Y) = (x,y/x) transforms a linearizable
system with parameter A to a linearizable system with parameter X + 1.

(3) For A € Q, a system is integrable (resp. linearizable) if and only if it
is formally integrable (resp. formally linearizable) [B]. Indeed Brjuno’s
Theorem II ensures the convergence under condition w and condition A.
The condition w of Bruno is written as — Y -, 1n2‘,‘j’“ < oo where wy, =
min{|(Q, A)|; (Q,A) # 0,||Q|| < 2*,Q € N}. For X irrational it is equiv-
alent to (1.10). In this form it is valid for A = %. Condition A for this
case s exactly equivalent to the vanishing of all the saddle quantities, i.e
the formal normal form being:

X = Xh(U)
Y = —gYh(U) (1.13)

with U = XPY? and h(U) =1+ 35, arU¥, which means formal integra-
bility (and formal linearizability when all the ax = 0).
(4) The following inclusions obviously hold:

BcPcclcRY\Q. (1.14)

Moreover, all these sets have full measure.

(5) For a given irrational A all systems of the form (1.1) are integrable if and
only if A € B. This follows from [Y] and [PMY]. This means T = B.

(6) For \ € B, any system (1.1) is linearizable, [B], so T = L = B.

Theorem A. Consider all integrable systems of the form (1.1) for a fized \. Every
such system is linearizable if and only if A € CC.

Theorem B. Let .
T=x+ Z cijz'y’ = P(x,y)

i+j=2

g=-Xy+ Y dyz'y’ =Q(x,y)
i+j=2

(1.15)

be a polynomial system of degree at mostn > 2. We consider the space of coefficients
A= ()\, Cij7dij) C Rt x (C(n+4)(n71)_

I. The subset of A for which the system is not integrable (or not linearizable)

is a Gy set (i.e. a countable intersection of open sets) with measure zero.
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For each fired X the set Uy of (cij,di;) C CPHDT=1) for which the system
is not integrable (or not linearizable) is a G5 set.
II. In particular Uy is either
i) an open and dense set of full measure for X € Q (the complement of
an algebraic set);
ii) a Gs set of full measure for X in a dense G subset of RT;
iii) the void set for X in a set of full measure. This is in particular the
case for A € B;
III. Moreover, for each fized rational A = g, the set Vx (resp. V) of non
normalizable (resp. mon orbitally normalizable) systems either is a G5 set
of full measure or the empty set. It is a Gs set of full measure for all X = 2
and A = %. Moreover the set of parameter values of (c;j,d;;) for which the
system is orbitally normalizable but not integrable of a fixed order k is an
analytic subvariety.

We conjecture that all the sets Uy (resp. Vx and VY ) are of full measure for X\ ¢ B
(resp. A rational).

Theorem C. For any irrational A € C there exists an integrable and nonlineariz-
able quadratic system

& =2 + o0z + crizy + cooy’ = T + Py(x,y)

] (1.16)
J =~y + dooz® + di1zy + do2y® = y + Qa2(z, ).

Theorem D. For any A € C there exists a nonintegrable quadratic system of the
form (1.16).

Remark 1.7. The preceding theorems suggest the following organization of systems.
For A € Q we have algebraic sets of integrable and linearizable systems which are
distinct. For A irrational but not far from Q (A in C) these sets remain distinct.
When we go further from Q, integrable and linearizable systems become indistin-
guishable (in C¢ \ B). Going still further from Q (inside B), all systems become
integrable and linearizable. As soon as A € C\ R, all systems are linearizable.

A similar hierarchy is observed for diffeomorphisms with derivative exp(2mi\) at
the origin, where for A\ ¢ P nonlinearizable diffeomorphisms may or may not have
periodic orbits accumulating at the origin, while all nonlinearizable diffeomorphisms
have such periodic orbits for A € P\ B. All diffeomorphisms are linearizable for
AeB.

Questions 1.8.

L For fizred \ describe the structure of the set of all integrable, linearizable or (or-
bitally) normalizable systems. This is difficult when the condition under consid-
eration involves convergence problems. One should expect a study similar to the
study of the Mandelbrot set. Particular questions are:

i) For each rational A = g do there exist quadratic systems for which the nor-
malizing transformations diverge? We have shown that the answer is yes for
A =2/n orn/2 and presumably so for other values.
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it) For each rational \ = 2—’ do there exist non integrable orbitally normalizable
(resp. mormalizable) quadratic systems? We have shown that the answer is
yes for \=mn or X =1/n (resp. A = % or A= % , where n,q € N. Can
we describe the structure of non integrable normalizable systems and orbitally
normalizable systems for fived A = g?
i11) For a given irrational A ¢ B describe the structure of the set of integrable
quadratic systems (1.16).
i) For a given irrational A € C describe the structure of the set of linearizable
quadratic systems (1.16) and how it sits inside the set of integrable systems.
II. For any given irrational A\ ¢ B does there exist a nonintegrable quadratic system
(1.16) ? From the study below the authors conjecture that a natural candidate is
given by the system
t=xz(l+y)

y=- y(1+z+y). (1.17)

III. For A\ ¢ P does there exist polynomial nonintegrable systems without periodic
orbits of the holonomy accumulating at the origin? Or is materialization of
resonances ([IP1] and [IP2]) the only obstruction to integrability of polynomial
systems?

2. ProOF OoF THEOREMS A, B, C AND D
Proof of Theorem A. We start with a system of the form (1.4). A linearizing

transformation is given by a transformation (u,v) = (X f(X,Y),Y f~*(X,Y)), with
£(0,0) =1, where f(X,Y) satisfies

X fx(X,Y) =AY fy (X,Y) = f(X,Y) <MX;Y> - 1> . (2.1)
We look instead for g(X,Y) =log(f(X,Y)). Then
Xgx(X,Y) — AV gy (X,Y) = <ﬁ - 1) | (2.2)

Let k(X,Y) = pxyy — 1 = Xipjs0ai XYY and g(X)Y) = 3, o by XYY
Then 0
]

bij = (2.3)

Since h is convergent, there exists € > 0 such that Y |a;;|e't/ < +o0. In particular
lim sup max; j—, |a;;|*/™ < +oo. The series g(X,Y) will be convergent if and only
if lim sup max;; j—, |bi;|'/™ < +oo. Among all pairs (i,j) of indices appear the
particular pairs (py, ¢»), where p,, /g, are the successive approximations of \ given
in its continuous fraction. Moreover we always have the following inequality (see
for instance [Y])

1 1 1
< < |pn — Agn| < : (2.4)
2Gn+1 Gn + qn+1 n+1

To show the convergence of g(X,Y) it is sufficient to show that

limsup max |b;;|Y/ ) < 4o0. (2.5)
+j=n

n—oo ?
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1
Pntdan . . 1
) < 400, i.e. limsup r— log |pn—

This is automatically satisfied if lim sup (p v

Agn| ™! < +00. Using (2.4) and noting that p,, ~ Ag, this is equivalent to condition
X\ € CC. If we now suppose that A € C we can construct a nonlinearizable system
by starting with a system in which A(X,Y) = (1 - X)(1 -Y), i.e. a;; =1 for all
ij. O

In the sequel we make several uses of the following general fact which was men-
tioned in particular cases in [I] and [IP2].

Lemma 2.1. Let

“+oo
h(z,y) = Z aij(by, ..., bn)z'y’ (2.6)
i+5=0
where the a;; are polynomials of degree < i+ j—1 in the variables by, ...,b, € C. If

the series (2.6) converges in a neighborhood of (x,y) = (0,0) forb = (by,...,b,) ina
set of nonzero measure then the series converges in a neighborhood of (x,y) = (0,0)
for all (by,...,b,) € C™.

Proof. The proof ([I] and [IP2]) is a straightforward application (with a slight adap-
tation) of a lemma of Nadirashvili [N]. (We also learn from a preprint of Pérez-
Marco that it could be seen as a consequence of Bernstein lemma [PM2].) Indeed,
for R > 0 sufficiently large, the series converges for b = (by,...,b,) in a subset
E of nonzero measure lying inside the closed ball Br of radius R in C". Let
Ey = {b € Bg| |a;;(b)] < N1},

Then E = UEy, yielding that one of the En has nonzero measure. By Nadi-
rashvili’s lemma there exists a constant C, depending only on n, such that for any
polynomial g(b) of degree d

max g(b). (2.7)

d
mes Bg
beEN

marepg|g9(b)| < (Cmes En

If we call Oy = O2SBx then, for b € Bg: |a;;(b)| < (C1N)™ =1, which is sufficient

mes E
to guarantee the convergence of h(x,y) in a neighborhood of the origin. [

Proof of Theorem B.
Proof of T and II. We make a change of coordinates x — T = x — h(y), where
x = h(y) = o(y) is the unstable manifold, bringing (1.15) to the system

z(1+p(T,y))

Ay + q(T,y). 28

T
Y
The function h(y) = >_,5,any" can be calculated as a power series from the
equation P(h(y),y) = h(y)Q(h(y),y). By induction we can prove that a, is a

polynomial of degree at most n — 1 in the coefficients of (1.15). Hence the system
(2.8) is obtained as

P(T + h(y),y) — M (y)QT + h(y), )
(T +h(y),y).

<. 8l
|
O

(2.9)
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It is easily checked that the coefficient of any monomial 2°y’ in this system is a
polynomial in the original coefficients of degree at most i+ j —1 (as it is obtained by
multiplication of monomials with this property). Dividing the system by (14+p(Z, y))
and renaming T = z yields a system

r=x

g =My +r(zy) (210
The function r(z, y) is analytic and its coefficients are polynomials in the coefficients
of (1.15). Moreover, the coefficients of the monomials z'y7 are still of degree at most
i+ j — 1. The system is integrable if this last system (2.10) is linearizable. (For
linearizability we work directly with system (2.8)).
In the case of integrability we look for a linearizing change of coordinates

Y=y+ > hya'y (2.11)
i+5>2

for system (2.10). (In the case of linearizability we look for a linearizing change of
coordinates (X,Y) = (z + 32,150 92"y, y + X1 50 hija'y?) for (2.8) and the
rest of the argument is similar).

The h;; are rational functions of the coefficients A = (X, ¢, dg). In fact only
A can occur in the denominator. If A = p/q is rational then we take h; ; = 0 for
qi —p(j —1) =0 (resp. g;; =0 for (i —1) —pj =0).

We consider the functions h; ; defined with values in C (the value oo is taken as
soon as A = p/q and i, j correspond to a non-vanishing resonant monomial x’y7).

Then the system is not integrable if and only if lim sup max; j—, |h;|*/ (7)) =
+00. Remark that this is the case if and only if

sup |hij |V () = fo0. (2.12)
,J
Let us call o
M(A) = sup |h; |2/ 0+, (2.13)
2%

This function is lower semi-continuous with values in [0, +oc]. Then for all m € R,
the set {A|M(A) > m} is open. Let us call

NT = {A|M(A) = +oo}. (2.14)

Then
NI =Npen{AIM(A) > m}. (2.15)

The system is not integrable on a countable intersection of open sets, i.e. on a G
set.

Hence for each fixed value of A the set of non-integrable systems NI () is a Gs.
For A ¢ Q it can be:

i) a nonvoid Gy set for A in a dense G5 subset of R* (see Proposition 2.3 and
Theorem 2.6 below);
ii) the void set for A € B.
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Moreover, when A is irrational, applying Lemma 2.1, we have that, if for a fixed A the
set NI(\) is nonvoid, then it has full measure. The same holds for A rational as the
set of integrable systems is algebraic (and not the full set as shown in Proposition
2.3 below).

Similar properties hold for linearizability when dealing with the two series lin-
earizing the first and second equations.
Proof of III. The fact that the normalizing transformations diverge either on
a set of full measure or on the empty set is proved in [IP2]. The idea of the
proof of [IP2] is to apply Lemma 2.1 to the normalizing transformations (X,Y) =
(x+hi(z,y),y+ha(z,y)) where hq o satisfy the hypothesis of Lemma 2.1. The fact
that the set is a G set is shown as in I and II above.

The fact that this set has full measure for A = £ and A = % follows from the

2
explicit example of non normalizable systems in Proposition 6.4 and its dual under

(z,y,t) = (y,2,At).

Moreover it follows from [E] and [MR] that, for fixed value of the order of non
integrability, the orbital normalizability is decided by the vanishing of the Ecalle-
Martinet-Ramis moduli. These have coefficients which are analytic functions of the
(Cija di]) O

Theorem C is a consequence of the following more explicit:

Theorem C’. The integrable system

t=xz(1—z—vy)

y=- y(l—z—y) (2.16)

is linearizable if and only if A € CC.

Proof. Note that F(x,y) = 2y is a first integral of the system (2.16). Let h(z,y) =
1—x —y. Then

Uhte,y)=(1-a -y =33 (ijj)xiyf. (2.17)

§=0 i=0

Let k(x,y) = m —-1= Zi+j>0 a;;x'y’. Then, as in the proof of Theorem A,
k(z,y) is convergent, yielding the convergence of g(x,y) defined in (2.2) as soon as
M ece.

Moreover |a;;| > 1. Hence, for X irrational, g(x,y) defined in (2.2) diverges
exactly when A € C. This comes from the divergence of the subseries

prnqnepn+qn _ Z Wndn__ pptan (2.18)

Pn — Aqn

If X is rational, then the first resonant terms cannot be eliminated not even by
a formal change of variables. [

Remark 2.2. An example of an integrable nonlinearizable system was given by
Frangoise in [F], but his example is not polynomial.
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Proposition 2.3. There exists e € R such that the system

r=x(l—x—
=l v) (2.19)
y=-2y(l -z —y)+exy

is nonintegrable for all X = p/q and its first saddle quantity is nonvanishing. For
that € there exists a dense Gs-set of values of X\ in RT for which the system is
nonintegrable.

Proof. As far as integrability is concerned we can divide the system by 1 — z — y,
yielding the system
T=x

. x 2.20
1l—xz—y
If we let Y = y + o(x,y) be the change to normal form, then the normal form is
given by

T=x

: > 2.21

Y =—p/qY + ) A7 ()a"PY et (2.21)

n=1

The A} ,(€) are the saddle quantities. Lemma 2.3 of [IP2] yields that they are
polynomials in € of degree < np+nqg which are quasi-homogeneous of degree np+ng
in the coefficients of the original system. More precisely for a system

T=ux+ E Cijl‘ly]
i+j>2

. p . .
Yy = *_y+ Z dijitl’yj
T 45

(2.22)

we assign to the coefficients ¢;; and d;; weights ¢ + 7 — 1. Recall that a polynomial
P(z1,...2n) is quasi-homogeneous of degree m with weight «; for the variable z;
if

P(to‘lzl, ce ,taNZN) = th(zl, ceey ZN).

1
P.q

). (This monomial cannot be removed

In our case we have ¢;; = 0 for all ¢,j. In particular A, is of degree 1 in the
pt+g—1
p—1
as it is resonant and there are no resonant monomial of lower degree.) Moreover it

is of degree higher than one in the d;; with i +j < p +¢. As all d;; = O(e) this

yields
1 (pt+gqg—1
A= < b1 )e—i—o(e). (2.23)

coefficient of 2Py which is dj 441 = (

There exists only a countable set of values of € for which all the ¢, ,(€) vanish,
from which the result follows.

The second part of the proof is as in [IP1], [IP2] and [PM]. For purpose of
completeness we write explicitly the details. The first step is the following lemmas:
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Lemma 2.4. Let
t=x+ P(z,y) =z + o(z,y)

y= —(S + )y + Qz,y) = —(g +n)y + o(x,y) (2.24)

have a nonzero first saddle quantity at the origin for n = 0. Then given r > 0 there
exists 6 > 0 such that the holonomy around the y-separatriz of (2.24) has a nonzero
periodic point of period q with size < r, for real n satisfying |n| < 4.

Proof. We can of course suppose that the system is in the following prenormal form
going back to Dulac [Du]

. 2.25
§ = yl=E )+ (A+ 0Pyt + 2Py k() (22
where A # 0 and k(z,y) = O(z,y) inside a polydisc of radius 2 (a scaling in (z,y)

may be necessary to obtain radius 2). Then the holonomy around the y-separatrix
can be calculated as the map h(y) = H(1,y), where H(0,y) satisfies ([MM])

%_I;(g, y) = 2inH(0,y) —(g +n) + (A+ O(n)) exp(2iprd) H (6, y)* (2.26)

+ exp(2ipm0)H (0, y)k(exp(2imd, H(0,y)))] .
Letting H(0,y) = > 35, cr(0)y*, with H(0,y) = y, this yields (by solving linear
differential equations):
e1(1) = exp(—2im(2 + 7))
¢i(1)=0 1<i<gq (2:27)
cg+1(1) = A+ O0(n).
Then, using the notation h°? for the ¢-th iterate of h:

hed(y)—y = (exp(—2’i7rqn)—1)y+A(Q+1)(exp(2iﬂ§)+0(n))yq“+0(yq“)- (2.28)

Hence for 7 sufficiently small the equation h°?(y) —y = 0 has a small nonzero root.

Remark 2.5. This periodic orbit corresponds to the invariant manifold obtained in
[IP1], [IP2] and called materialization of resonance.

End of proof of Proposition 2.3. Indeed, starting from the system (2.19) with A\ =
p/q and given n € N, there exists a small neighborhood V,,(p/q) of p/q such that,
for all A € V,(p/q), the holonomy around the y-separatrix has a periodic orbit
of period ¢ in the ball of radius 1/n surrounding the origin in y-space. Then
Un = Up/qeq+Va(p/q) is a dense open set in R* and N,>1U, is a dense Gs-set of
values A\ € R, for which the system (2.19) is nonintegrable, as it has a sequence of
periodic orbits of the holonomy converging to the origin. [

As a by-product we get a new proof of the result of [IP2]. Let S be the unit
sphere in C® (of real dimension 11) (which we consider as the space of coefficients
{620, e doz} of (116))
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Theorem 2.6 [IP2]. There exists a subset M C S, of full measure, such that for
any m = (c20, . ..,do2) € M, there erists a dense Gs-set Uy, in RT, such that any
system (1.16) with quadratic part given by m and with \ € Uy, is nonintegrable.

Proof. For each A = % the coefficient of the first resonant monomial is given by a

polynomial L, 4(c20,...do2). The polynomial is nonzero since it takes a nonzero
value on (2.19). Hence its set of zeros is an algebraic variety V), ; of S. Then

M =8\ Up,Vpq (2:29)

is a set of full measure. It is dense because it is the intersection of a countable
number of dense open sets.

Any system (1.15) with a quadratic part from M has a nonzero first saddle
quantity for any p, q. The rest of the proof is as in the proof of Proposition 2.3. [J

For A rational, Ilyashenko and Pyartli proved in [IP2] the existence of a noninte-
grable polynomial system of degree n > 3. In fact their method uses a polynomial
system with two monomials, one of which is resonant. This gives n > 3 and not
n > 2 as claimed in the paper. A quadratic example cannot be obtained using their
method.

The proof of Theorem D will follow from the proof of the more general theorem.

Theorem D’. For \ € C there exists a set Ex C C of full measure such that for
€ € Ey the system (2.19) is nonintegrable.

Proof. The theorem follows directly from the theorem of Ilyashenko [I] applied to
(2.20). This theorem studies general systems of the form

i=Az+e€f(z), ze€C" (2.30)

and asserts that if A € C and if the Taylor coefficients of some component of
the germ f(X,Y) can be estimated from below in modulus by some geometric
progression, then the series normalizing (2.30) diverges for almost all e. The proof
of this theorem uses Lemma 2.1 above. [J

3. LINEARIZABILITY AND ISOCHRONOUS SADDLES

In this section we examine the difference between integrability and linearizabil-
ity. We define the notion of isochronicity for integrable saddles and prove that an
integrable saddle is linearizable if and only if it is isochronous. This generalizes
the classical theorem of Poincaré which treats the center case and corresponds to
A=1.

An integrable saddle point can be written in the form

& = zh(z,y)
Y= —)\yh(:c, y)a (3.1)

where h is a holomorphic function at the origin. We can assume moreover that the
coordinates are chosen in such a way that

h(z,y) =1+ zyk(x,y), (3.2)
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with k analytic ([D] or [MM]). Consider a polydisc B of the form B = {(x,y) €
C?: |z| < 71, |y| < 72}, 71,72 > 0, which belongs to the polydisc of convergence of
h and on which h does not vanish.

Assume first that A = % is rational. Then isochronicity can be defined similarly

as in the center case. The system has a multivalued first integral F(z,y) = x y.
A univalued first integral is given by G(z,y) = zPy?. The restriction G : B\
G71(0) — G(B) \ {0} defines a fibration. Any fiber is diffeomorphic to an annulus.
Its first homology group is one-dimensional generated by the cycle v. C G71(c),
Ye(t) = (e, /et t € [0,2n]. The cycle v, makes ¢ turns around the y-axis
and p turns around the z-axis.

Let a differential form dt be defined by

dx
dt = ————. :
(1) 33
The period T is the function defined by
1
T(c) = p dt, ceG(B)\{0}. (3.4)
Ye

Definition 3.1. For \ = % € Q the origin is an isochronous saddle of (3.1) if its
period T'(c) is constant on G(B) \ {0}.

Note that the form dt can be written as

where 7 is a holomorphic one-form at the origin. The form 7 is essentially coordinate
independent. More precisely, the form dt is coordinate independent and by a change
of coordinates X = z¢(z,y), Y = y(z,y), ¢(0,0) = 1(0,0) = 1, the form dz/x is
transformed to dX/X — d¢/¢p, with d¢/¢ exact. Now

1/ o (3.6)

qJ~y@c) T

and T'(0) = 27 as 7 is holomorphic and the length of the path of integration tends
to zero. Hence isochronicity is equivalent to condition (3.7)

A@n:o. (3.7)

Assume now that X is irrational. Then each leaf of the foliation defined by (3.1)
is simply connected. This is easily seen as the whole foliation retracts to a torus T
of the form T = {(z,y) € CP? : |z| = r1/2,|y| = r2/2}, the leaves of the foliation
giving the irrational linear flow on the torus.

There are however asymptotic cycles on the leaves, which we now define.
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Definition 3.2. Let [ay,, 5] C R be a sequence of intervals and let v, : [an, Bn] —
C? be a sequence of curves, all coinciding on the intersection of their domains. We
say that vn, n € N, is an asymptotic cycle if

hm’)’(an) = limV(ﬁn)' (3'8>

Proposition 3.3. For each A € R and any (zo,y0) in a neighborhood of the
origin in C? there exists an asymptotic cycle passing through (xo,vo).

Proof. If A is rational the asymptotic cycles are all closed. They are exactly the
cycles. If A is irrational, let Z—" € Q be a sequence of rational numbers tending to A.

Then for any (zo,yo) an asyrzlptotic cycle is given by the sequence 7, : [0,27q,| —
C27 ’Yn(e) = (xoezH’ yOe_iAe)' O

Remark. Our definition of asymptotic cycles is more general than the definition

in [BL]. According to their definition of asymptotic cycles the foliation defined by

(3.1) has no asymptotic cycles in the irrational case (Cf. Remark 3.10).
Generalizing Definition 3.1 we put:

Definition 3.4. An integrable saddle of the form (3.1), with h satisfying (3.2),
A € R, is isochronous if

lim/ n =0, (3.9)
2!

n

for any asymptotic cycle v, belonging to a leaf of (3.1), where n is defined in (3.5).
(Relation (3.9) is to be understood in the classical sense of improper integrals.)

Theorem E. An integrable saddle (3.1) is linearizable if and only if it is isochronous.

Of course if the saddle is linearizable then it is isochronous. This follows after
linearizing the saddle as the form 7 in new coordinates is zero and the isochronicity
condition on the form dt is independent of the chosen coordinates.

In order to prove the converse, we first introduce a definition. Let

w= P(z,y)dzx + Q(z,y)dy (3.10)

be a holomorphic one-form in C2.

Definition 3.5. A holomorphic one-form n is relatively exact, with respect to w,
if there exist holomorphic functions g and m such that

n = dg + mw. (3.11)
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Lemma 3.6. Let w be a one-form in C? having isolated singularities. A holomor-
phic one-form n is relatively exact with respect to the form w if and only if there
exists a holomorphic function g such that

nAw=dgAw. (3.12)

Proof. Relation (3.11) implies immediately (3.12). Conversely, the assumption that
w has isolated singularities means that the components P(z,y) and Q(z,y) have
no common factor vanishing at the origin. Hence putting n — dg = R(x,y)dx +
S(z,y)dy, relation (3.12) means that P divides R and @ divides S, and moreover

% = %, which defines a holomorphic function m verifying (3.11). O

Proposition 3.7. An integrable saddle (3.1) is linearizable if and only if the form
n, given by (3.5), is relatively exact with respect to the linear form

w = Aydz + xdy. (3.13)

Proof. Note that the solutions of (3.1) are leaves of the foliation defined by w = 0.
The proof is essentially repeating the proof of Theorem A (cf. also [BC]). Let w
and 7 be given by (3.13) and (3.5). A linearizing transformation of an integrable
saddle (3.1) exists, if and only if there exists a transformation of the form

(u,0) = (af (2,9), yf Nz, ), (3.14)
where
%/\w:n/\w, f(0,0) =1. (3.15)

That is putting g(z,y) = log(f(z,y)), the system is linearizable if and only if there
exists a holomorphic function g verifying (3.12), which is equivalent to relative
exactness of n by Lemma 3.6. O

Remark 3.8. In the proof of Theorem A we proved that equation (3.12) can be
solved for any one form 7 if and only if A € C¢. For linearizability of a given system
it is necessary and sufficient that equation (3.12) be solvable for the form 7 given
by (3.5).

The proof of Theorem E is now reduced to the proof of

Theorem 3.9. A holomorphic 1-form n is relatively exact with respect to the form
w given by (3.13), if and only if

lim/ n=20 (3.16)

for any asymptotic cycle v, belonging to a leaf of w.

Proof. The direct implication is obvious. We prove only the converse. We distin-
guish and treat separately the cases A rational (relatively easy) and A irrational
(more complicated).
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Proof in the rational case.

For X rational the claim follows from [BC], Lemma 2.1.1. We sketch the proof
for completeness. Let A = g € Q. Let 4., c € C, be a cycle belonging to G~(c),
where G(z,y) = zPy9.

We suppose that 7. is of the form

70(0) = (moeiqe’yoe—ipﬁ)’ G($07 yO) =G e [07 271']. (317)
Let A ‘ o
n= Z aijz' "yl d + Z bijz'y’ ~dy. (3.18)

By substituting the parameterizations of 7. into f7 7, one verifies that

/ n= Z axc”, (3.19)
Ye k

where
a = 2im(qakp kg — Pbrpig)s k=1,.... (3.20)

Hence, the vanishing of (3.19) shows that

qakagq —pbkp,kq = 0, k‘ = 1, e (3.21)

Substitute

glz,y) = Biyz'y, (3:22)

in (3.12) and search for a formal solution of (3.12). We get the system of equations
(i = Aj)Bij = aij — Abij. (3.23)

This defines 3,5, for (i,j) # (kp,kq), k € Z. For the resonant terms f;;, (¢,j) =
(kp, kq), there could be a problem as the term ¢ — Aj vanishes. However, it is (3.21)
that assures that a formal solution is obtained by putting

Brpkg = 0. (3.24)

Now the function g of the form (3.22), with §;; thus defined gives a formal solution
of (3.12). This formal solution is easily verified to converge, as the coefficient i — \j
in (3.23) is at least %, for (¢,7) # (kp, kq). This completes the proof of the theorem
in the rational case.

Proof in the irrational case. In this case one can get a formal solution of (3.12)
as in the rational case (without using the isochronicity condition). However, as
shown in Theorem A, the formal solution does not converge in general. This is why
we adopt a different approach in this case.

We have to define a holomorphic function g satisfying (3.12) in a neighborhood
of the origin. By linear scaling we can assume that the polydisc Q = {(z,y) €
C2% : |z| < 1,|y| < 1} belongs to the domain of convergence of the form 7. Put
g(1,1) = 0. Let 7. be the curve lying in the leaf of the foliation (3.1), passing
through the point (1, ¢), given by
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Ye(0) = (€, ce™), 9 R, (3.25)
Put

0
g(11(6)) = / Y. (3.26)

This defines the function g on a dense set of the torus T = {(z,y) € C? : |z| =
1, |y] = 1}. Next, by the hypothesis (3.8), the function g can be extended without
ambiguity by continuity to the torus 7.

Denote by D = {y € C : |y| < 1}, the unitary disc, D its closure and S its
boundary. Note that g satisfies the condition

27
g(1,ce™) = g(1,¢) + / v, (3.27)
0

for ¢ on the circle S. We next want to extend g to a continuous function on the
disc {1} x D,

g(1,¢) = u(e), (3.28)

with u holomorphic in D. Moreover, we want condition (3.27) to hold for all points
ceD.

Initially, the function w is continuous complex valued defined on the circle S.
Applying separately the existence theorem for solutions of Dirichlet’s problem for
the real and imaginary part of u, we extend w to a continuous function on D,
harmonic in D. Let g be given by (3.28), ¢ € D. We claim that (3.27) holds for
this extended function g. Indeed, consider the function

¢) = u(ce®™™) — u(c) — 2ﬂ *n. .
v(e) = ueet™) —u(e) = [ ain (3.29)

The function 1 is a harmonic function in D, as the last term in (3.29) is a holo-
morphic function in ¢. Moreover, ¥(c) vanishes for ¢ € S. Now by the unicity
of solutions of Dirichlet’s problem it follows that v is identically zero on D. This
proves that(3.27) holds on D. We claim next that u is in fact holomorphic in D.
In order to prove it, introduce the differential operators

_l(i_i_ia) g_l(i_ia
209 oc'’”’ 209 oc'’
where ¢’ and ¢’ are the real and imaginary part of c. As the last term in the
definition of 1 is holomorphic, it follows, from the vanishing of v, that

0

), (3.30)

A(u(ce®™ ™)) = d(u(c)). (3.31)

Now, since A is irrational, the numbers ce?™* k € N | are dense on the circle
of radius |c|, so (3.31) shows that the function d(u(c)) depends only on |c|. Say
O(u(c)) = é(|c|). However, since u is harmonic, then d(¢(|c|)) = 0. This can only
happen, if ¢ is a constant. We have so far proven that u(c) = v(c) + k¢, where v is
a holomorphic function and k € C. To show that k£ = 0, we integrate relation(3.29)
along |c| = 1. As v vanishes in D and moreover v and the last term in (3.29) are
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27X _ 1) =0, so k = 0 and we have shown that u is

holomorphic, we get 2mik(e
holomorphic on D.

We now extend g to a complement of the y-axis. Given any (x,y), denote L, )
the leaf of the linear foliation w = 0 passing through (z,y). For (z,y), © # 0,
belonging to a neighborhood of the origin, the leaf £, ,y cuts the disc {1} x D
infinitely many times. Let 7 ,) be a curve in the leaf £, ,) starting at a point
(1,¢), c = 2y € D, and connecting it to (z,y). The leaf also cuts the disc {1} x D

at points (1, ce?™™* with k € Z. We put

sy =g+ [ (332
V(x,y)
We claim that g is well defined and does not depend on the choice of 7y, . Indeed,
let J(z,) be another choice of 7, , starting at (1,¢) € D with & = cexp(2mik).
Note that the path obtained by taking v(,,, followed by (5(,)) " is homotopic to
the path 7. : [0,2k7] — L, ), given by 7.(0) = (¢, ce=**?), for some k € Z. This
follows from the simple conectedness of the leaf L, ).
By induction (3.27) gives

2km
g(1,ee®™) = g(1,¢) +/ ven, ke (3.33)
0

This shows that
9(1,¢c) +/ n=yg(1,¢) +[ U (3.34)
v

(z,y) V(z,y)
and hence the function g is well defined on a neighborhood of the origin from
which the y-axis has been deleted. Moreover, ¢ is holomorphic, as the initial value
g(1, ¢) depends holomorphically on ¢ = 2’y and g is extended by integration of the
holomorphic form 7.

In order to extend holomorphically ¢ to the y-axis, note that a point (z,y) close
to the y-axis can be linked to a point in the disc {1} x D by a path v belonging to
the leaf £, ,y whose length is uniformly bounded. This can be seen by taking the
path obtained by following first

(0) = (ze™", ye?), (3.35)

for 6 varying from 0 to arg(z) < 27 and then following

2(r) = (r, < x), (3.36)

for r varying from |z| to 1. The form 7 is bounded in the fixed neighborhood
of the origin which we have chosen. As g is also holomorphic (hence bounded)
on {1} x D, it now follows from the definition (3.32) of g that it is bounded on
a fixed neighborhood of the origin from which the y-axis has been deleted. By
the removable singularity theorem, we can now extend g holomorphically to a full
neighborhood of the origin.

Relation (3.12) follows from the definition of ¢g. Indeed, it suffices to verify this
relation locally in the complement of the origin, where w is different from zero. By
a local change of coordinates (z,w) = (z(z,y),w(x,y)), it can be assumed that
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w = dw. Taking a section z = k transverse to the leaves of the foliation and noting
that g is obtained by integrating 7 along the leaves w = const, it follows that the
dz coordinates of dg and 7 coincide. Hence 1 — dg is colinear to w. Now (3.12) is
proved and the proof of Theorem 3.9 is completed. O

Remark 3.10. In [BC] the authors study the space

H,,(w) (3.37)

given as the quotient of the space of germs of holomorphic relatively closed forms
whose integral vanishes along any cycle tangent to leaves of a one-from w by the
space of relatively exact forms. A form 7 is relatively closed if

dn ANw = 0. (3.38)

They study in particular the case when w is a logarithmic form, i.e. has a Darboux
first integral of the form

F=]]F". (3.39)

They show that if F; are irreducible and \; € N are relatively prime then

Hl

top

(w)=0. (3.40)

More generally, if A; in C* satisfy a diophantine condition and w is not dicritical,
they prove that then (3.40) holds too. They observe also that H/, (w) can be
nonzero, if the exponents \; are arbitrary. As shown by our Theorem A in C? this
happens for the linear one-form w given by (3.13) precisely if A € C, since for A
irrational the leaves of the foliation defined by w are simply connected so there are

no nontrivial cycles v on the leaves and condition

/ n=0 (3.41)
Y
Denote H}

top(w) the quotient space, whose numerator is formed of the space of
germs of relatively closed one-forms such that (3.16) holds for any asymptotic cycle
belonging to a leaf of the foliation defined by w and the denominator is given by the
space of relatively exact forms. Theorem 3.9 can be reformulated by saying that

is trivial.

rrl
Htop

(w) =0, (3.42)

where w denotes the one-form in C? given by (3.13). It seems an interesting problem

to determine the conditions on a logarithmic one-form w under which (3.42) holds.
In [BL] the authors study the space H},,(w) for w given by

w= py(l + (a — 1)u®)dz + 2(1 4 au®)dy. (3.43)

q
They claim that the case of linear form w (3.13) has been solved in [BC]. Their
notion of asymptotic cycles coincides with ours for the form w given by (3.43), but
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does not coincide for (3.13). There are no asymptotic cycles for linear system (3.13)
in the sense of their definition. As a consequence (3.42) does not hold in general
with their definition of asymptotic cycle. This justifies our study. Strangely enough,
the study of the nonlinear case (3.43) is much easier than the study of the linear
case (3.13) due to the simpler recurrence in the nonlinear case.

4. NORMALIZABILITY AND ISOCHRONOUS SADDLES

In the first part of this section, we give some classical results on orbital normal-
izability. Next we generalize Section 3 to normalizable systems. More precisely,
we examine when an orbitally normalizable system can be conjugated to its or-
bital normal form by an analytic change of coordinates (without multiplication by
a function). We introduce a generalization of the isochronicity condition which
answers precisely to the above question.

When studying orbital normalizability, we work with analytic orbital equivalence.
Recall that two systems are orbitally analytically equivalent if by an analytic change
of coordinates one can be transformed to a (nonzero at the origin) multiple of the
other. Hence, we can start with a system of the form

r=x

. 4.1
y=—§y+yh(fc,y)- (41)

If the system (4.1) is normalizable but not integrable then it can be brought by an
analytic change of coordinates Y = yo(x,y), ¢(0,0) # 0, to the form

r=x

V=LY (14 v(w), (42)

where 1 (u) = u* + au?* + o(u®*) is an analytic function in u = zPY?.

Proposition 4.1. If a system (4.1) is normalizable and non integrable then there
exists an analytic change of coordinates (X,Y) = (x,ay+o(z,y)) which transforms
it into the normal form

Proof. We start with a system in the form (4.2). There exists an analytic change
of coordinates U = u(1+ f(u)) which will transform @ = —pu*+1(1 4 au® + o(u?*))
(corresponding to (4.2)) to U = p% (corresponding to (4.3)) [K]. The corre-
sponding analytic change of coordinates will be Y = (g) Vi g

p

As a corollary, by multiplying (4.3) by 1+ aU*, we get:
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Corollary 4.2. Given an orbitally normalizable system (1.1) which is non inte-
grable, there exist k € N, a € C, an analytic function h, h(0,0) # 0, and an
analytic change of coordinates transforming (1.1) to

X = X(1 4 aU*)h(z,y),

. 4.4

Y =-2y(+ (a-1)U"h(z,y), (4.4)
q

where U = XPY'1 is the resonant monomial (This corresponds to putting the 1-form

into normal form).

The corollary justifies the equivalent definition 1.2 for orbital normalizability:

Theorem 4.3. A non integrable system (1.1) with A = p/q is orbitally normalizable
if and only if the holonomy of any separatriz is mormalizable i.e. given by the
composition of the time-one map of a vector field with vanishing linear part at the
origin with a rotation of angle —27T§.

Proof. Let A = g. Suppose first that the system (1.1) is orbitally normalizable.

Then it can be brought to the normal form (4.4). Take X = 2™ and Y =
Ye 2mi(p/DE To calculate the holonomy we must calculate

dY 9Y dY dX N oY

d¢  0Y dX d¢ 0¢
— k1 (4.5)

As the holonomy is given by e~27P/9)Y (1) it is the time-one map of (4.5),
composed with a rotation of angle —272.

Conversely, let us suppose that the holonomy of the z-separatrix of a system
is given by the time-one flow of the vector field § = f(y) = y"tg(y), g(0) # 0
composed by a rotation of angle —277%. By Kostov’s theorem [K] or the proof of

Proposition 4.1 above, we can find an analytic change of coordinates Y = ay+o(y)

transforming the vector field to ¥ = 27m'§ 1:/_:;
some k, then the holonomy is the same as that of (4.4) and since the holonomy
characterizes the system up to orbital equivalence ([MM] and [MR]) the system is
orbitally normalizable. To show that n = ¢k we first remark that, if we perform
analytic changes of coordinates tangent to the identity on (1.1), then the holonomies
are conjugate, so we can decide to calculate the holonomy for a system in the
prenormal form (2.25) (in which we take n = 0). The conclusion follows from

(2.27). O

If we show that n = kq for

We now study when an orbitally normalizable system is normalizable to the
resonant model (4.8) below. By Corollary 4.2, we assume the system of the form

i = x(1 + auf)h(z,y)

i ==Ly(1+ = DGy (4.6)
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with h analytic and h(0) = 1. Note that the system (4.6) has a first integral

qk

F(z,y) = gPR(a=D) yaka =1/ay™ _ ki o=1/u® p—pk _ k(a=1) o=1/u" kq (4.7)

We examine when (4.6) can be put to the normal form
X =X(1+aU"

Y = —SY(l +(a— 1)U, (48)

where the formal invariants k& and a are the same as in (4.6). Here u = 2Py? and
U = XPY? are the resonant monomials.

Let
w = gy(l + (a — Du¥)de + 2(1 + au¥)dy, (4.9)
dx
dt =
x(1+ auk)h(x,y)’
dtnorm = d (410)
(1 + auk)
n= dt — dtnorm-

Then 7 is of the form

n= Ol y)dz (4.11)

x

Proposition 4.4. The system (4.6) is analytically (resp. formally) normalizable
to the form (4.8) if and only if there exists a germ of analytic function at the origin
(resp. formal power series) g vanishing at the origin, such that

(kpn —dg) Nw =0, (4.12)
for xy # 0.

Remark 4.5. By Lemma 3.6, condition (4.12) is equivalent to the form 7 being
relatively exact, with respect to w, i.e. to the existence of analytic functions (or
formal power series) g and m such that

kpn = dg + mw. (4.13)

Proof of Proposition 4.4. We give the proof in the analytic case. The proof in the
formal case is identical except that g has to be a formal power series instead of
being a germ of an analytic function.

Necessity. A change of coordinates which preserves the orbital normal form pre-
serves the invariant coordinate axes, so must be of the form



NORMALIZABLE, INTEGRABLE AND LINEARIZABLE SADDLES 25

X =am(z,y) = 2(1 + O(z,y))
Y =yn(z,y) = y(1 + O(z,y)).

We claim that the first integral F' in (4.7) must be preserved, that is relation

(4.14)

F(z,y) = F(X(z,9),Y(2,y)) (4.15)

must hold. Indeed, F(X (z,y),Y (z,y)) is also a first integral of (4.8), so the quotient
(4.16) is also a first integral of (4.6). This first integral is of the form

F(X(J,‘,y),Y( y)) 1/uk— k
= K(z fur=1/U% 4.16
F(z,1) (z,y)e (4.16)
with
K = mPFa-Dpaka — 1 1 O(z,y). (4.17)

Therefore taking the logarithm of (4.16), we obtain a meromorphic first integral
of (4.6). However, (4.6) being non integrable (because of the presence of res-
onant term, any meromorphic first integral is trivial (i.e. constant). This fol-
lows directly from the results in the next section. We can of course suppose that
xz = 0 and y = 0 are invariant curves. Then the system has a rational mtegrat—
ing factor V = z*1yf [[/2 F" and a first integral H = 2%2y"? [[}Z2, G % where
F;(0,0),G,(0,0) # 0. By Theorem 5.10 we can show that the system is mtegrable
(yielding a contradiction) as soon as we find an integrating factor which has only

one of these factors: such an integrating factor is given by Vi = VH o if as # 0
and V otherwise. Putting

1 1 1 mPknak — 1

g(:v,y) = wF Uk = uF  mpkpak (4~18)

it follows that Ke9 is constant i.e. g(z,y) = —log(K) + C. Moreover C = 0 as
9(0,0) = log(K)(0,0) = 0. Hence K = e~ 9. Relation (4.18) gives

mPPna* = (1 —uPg(x,y)) L. (4.19)
Hence n = m™ ¢ (1—uFg(z, ))_qu Putting this relation in (4.17) allows to calculate
m, namely m = (1 —u g)_ikeik so that the change of coordinates (4.14) must be

of the form

X =2(1 — uPFg(x,y)) "/ PR g/ (k)

Y = y(1 — ubg(a, y)) e/ (@) =9/ (ah), (4.20)
Note that (4.6) gives
@ =putth (4.21)
and (4.8) gives
U =pUtth. (4.22)

From (4.18)
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: i U
Here ¢ = 222(1 + auk)h — ggz (1+ (a — 1)u®)h. Calculating the terms in (4.12)
we get 1 = 1ﬁ;uk Lh e Aw = k:p hand dg Aw = 4. Hence g satisfies (4.12).

Sufficiency a straight-forward verification shows that if (4.12) holds, then (4.20)
defines an analytic normalizing change of coordinates. This concludes the proof of
the Proposition. [

The problem of relative exactness with respect to the form w given by (4.9) has
been studied by Berthier and Loray [BL]. They prove:

Lemma 4.6 [BL]. Let

d
n= ™Y (4.24)
xr

m,n>0

m+n>0
be a formal 1-form. Then there exists a formal power series g vanishing at the
origin such that (4.12) holds if and only if

CLp7q == akp,kq =0. (4.25)

This gives

Corollary 4.7.
(i) For any one-form n of the form (4.24) there exists a formal power series g van-
ishing at the origin such that

(pkn — Zazp, qu — —dg) Nw =0, (4.26)

where w is giwen by (4.9) and u = xPy? is the resonant monomial.

(ii) There are exactly k obstructions to the existence of a formal change of vari-
ables transforming the system (4.6) to the form (4.8). They are given by the
nonvanishing of the coefficients ap. q, ... , Gkp kg in (4.24).

(#ii) For n in (4.10) coming from (4.6) a necessary condition for the existence of g
satisfying (4.12) is that there be no terms in u', 1 <1<k, in h(z,y).

In the spirit of Section 3 we want to find an isochronicity condition under which
an orbitally normalizable saddle will be analytically normalizable to its orbital
normal form.

Note that the trajectories of the system (4.6) are described by the holonomy
of its normal form. The dynamics of the holonomy is of flower type [Cal. The
leaves of the foliation are simply connected, so there are no cycles. However, there
are plenty of asymptotic cycles (cf. Definition 3.2). Take a transversal ¥ to the
z-axis in the domain of convergence of orbital normalization. Then any point of
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¥ sufficiently close to the origin belongs either to a stable or unstable petal (or to
the intersection of a stable and an unstable petal). Loosely speaking this means
that the orbit spins indefinitely around the y-axis in positive time, negative time,
or both, and its intersection with ¥ converges to the z-axis.

Definition 4.8. An orbitally normalizable system (4.6) is isochronous if

(i) there exists A > 0 bounding uniformly the integral f,y n, where n is given by (4.10)
and v is any curve tangent to the foliation defined by the form w, which belongs
to the domain of validity of (4.12);

(i)
/ n=0, (4.27)

for any curve v as in (i) which is an asymptotic cycle.

It is proved in [BL] that conditions (i) and (ii) in Definition 4.8 are equivalent
to the relative exactness of the form 7, which in turn is equivalent to the normal-
izability of (4.6) (Remark 4.5 and Proposition 4.4).

We thus obtain

Theorem F. An orbitally normalizable system (4.6) is normalizable by an analytic
change of coordinates (without multiplication by a function) to the form (4.8) if and
only if it is isochronous.

Note that the form 7 is essentially coordinate independent. More precisely the
form dt is coordinate independent and for a change of coordinates of the form (4.14),
dtnorm = dx/z — (a/p)du/u = d(X)/(X) = (a/p)d(U)/(U) + do, (4.28)

for some analytic ¢.

Proposition 4.9. Any normalizable non integrable system can (without multipli-
cation by a function) be put to the normal form

X =XA+aU"(1+a U + - a,U)

. 4.29
Y:—SY(l—i—(a—l)Uk)(l—i-alU—F-'-akUk), (4.29)
for some aq, ... ,a € C.
Proof. Given a normalizable system, we can assume that it is of the form
T = xky(u)
. 4.30
Yy = yka(u) (4.50)

with k1 and ko analytic. As the system is in particular orbitally normalizable and
nonintegrable, we assume without loss of generality that it is of the form
i = x(1+ au®)h(u)

4.31
g =—p/q)y(1+ (a— 1)u*)h(u), (431)
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with h(0) = 1. Indeed, we observe first that we can put (4.30) in the form (4.31),
but with h = h(x,y). Next, h depends only on u, as k; and ks depend only on u.
Relation (4.31) gives (4.21), but with h depending only on u and (4.29) gives

U=pUrt (1 +a U + - - a,U*) = pU* T H(U). (4.32)

As in the proof of Proposition 4.1, the change of coordinates has to be of the form
(4.20), with g given by (4.18), but depending only on u. Moreover now g = g(u)
has to verify

9= Lpu () = ~kp(H(U) ~ h(w) (4.33)

instead of (4.23). Substituting

u
oG 430

in (4.33) gives

dg i1 _ H((1+ggk)l/’“)
U =k(1 o ). (4.35)

In order to be able to solve the equation (4.35) it is necessary that
1 — H(u)/h(u) = O(uFT1). (4.36)

This is easily achieved by choosing H(u) as the polynomial given by the k-jet
of h(u). This determines the coefficients a;, ¢ = 1,...,k, in the statement of
the proposition. Now the right hand side of (4.35) is divisible by u**1 and after
this division, the function g verifying (4.35) is obtained by the standard existence
theorem for solutions of differential equations.

A direct verification now shows that (4.20), for this choice of g, transforms the
system (4.31) to (4.29). O

5. DARBOUX MECHANISM FOR NORMALIZABILITY,
INTEGRABILITY AND LINEARIZABILITY

In this section we introduce a generalization of Darboux methods, including
the use of integrating factors vanishing at the origin and non analytic first integrals
expanded in convergent series with log terms to yield normalizability. Together with
a second mechanism introduced in Section 6, namely a blow-down transforming
the saddle into a node, these mechanisms are sufficient to explain all quadratic
integrable and linearizable systems

. 2 2
T =2+ c20x” + C11TY + Co2y

. 0 9 (5.1)
Y= —Ay + dooz” + di1zy + do2y
for A =1 ([CR]) and A = 2 (Section 7 and [FZ]). They also allow to construct several
classes of linearizable systems for arbitrary A € R™. Moreover they allow to identify
several normalizable quadratic systems. We do not know if they are sufficient
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for describing all normalizable, integrable and linearizable quadratic systems for
Azgle

We recall and generalize known results (Theorems 5.1 and 5.3) and definitions
(Definitions 5.2 and 5.4) on Darboux integrability and linearizability (see [D], [S] or
[MMRY]). To make the paper self-contained we give 1-line proofs of the two theorems.

Theorem 5.1. A polynomial system (1.1) of degree n is integrable if there exist an-
alytic functions Fy(x,y), ..., Fn(z,y), K1(z,y),. .., K, (z,y) and numbers o, . .. ayy, €
C satisfying
i) fori=1,...,m
oF; . OF;

oz dy

y = Fi(z,y)Ki(2,y); (5.2)

11) ZZI OéiKi = O,’

iii) There are at most two values of i such that F;(0,0) = 0. In such a case
the function F; should have one of the forms Fi(z,y) = x + o(z,y) (resp.
Fi(z,y) = y + o(z,y)) and the corresponding c; should be o; = 1 (resp.
a; = )\)

The first integral is given by H(z,y) = [[1=, F{.

Proof. Tt is easily verified that i) and ii) ensure that H = 0. Condition iii) yields
that the integral has the right regularity in the neighborhood of the origin. (This
theorem goes back to Darboux when the K;(x,y) are polynomials. It is obvious
here that this hypothesis is not necessary.) O

Definition 5.2.

(1) An analytic function F;(z,y) satisfying (5.2) is called a generalized Darbouz
factor and the corresponding analytic function K;(x,y) is called the cofactor
of Fi(x,y). We note K; = cof (F}).

(2) A function F(z,y) of the form F(z,y) = [\~ F*", where the F;(x) are
generalized Darboux factors is a generalized Darboux function. Although it
may not be analytic such a function has a cofactor K (z,y) = > v, a; K;.

(3) A system for which a first integral is found by means of the mechanism
described in Theorem 5.1 is called generalized Darbouz integrable.

(4) A (reciprocal) integrating factor is a Darbouz function M (x,y) such that its
cofactor K(xz,y) satisfies K(x,y) = div, where div is the divergence of the
vector field (1.1).

Note that dividing a vector field by a reciprocal integrating factor yields a vector
field of divergence zero.

Theorem 5.3. A polynomial system (1.1) of degree n is linearizable if one of the
three following situations occur:
Case 1. There exist analytic functions Fy(z,y), ..., Fn(x,y), Ki(x,y),. .., Kn(z,y)
defined in a neighborhood of (0,0) € C and numbers o, ..., &m—1,02,...,0m € C
satisfying (5.2) and
i) Fi(z,y) =z+o(z,y), Fn(z,y) = y+ol(z,y), F5(0,0) #0 fori=2,...,m—
1;
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.. —1
i) 30 @K =1;
iii) D 0, Bl = —A.

The linearizing change of coordinates is given by

m—1 m
- <H Fiai’HFiﬁi> (5'3)
i=1 =2

and the system is integrable with first integral XY .

Case II. The system is integrable with first integral H(z,y) ~ ™y and there exist
analytic functions Fy(x,y), ..., Fn(z,y), Ki(z,y),..., Kn(x,y) defined in a neigh-
borhood of (0,0) € C and numbers aq, . .., € C satisfying (5.2) and

i) Fi(z,y) =z +o(z,y), F;(0,0) #0 fori=2,...,m;
i) STk = 1.

The linearizing change of coordinates is given by

Y)= (H Fy Hg?;y)> - (5.4)

Case I11. An analogous case follows from case II under the change

1
(z,y,t,\) — (y,z, —\t, X) (5.5)

Proof. The proof is an obvious generalization of [MMR] and [CR]. A simple calcu—
lation in Case I yields X = X, Y = —\Y. In Case IT we get X = X and X Y = 2y
from which Y = —\Y follows. (The previous versions of this theorem required the
K;(z,y) to be polynomials. It is obvious that this hypothesis is not necessary.) [

Definition 5.4. A system is called generalized Darboux linearizable if we can con-
struct a linearizing change of coordinates by one of the three mechanisms described
in Theorem 5.2.

By Corollary 4.2 an orbitally normalizable system can be put to the form (4.6)
by an analytic change of coordinates. It then has a first integral F' given by (4.7).
It will here be more convenient to work with the first integral which is of
the form

1
In F

uk

1+ AuFlnz + BuFIny’

H(z,y) = (5.6)

It occurs sometimes in examples (as in Proposition 5.12) that we can directly
find a generalized first integral of a system in the form of a convergent series with
monomials of the form xz‘y’ lnk:zlnly. We want to find conditions allowing to
conclude to orbital normalizability. A first step in this direction is the following
theorem.
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Theorem 5.5. Suppose a system of the form (1.1), with A = % rational has a first
integral of the form

H = . 5.7

(z,9) 1+ AuFF(z,y)Inx + BuFF(z,y) Iny + G(x,y) (5:7)

where w = x2Py? and G(z,y) = O(x,y) and F(x,y) = 1+ O(x,y) are analytic
functions. Then the system is orbitally normalizable.

Proof. We write H(x,y) as

uk

é(z,y) + AuFInz + BuFIny’

where ¢(z,y) = %(z)y) =14 O(=z,y). Assume that A # 0. We seek a transfor-

mation y = Y4(z,Y) =Y (1+ o(x,Y)) to normalize this first integral, i.e. to bring
it to the form

Hy(x,y) = (5-8)

Uk:
"1+ AUFInz + BUFInY’
where U = 2PY? and H(z,Y) is the first integral of (4.3) (in coordinates (x,Y)).
That is we want to solve

M(z,Y,0) = ¢(z,Yl(2,Y)) + BxFPYyragkdn g — (k1 = o, (5.9)
A solution of the form ¢(z,Y) =1+ --- follows directly from the implicit function
theorem. [

H(z,Y)

The two last theorems can be extended to the case of a saddle-node.

Corollary 5.6. If a system of the form (1.1) with a saddle-node of finite order at
the origin (i.e. A = 0) is orbitally normalizable then there is an analytic change
of coordinates bringing it (after possible division by a monzero function) to the
following polynomial normal form:

X =+X(1—-aYh)

oy (5.10)

Proof. The proof is exactly the same as that of Proposition 4.1, with u (resp. U)
replaced by y (resp. V). O

Corollary 5.7. If a system of the form (1.1) with a saddle-node of finite order at
the origin has a first integral of the form

y*f(z,y)
1+ ayf f(z,y)Inx — byk f(z,y) Iny + g(z,y)
where g(z,y) = O(z,y) and f(z,y) = 1+ O(x,y) are analytic, then the system is
orbitally normalizable.

H<m7y) -

(5.11)

Proof. The proof goes as in Theorem 5.5. [

The Darboux method allows the construction of first integrals as in Theorem
5.5 and Corollary 5.7, allowing to prove the normalizability of some systems. In
order to minimize the work to put, for each particular case, the first integrals into
one of the forms described in Theorem 5.5 we introduce a general method involving
integrating factors.
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Lemma 5.8. Let the system
0 d
Dy =P — — 12
be Hamiltonian i.e. P = H,, Q = —H, and let (X,Y) = ¢(x,y) = (z+o(x,y),y +
o(z,y)) be a change of coordinates. Then the transformed system
0

D= L{(PX. +QX,) s + (PYe +QY,) ]

: = (5.13)

where

J = 0(X,Y)/0(, )], (5.14)
is the Hamiltonian system for the Hamiltonian function G = Ho¢™!, i.e. D = Dg.
Proof. Indeed,

0 0
Do =Gy ax +—Cxgy -
. 5 (5.15)
= (Hxity + Hyyy)—aX — (mex + Hyyx)—ay.

Now Dg = D follows from
rx Ty 1 Yy _Xy>
= = . 5.16
(yX Yy ) J < -Y, Xy ( )

Corollary 5.9. If the system (1.1) has a (reciprocal) integrating factor, then we
can find a reciprocal integrating factor for any transformation of the system. The
new integrating factor can be chosen to be a (locally non-vanishing) multiple of the
pullback of the integrating factor in the original coordinates.

0

Theorem 5.10. If the system (1.1) has a local (reciprocal) integrating factor of
the form

H= ﬁF“ (5.17)
=1

with F; analytic in x and y and nonzero «;, then the system is

e integrable if A is irrational;
e integrable or orbitally normalizable if \ is a nonzero rational.
More precisely:

(i) if all F;(0,0) # 0, then the system is integrable;

(ii) 4f at most one F;(0,0) vanishes and the corresponding Darbouz factor has
one of the two forms Fi(z,y) = x + o(x,y) or Fi(x,y) =y + o(z,y), then
the system is integrable;

(iii) if exactly two factors Fy(z,y) = x+o(x,y) and Fa(z,y) = y+o(x,y) vanish
at the origin then the system is integrable, except when the two coefficients
ay and ag are both integers greater than 1, in which case it is orbitally
normalizable;

iv) if iit) is satisfied and there exists a Darbouz linearization of one of the
coordinates as in Case II or Case III of Theorem 5.3 then the system is
normalizable.
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Proof. We straighten the axes of the system (1.1) first. The system will still have
an integrating factor of the same form by Corollary 5.9. This yields an analytic

system
T=ux g a; 'y’
,j20

Y=y Z bi,jxiyja

4,520

(5.18)

with ap,0 = 1 and b0,0 = -\

Any F; which vanishes at the origin must be of the form z*y'h;(z, y), with h;(z, y)
analytic and non-vanishing at the origin. Hence, we can choose our integrating
factor to be of the form x%y®h(x,y), with h(z,y) analytic and non-vanishing at the
origin. Since we are only interested in an orbital classification we can absorb the
factor h(z,y) into the system and relabel the a; ;’s and b; ;’s accordingly.

Since z%y” is a (reciprocal) integrating factor of (5.18), i.e. div = acof(x) +
B cof(y) we must have

(1+i—a)a;+(1+j5—B)bi;=0 (5.19)

for all ¢ and j.
This gives us a convergent first integral

_ Qi,j 1+i—a, 14j—8 bi 1+i—a
o= D, 1+j-p° 7 2 Tricat
14— B0 14j—8=0

14+i—a#0

(5.20)
+aq—15-1In(y) — ba—1,8-1 In(x).

If either a or (§ is not a positive integer, then we clearly have no logarithmic
terms and so we have a first integral of the form x'=%y'=Pm(x,y) with m(z,y)
analytic and non-zero at the origin. This covers (i) and (ii).

We now treat the case when oo and § are integers.

The first case is @« = § = 1. Then ¢(x,y) = ag,0In(y) — bo o In(z) + n(z,y) for
some analytic function n. Then exp(¢) = z~t0.0y%.0 exp(n(z,y)) is a first integral
for (5.18) yielding integrability.

This completes the case A irrational as we must have either a = 8 = 1 or one of
a and [ is irrational, since by (5.19)

(1-a)=A1- 7). (5.21)

Finally we are left with the remaining case where a > 1 and § > 1 are both
integers. We therefore have a first integral

o(x,y) = &y Ph(z,y) + da1,5-10(y) = ba—1,5-1 In(2), (5.22)

for some analytic function h(z,y) with h(0,0) # 0. The function ¢! is of the form
treated in Theorem 5.5 from which normalizability follows.

In the particular case where an—1,3-1 and b,—1 -1 vanish the system is inte-
grable.

In case iv) we first linearize one equation of the system. The new system is again
orbitally normalizable, which is in this case equivalent to being normalizable. [J
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Corollary 5.11. If the system (1.1) with A =0 has a local (reciprocal) integrating
factor of the form (5.17) with F; analytic in x and y, then the system is integrable
or orbitally normalizable and the center manifold is analytic. More precisely:
(i) if F1(0,0) = = + o(x,y) and F;(0,0) # 0 for i > 1, then the system is
integrable;
(ii) if F1(0,0) = xz4o(x,y), Fa(z,y) = y+o(x,y) and F;(0,0) # 0 fori > 1, then
the system is integrable if as = 1. It is orbitally normalizable otherwise. It
18 mormalizable if there exist a; with © > 1 such that K1 + Zi>1 o K = 1.

Proof. The proof is very similar to that of Theorem 5.10 and we use the same
notations and reductions. Indeed we do not have (5.18) a priori but Fy(z,y) =0
gives an analytic separatrix (center manifold) and we can bring the system to
the form (5.18). Because of (5.21) we need have o = 1. In case 8 = 0 then
the first integral (5.20) is analytic. In case § = 1 the first integral has the form
d(z,y) = apolny +n(z,y) =InY for Y = yexp(n(z,y)). When 5 > 1 we have a
first integral of the form ¢(z,y) = y' ~Ph(z,y) +ao g1 In(y) — bo s—1 In(z) for some
analytic function h(z,y) with h(0,0) # 0. The function ¢! is of the form treated
in Corollary 5.7 from which normalizability follows. [

As an example we treat the following family which shows that the union of
integrable and normalizable systems seem to form nice algebraic sets in the space
of all parameters. This example is partially treated in [Z].

Proposition 5.12. The system

& = x + coox?

) ) ) (5.23)
Y= —Ay + dooz” + di1zy + do2y
for X > 0 is always linearizable or normalizable. More precisely it is

i) linearizable if \ ¢ N;

ii) linearizable if A\ € N and dpz = 0;

iii) linearizable if A € N and

A+ 1—2k)?
[d11 + (k — 1)czo][d11 + (A — k)cao] + ( ) doodpe = 0 (5.24)

kA +1—k)

withk=1,...,[(A+1)/2];
iv) normalizable in the other cases where A\ € N.

Proof. The proof contains several subcases. We will treat completely the first
ones and sketch the other ones. As the first equation can be linearized it suffices
to consider integrability and normalizability. Apart from the invariant lines the
other generalized Darboux factors come from the fact that the equation can be
transformed to a Riccati equation. Details in [Z].

1. Czodog 7’5 0. We scale Cop — —1, d02 =1

t=uz(l —x)

5.25
Y= —/\y+d20x2 +d11xy+y2- ( )
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The system has the following Darboux factors:

Gl(xay):m K1<$,y):1—$
Go(z,y)=1-x Ko(z,y) = —x
Gs(a,y) = (y — a0)Fy(2) + o(1 = 2)F{(@)  Ks(o,y) = —A+2(a +din) +y

Ga(z,y) = A=y + (a = Na)Fa(z) —2(l —2)F3(x)  Ka(z,y) = (a+din - Nz +y

(5.26)
where Fy(z) = F(a,b;c;x) and Fy(x) = F(a—c+1,b—c+1;2—c¢; x) with F(a, b; c; )
is the Gauss hypergeometric function

F(a,b;c;z) = z;) %x" (5.27)

with
(@) = { ZLC(L;LOJ;li .(la+n—-1) n>1 (5.28)

and similarly for (b),, and (c),,. Here we define « as a root of a® —(A—dy1 )a+dag = 0,
c=MA+1and a and b are the roots of A2 — (1 +2a +dy1)A+ a(A+1) = 0. When
A€ N\{0} then0>2—ce€Z. Weletag =a—c+1,by =b—c+1landc; =2—c.
Then (¢1)c—1 = 0 and F5(x) has terms in Inz (is not analytic) unless (ai)ec—1 =0
or (by)e—1 = 0. Since (¢1), =0 as soon asn > A we havea =X\ —ior b= \—1 for
i=0,...A— 1. This is case iii). In this case F5(z) is a polynomial of degree i.

Note that if we fix our choice of o then a is one root of the above equation if
and only if &’ = A+ 1 —a is a root of the equation with the other choice of a. Thus
the conditions for an integer root can be paired to give the expression (5.24).

In case iv) then the system has an integrating factor. Theorem 5.10 allows to
conclude that the system is orbitally normalizable.

2. co0 = 0, dgz # 0. We scale dgy = 1. If 2a — dq; # 0 where a? — djja + dog = 0

we can scale 2a — dy; = —1. The system has the following Darboux factors:
Gl(xvy):x Kl(xay):]'
Ga(z,y) =€ Ka(z,y) ==

Gs(z,y) = (y+ ax)F1(z) + aFy(x)  Ks(z,y) = -A+a(a+1)+y (5.29)

Gi(z,y) = A=y —az)Fa(x) —aFy(z)  Ki(w,y) = (a+ 1z +y

where the function Fi(x) = 1 Fi(a,b; ) is the confluent hypergeometric function

1Fi(a;¢5) = Z (@)n ", (5.30)

nl(c)n

n=0

and Fy(r) = 1Fi(a—c+1;2—c¢;x) fora = —a(l1+)\), c = A+1 and 2a—dy; = —1.
The different cases are treated as above.

If 2a¢ — dy1 = 0, i.e dyg = id%l, then we can suppose dj; # 0 (otherwise the
system is obviously linearized) and we scale dj; = —2. The system has the same
Darboux factors G1(z) and Ga(z) as in (5.29). An additional Darboux factor Gs
with cofactor K3 is given by

Gy(x) = (y — ) F(z) +aF'(x)  Ks(z,y)=-A—z+y (5.31)
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where F(z) = 32 % is analytic. We have a relation div = 2G5+ (1+)\)G1,

which yields that the system is integrable if A ¢ N and normalizable otherwise.

3. dgo = 0. In that case we have the two invariant lines with respective cofactors:

Fi(z) == Ki(z) =1+ coox
FQ(.T) =1+ Co0T KQ(IL‘) = Co0T (532)
div=1—- X+ (2020 + dll)ilf

which yield an integrating factor. Using the integrating factor we can even find
generically a third invariant algebraic curve as A is a positive integer. Indeed the
system is reduced to the linear equation

d A A d d
W _ _,+M 4 20T (5.33)
dx x 14 coox 14 coox
For co9 # 0 (allowing to scale cog = 1) the system has the general solution
y=a N1+ x)*N(h(z) + C), (5.34)
where
W (z) = doox (1 + z) 717 A0, (5.35)

Hence generically h(z) = P(x)(1+z)~*~%1, where P(z) is the following polynomial
of degree A + 1:

(Y , .
P(z) = —dyo » m(—wa + z). (5.36)
=0

For C' = 0 this yields an invariant algebraic curve yz* — P(z) = 0, except when
A+ dy; = i for some ¢ in which case a term in log(z + 1) occurs in the function
P(x).

For ¢cog = 0 the linear system can be integrated as

y =z Y exp(dy1z)(h(z) + O), (5.37)

where h(z) = dyoP(z) exp(—di1x), with P(x) a polynomial of degree A+ 1, yielding
again for C' = 0 an invariant algebraic curve ya* — dgoP(z) = 0. O

6. NORMALIZABILITY OR LINEARIZABILITY VIA A BLOW-DOWN
BRINGING A SADDLE TO A NODE OR A SADDLE-NODE

This mechanism (see Theorem below) makes use of the result of Poincaré that a
system is linearizable by means of an analytic change of coordinates in a neighbor-
hood of a non-resonant node. In the case of a resonant node there is at most one
resonant monomial and the system is linearizable if and only if that monomial has
a zero coefficient. In all cases the system is normalizable.
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Theorem 6.1. A polynomial system

T=x+ Z ai;r'y’

2<i+j<n - (6.1)
y' = —)\y + Z bij.%‘ly]
2<itj<n
is linearizable if there exists r = % € QT such that the map
(X,Y) = (zy", ") (6.2)
transforms it into a polynomial system with a linearizable node at the origin.
Such an r exists if the following conditions (i)-(iv) are satisfied:
i) by =0 if
j<r@i—1)+1 or j#1 (modp). (6.3)
In particular y = 0 is invariant, yielding that the transformations are well-
defined.
ii) Fori=0,
ap; =0 if j#O0 (modp); (6.4)
fori >0,
aij+rbi—141=0 if (j<r(i—1) or j#O0(modp)). (6.5)
iii) We have
Ar—1>0. (6.6)
iv) One of the following two conditions is satisfied: either
AT
N 6.7
Ar—1 £ (6.7)
or \
r
N 6.8
Ar—1 < (6:8)

and the system is linearizable in the neighborhood of the node of the trans-
formed system under the change of coordinates (6.2).

When /\75\21 € N, and the condition i) is violated, i.e. the node of the transformed
system is not linearizable, then the origin of (6.1) is normalizable.
The system (6.1) has a node at (ﬁ,O) if b11 # 0. The node is linearizable if

and only if the node at the origin of the transformed system by (6.2) is linearizable.

Proof. The idea of the proof is to construct the linearizing change of coordinates
(z1,11) = (x+o(z,y),y+o(z,y)) of (6.1) from the linearizing change of coordinate
of the node of the system in (X,Y)-coordinates. Indeed we transform (6.1) by
the change of coordinates (6.2). Conditions i) and ii) ensure that the transformed
system is polynomial. Condition iii) ensures that the origin is sent to a node
and condition iv) ensures that this node is linearizable by an analytic change of
coordinates (Poincaré theorem)

(X1,Y1) = (X +0o(X,Y),AX + Y + o(X,Y)) =

= (y"(z + o(z,y),y" (1 + O(z,y)). (6.9)
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Indeed the expression in z and y in (6.9) is well-defined since, in the system in X
and Y, only monomials X'Y™ exist where [ +m =1 mod ¢q. Then it is clear
that this property is also true for X; and Y; from which the second part of (6.9) is
well-defined. The original system is linearized by means of a transformation

X r
(21,91) = <71,Y11/ ) . (6.10)
1

When /\i‘il = n € N and the node is not linearizable, i.e there is a resonant

monomial XJ', then n =1 mod ¢, which implies that (n — 1)r € N. We can find
(X1,Y7) as in (6.9) bringing the system to the form:

X=X
. (6.11)
Y1 =nY1 + aX7{,
with a # 0, yielding that (6.1) is transformed by means of (6.10) into
1 =(1—n)xy — ax?+1y£n_1)r
(6.12)

. .n a 1)1
g = —yy + -~y
T T

This is the normal form of the system provided (n — 1)r € N.

For the last part of the proof we first remark that y = 0 is an invariant curve of
(6.1) and that (6.1) is invariant under y — wy with w? = 1. The node at (ﬁ, 0)
has an analytic invariant curve of the form z = % + f(y?), which corresponds to
a curve X = ﬁY + Y f(Y7), ie. an invariant curve through the origin in (6.13).
Both are analytic exactly when the function f is analytic. [

The previous theorem can be generalized to the case where the blow-down of the
system has a saddle-node at the origin. In particular it provides a useful criterion
to prove that a saddle point is not normalizable.

Theorem 6.2. We consider a system (6.1) satisfying (6.3)-(6.5) with A = 1 = 1e
Q. The transformation (X,Y) = (xy”,y") brings it to a system of the form
X =0(X,Y), Y =-Y+bX+o0(X,Y). (6.13)

Then the origin of (6.1) is orbitally normalizable (linearizable) if and only if the
origin of (6.13) is orbitally normalizable (linearizable). Moreover the system (6.1)
has a semi-hyperbolic point at (%,0) (exactly one zero eigenvalue). This point
has an analytic center manifold if and only if the origin of (6.13) has an analytic
center manifold. In particular if the origin of (6.13) does not have an analytic
center manifold, then the origin of (6.1) is not orbitally normalizable.

Proof. The proof runs much like Theorem 6.1 with some extra checking.

1. In (6.13) we have b = rby ;. Conditions (6.3)-(6.5) yield that the system (6.1)
has y = 0 as an invariant line, and a semi-hyperbolic point at (1/b,0). (This point
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is at infinity when b = 0.) Furthermore, the system (6.1) is invariant under the
substitution y — wy where w? = 1.

2. Consider now the transformed system (6.13). For each monomial in this system
XY™ we must have m +n = 1 mod ¢ . Thus the system is invariant under the
transformation (X,Y) — (nX,nY’) where n? = 1. Hence, if Y —g(X) = 0 is a formal
expansion for the center manifold, then g(X) = X f(X9). Similarly, if X —h(Y) =0
is the expression for the stable manifold, then A(Y) = Y/(Y9). We must have
f(0) = b and £(0) = 0 from consideration of equation (6.13). Also the cofactors of
these two expressions must have monomials XY™ with m + n = 0 mod q.

3. Suppose that (6.13) is orbitally normalizable, with resonant monomials X K+l
and Y X* | then we must have k' = kq for some k. Thus (6.13) has a (reciprocal)
integrating factor

¥ + X F(XD)[X — YUYt esy), (6.14)
for some analytic function ¢. The equation satisfied by ¢ is of the form
¢ =H(X,Y), (6.15)

where H is a linear combination of the divergence of (6.13) and the cofactors above.
Hence, the terms of ¢ must be of the form X™Y" with m + n = 0 mod ¢g. Thus
?(X,Y) = ¢(x,y) for some analytic function ¢.

4. Then, if (6.13) is orbitally normalizable we have (using Lemma 5.8) the following
integrating factor for (6.1):

36(()? ?ljf)) YL+ af (29y?)]y* e — (y?) P et (6.16)

which simplifies to

1 ~

(L f (@) ]y - L(yP) et ), (6.17)
,

Thus (6.1) is orbitally normalizable [with resonant monomials zu* and yu* where
u = ziyP].

5. Conversely, let us assume that (6.1) is orbitally normalizable, and that the

invariant separatrix tangent to the y axis is  — ¢(y?) = 0, with £(0) = 0. It follows
that there is an integrating factor of the form

YL g(yp)]kqﬂea?(x,y), (6.18)

for some analytic function ¢. Let S (resp. S’) be the vector space generated by all
monomials x'y’ with j = 0 mod p and j > r(i — 1) (resp. j = 0 mod p and j > 7i).
It is clear from the conditions of §1 that the cofactor of y has all monomials in
S and also the divergence of (6.1). Furthermore, it is clear that the cofactor of
y"(x —£(yP)) also has all monomials in S (this follows, because this expression is of
the form X — Y/(Y?) which defines an invariant curve of (6.13) and therefore has
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a cofactor whose monomials XY™ have m + n = 0 mod q. Whence, (z — £(y?))
has its cofactor in S also. Finally ¢(z,y) must satisfy the equation

6= H(z,y), (6.19)

where H has only monomials in S. Let us show that gz~5 has only monomials in S’.

The first case is when the system (6.1) has only monomials zu (resp. yu) where
u = z'yJ with j > ri. Then y,  — £(yP) have cofactors with monomials in S’ and
div € S, yielding that H is in S’. Let us suppose that ¢ has a monomial not in

S’ and let v = 27" with j' < ri’ be such a monomial of least degree. Then ¢
contains the monomial v whose coefficient has been multiplied by (i — j'/r) # 0,
yielding a contradiction.

Otherwise the function ¢ can be decomposed as ¢ = ¢1 + ¢o where ¢ (resp. QEQ)

is composed with monomials in " (resp. not in S’). We want to show that ¢, has
only monomials in S, while ¢ is identically zero.

Let u = 2%y’ a monomial in " and @ = u,d + u,y. We have xu,, yu, € S’ and
%,% € S yielding @ € S.

Suppose now v = z'y/ be a monomial of lower degree in $2 and let v = xi'yj " be
a monomial of lower degree in & such that 2 € S\ .S’ is a nonzero monomial of least
degree of (6.1) in &. (If there are several monomials of same least degree we choose
the ones with minimal ¢ and ¢’.) Then yv appears with a nonzero coefficient b/ j/ 41

in §. We have @& = uzi + u,y. In ¢, appears the monomial w = z'+"yi 5" ¢ §
with coefficient b; ;i1 (—ir + j) # 0 yielding a contradiction. Hence ¢ has all its
monomials in S’.

6. Thus, if (6.1) is orbitally normalizable we must have an integrating factor

IX,Y b(x
a((x y)) yFPt [y — g(yp)]kq+le¢( ) (6.20)
which simplifies to .
[zy" — yrg(yp)]kq+1yr€¢(z,y)‘ (6.21)

The final step is to note that y’“e‘z’ is analytic in X and Y since ¢ is in S. The
reciprocal integrating factor must therefore be of the form

(X —Y(Y)MTIB(X,Y), (6.22)

where B(X,Y) is analytic in X and Y and must therefore represent (via B = 0)
the center manifold of (6.13).

The last part of the proof follows by remarking that the center manifold of (%, 0)

for (6.1) has the form z = § + f(y?), i.e. corresponds to a curve X = ;Y +V f(Y'9),

i.e. precisely to the center manifold of the origin in (6.13). Both are analytic exactly
when the function f is analytic. O

Corollary 6.3. Similar criteria as in Theorem 6.1 and Theorem 6.2 obviously exist
if we interchange the roles of x and y by means of (5.5) which transforms (6.1) in

a system of the same form. The new coefficients A;; and B;; satisfy A;j = bg\i,
Bij = %

As an example we treat the following family:
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Proposition 6.4. The system

2
i=x— 2%+ > (6.23)
y=-Ay+ay

with ¢ € N
i) is linearizable when X\ ¢ Q and X\ > %;
ii) is normalizable but not integrable when \ = qujgl for k € N;
iii) s linearizable when A € Q, A > £ and Vk € N, X # k%;gl;
) is not orbitally normalizable for A = ;

1v

Proof. We use the change of coordinates (X,Y) = (zy?/%,y%/?) which transforms
(6.23) into

. 2\
X=(01-=)X +Yy'te
q
(6.24)
2 2\
Y=-X-—Y.
q q
The origin is a node for A > 4 and a semi-hyperbolic point if A = %. For A > 1
the system is then linearizable as soon as the node is not resonant i.e. 3 fi Z is an

integer or the resonant monomial has a vanishing coefficient. In the latter case let

n = %. Since the system (6.24) is symmetric under (X,Y) — (nZ,nY) with

n? = 1 the resonant monomial is zero unless n = kq + 1 for some k£ € N, which

implies A = kg—;:l. Hence, unless A = kqggl for some k € N the normal form for the

node is linear and the normalizing change of coordinates is analytic.
kq+1

Let us now consider the case where \ = and check that the normal form
for the resonant node is not linear. Indeed, if the node is linearizable then it has
an analytic invariant curve of the form

o
Y =) aX" (6.25)
=1

The a; are found inductively by

ap = 2
! 26)
(i0)2 ~ i +1) aigrr = % CREE
q) — W Qig+l = 2 iy 4 tigyo=ig+1\lL Qig+1Qiy « - Qig oy

(ap =0 1in (6.25)). When A = k%—:l this yields
(E(kq +1) — (ig + 1)) Qigr1 = Z (i1 + D)ai, 4104, .. i, (6.27)
i1+ +igro=tq+1

The a;q4+1 have alternating signs yielding a fixed sign for all terms in the right hand
side of (6.26), which hence does not vanish. So (6.27) has no solution for i = k.
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In the case A = % the origin of (6.24) is a semi-hyperbolic point. We show that
it has no analytic center manifold. Indeed such a manifold would be of the form
(6.25). The conditions (6.26) yield in that case

—Qig+1 = Z (21 + 1)ai1+1ai2 co e Qg g (628)
i1+ g g2 =igt1
which yields divergence of the series because of the factor i; + 1 and as all terms
in the right hand side of (6.28) have a fixed sign. O

Question. What happens with system (6.23) for the other values of \? Could it
happen that the system is not linearizable (resp. integrable) as soon as A\ < 4,
except maybe for a few values (indeed when q = 1 the system is integrable but not

linearizable for A = % and not integrable for A = %)9

7. LINEARIZABLE QUADRATIC SYSTEMS

This section is more technical. It contains the “experimental” material that led
to the questions studied in the paper. Initially, the idea was to classify quadratic
systems with integrable saddles with A\ = 2. However many of the strata extend
to continuous values of A. These are given in Theorem 7.2. It also shows that
the techniques developed here seem to be the right tools to use when we examine
polynomial (rather than analytic) systems. In [Z], Zotadek gives a list of strata of
integrable quadratic systems for rational values of A. We have enlarged this list
and have also studied the irrational values of A\. Although the process for finding
integrable systems looks to be discontinuous—depending on whether A is rational,
or diophantian irrational, or Liouvillian—we were surprised by what seemed to be
a “continuous” skeleton of integrable (resp. linearizable) systems in the complete
7-parameter space of

. 2 2
T =+ Co0x” + C117Y + Co2Y

) (7.1)
U =~y + daoz® + di1zy + doay®

Zotadek only gives the first integrals from which the Darboux factors could be
recovered. We present all the Darboux factors so we are in the position of applying
the theorems of Sections 5 and 6.

In [FSZ] we find the complete list of the 20 integrability conditions of (7.1) when
A = 2. We determine precisely which of these systems are linearizable. Whenever
we can we generalize the results to families with arbitrary values of A € R+, but
this is in no sense meant to be an exhaustive list of possibilities.

Theorem 7.1. A system

&=z + ca02® + cr17y + coay?

U = —2y + doox® + d117y + do2y®
is linearizable if and only if one of the conditions I-VIII, X-XII listed below in

Theorem 7.2 is satisfied for the special case X = 2, or if one of the two additional
conditions XIII, XIV is satisfied.

XIIL 0 + 2d11 = 2¢11dao — daodoz + 2d3, = 2c11d11 + co2d2o = 0;
XIV. 4egp — 19d11 = 11 — dog = 4eridag + 35d3, = 16¢92d3, + 125d3, .

(7.2)
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Theorem 7.2. A system (7.1) is linearizable if one of the conditions I-XI listed
below is satisfied.
I. dog = d11 =0 for A # 1/n for alln € N. When A\ = 1/n the stratum is
smaller and splits into the two parts cog = dog = d11 = 0 and IX.
II. dn = Co2 — )\011 — ()\ — 1)d02 =0.
III. dqiq + ()\ — 1)020 =11 = dgg = 0.
IV. ¢11 = co2 = 0 for A ¢ N. For X\ € N the stratum is smaller and splits into
two parts, namely c11 = coz = doo and VIII.
V. 20 — di1 = c11 — do2 = co2 = dag = 0.
VI. Coo — 2d11 =C11 = d20 = d02 =0.
VIL. ¢o9 + %dn = c11 = dog = dpo :Ofor’q eN Zf)\ > % and \ 7’5 % fO?” all
n e N\ {1}.
VIIL e11 = coz = [dur + (k — 1)eao)[dis + (A — K)eso] + =R 4o idy = 0, for
11 02 11 20]1%11 0 EOF1—k) 040 ’
AeNandk=1,...[(A+1)/2] (Solutions of the last equation come in pairs
(k,AN+1—k)).
IX. diy = dao = [c11 + (k — 1)doa][c11 + (5 — k)do2] + (5 + 1 —2k)*(k(5 + 1 —
k) leaocor =0, for + € Nand k=1,...[(1/A+1)/2].
X. 2(2 + )\)dog - (3 + 4)\)611 = 2(1 + 2)\)620 - (4 + 3)\)(111 == 4(1 + 2)\)2d20d02 -
A2+ X)(3+4N)d2; = A3+ 4N\)2dy1co2 — 2(1 + 20)%d2, = (2 + N)di1dos —
2(3 + 4/\)602d20 =0.
XI. ¢cg2 = o9 — (2)\ — 1)d11 = A\c11 — (2)\ — 1)d02 = doodgo + )\()\ — 1)d%1 =0.
XII. 2)\020 - (3 + 2)\)d11 == (2 + 3)\)611 — 2d02 = ()\ + 2)d%1 + 2)\2011(120 =
8N\3coad3g + (14 2X)(2 + \)2d3, = 0.

Proof of Theorems 7.1 and 7.2. The necessity of the conditions for A = 2 has been
proved in two different independent ways: the first one has been to annihilate the
coefficients of the normal form which have been computed on Reduce. The second
one has been to consider the 20 strata of integrable points given in [FSZ] and to
list the systems for which the first four coefficients of the normal form (calculated
in Maple) vanish.

We prove the sufficiency of the conditions by proving that all the systems ap-
pearing in cases I-XIV are indeed linearizable. Whenever we can, we make the
proof directly for a general A, the case A = 2 being a particular case.

We only consider the generic cases. The non-generic cases are computable in
a similar way from Darboux factors coming from coalescence of algebraic curves
and algebraic curves coalescing with the line at infinity [C]. Most calculations were
performed by Reduce or Maple, and we do not include them, as they would add
very little (apart from bulk) to the exposition.

I. This case is the dual of Proposition 5.12 under (5.5).

II. The system can be brought to
i = + c02” + (A — 1)hay

7.3
:Z) = —)\y + d20$2 + Ahy2, ( )
with h € C. It has the following three invariant lines:
Fi(z,y) ==z Ki(z,y) =14 coor + (A —1)hy
Fys(z,y) =1+ Aszx — hy Ka3(w,y) = A237 + Ahy (7.4)

div =1— X+ 2cy0x + (3A — 1)hy
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where As 3 are the two roots of A? — Acgg + hdag = 0. This allows to
construct an integrating factor, yielding integrability by Theorem 5.10 and
linearizability by Theorem 5.3.

This case is dual of II.
This case is treated in Proposition 5.12.

The system can be brought to the form

& =x(1 4 coor + c11Y)
Y = y(=Ax + co0T + c11Y.

This system has the invariant lines with respective cofactors:

Fi(z,y) ==z Ki(z,y) = 14 caor + c11y
Fy(z,y) =y Ky(z,y) = =X+ co0r + c11y (7.6)
F3(z,y) = 14 co0r — Gy K3(z,y) = caor + c11y

from which we can construct a linearizing change of coordinates.

The system

&=z + 2d1122% + cooy?
. 11 02Y (7.7)
Y= -y +dizy

is Darboux integrable with the following invariant algebraic curves and re-
spective cofactors:

Fi(z,y) = (14+ 2Nz + cooy® Ki(z,y) =1+ 2dnx
Fy(z,y) =y Ko(z,y) = —A+dnz (7.8)
Fiy(z,y) = 14 2dpz+ 92My2  Ks(z,y) = 2dy;2.
This system has been treated in Proposition 6.4.

This system has been treated in Proposition 5.12.

This system is dual of VIII.

. The system can be brought to the form

d=24+ BA+4)2% — 202 + Moy + A1+ 2)0)y?
U= y— (24+ Nz +2(1+2\)ay — A3 +4)\)y?

and has the invariant algebraic curves with respective cofactors:

Fi(z,y) =2+ Az +y)>=0 Ki(z,y) =14+4(1+ Nz —4X1+ Ny

Bz, y)=y+(x+y)?=0 Ky(z,y) = —=A+4(1+ Nz —4A(1+ Ny

Fs(z,y)=142A+1)(z+y)=0 Ks(z,y) =2(A+ 1)(z — A\y).

(7.10)
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XI. We only consider the generic case cygc1; # 0 allowing to scale the system

to

t=x+ 2\ — Dz — 2\ - Dz
( ) 2( )Z (7.11)
y=- y+ (A= 1a" +zy — \y°.

The system has two invariant curves yielding an integrating factor. Also the
first separatrix can be linearized, yielding that the system is linearizable:

Fi(z,y) =2 Ki(z,y) =14+ 2A = 1)(z —y)
Fa(x,y) =142 z + 2y + (x — y)? Ky(x,y) =2\(x —y) (7.12)
div=1—-XA+ 4N —1)(z —y).

When A = 2 there is a cubic invariant. In general we have a DSC first
integral.

XII. The system in the generic case c11d11 # 0 can be brought to the form

T=x+

x°+x

342X\ , 1+2) ,
y— y

2
(7.13)
A+2 2+ 3A
y=—Ay — i 2 + Ary + + v
It has the following invariant curves yielding a linearization:
1 2
Fi(,y) = 2 = 5(2 +1)
Ki(z,y) =1+ A+ 1)(z +v)
1
F — - 2
Ka(z,y) = =2+ (A +1)(z +v)
1
Fy(w,y) = A+ A1+ Nz — (1+ Ny — 5 (1+2)* (@ + )
Ks(z,y) = (1+ M) (z +y).
XIII. The system can be brought to the form:
F=x— 22+ c112Y — 2011y2
(7.15)

y=—-2y+a2°+azy+ (2c11 +2)y°
and has the following invariant algebraic curves with respective cofactors:

Fi(z,y) = —4y + (z +2y)* = 0 Ky (z,y) = =2+ 2(cin +2)y
Fos(z,y) =14+ Agzr — (Aa3+2+ci)y=0 Kos(x,y) = Aszz +2(A2 3 +2+c11)y

div=—1—3x + (5c11 +4)y,

(7.16)

where Aj 3 are the two roots of A% + 34+ ¢11 +2 = 0. From the invariant

curves one can find an integrating factor yielding a first integral, and also

a linearization of the y-separatrix. The integral is of the DHE (Darboux-
hyperelliptic) type and can be found in [FSZ].
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XIV. The system can be brought to the form

i =x — 1922 — ldzy + 5>
(7.17)

§ = —2y + 102% — dxy — 14>

and has the following invariant algebraic curves with respective cofactors:

Fi(z,y) =z + (x+y)?=0 Ki(z,y) =1—18(z +y)
Fy(x,y) = 2y — 52 — 64xy + 22y Ky(z,y) = —2 — 36(z + y) (7.18)
+18(7z — 2y)(z + y)* +81(z +y)* =0 '

F3(z,y)=1—-24z+12y =0 Ks(z,y) = —24(z + v)

from which a Darboux linearization can be found. O

For the sake of completeness we also consider the case A = 0 (next theorem)
and what is the type of points appearing at the limits of the strata of Theorem 7.2
when A — 0 (Theorem 7.4 below) .

Theorem 7.3. For A =0 the system (5.1) is integrable (i.e. has an analytic first
integral) if and only if one of the two following conditions is satisfied

(A) dog = di1 = do2 = 0;

(B) Co2 — d02 =0.
It is linearizable if and only if one of the two following conditions is satisfied:

(C) o0 = c11 = doo = d11 = dp2 = 0.

(D) C11 — Co2 — d02 =0.

Proof. For the system to be integrable it is necessary that it has a curve of singular
points which is either the line x = 0 (case (B)) or a conic (case (A)). In the first
case we divide the system by x. The flow-box theorem allows to find a local first
integral. In the second case y is simply a first integral.

For linearizability the necessity comes from a direct calculation of the conditions
for the existence of a linearizing change of coordinates. We now study the sufficiency
Case (C): The linearizing change of coordinates is simply given by (X,Y) =
(z + co29”,y)-

Case (D): We consider the case cog # 0 and we scale cgg = 1. We first make the
change X = z(1 + x) which linearizes the first equation yielding a system:

X=X
X2 Xy (7.19)
) =dog——5 +d11—=
Y 20(1—X)2+ Ny
We look for a change of coordinates: Y = h(X) + yk(X), with k£(0) = 1 and
h(0) = 0. Then Y = 0 is guaranteed as soon as k'(X) + dn@ =0, ie k(X)=

X
Xk(X . _
(1—X)%1 and h/(X)—l—dgoi(l_(X))2 =0,i.e h(z)= _du(((iii?—l) —i—dldfﬂl(l—X)d“ T
d20 (1 — X)%1, The cases ¢o9 = 0 is done similarly. [
di1

We explore what kind of points appear in the closure of the strata when A — 0.
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Theorem 7.4. The closure for A = 0 of the strata appearing in Theorem 7.2
consists of normalizable or integrable systems except for the strata I, 11l and IX
which contain systems for which the normalizing transformation is divergent and
for strata VII and VIII which are far from A = 0.

Proof.
I

II

11T

v

VI

X

For dps = 0 the system is integrable by Theorem 7.3. If dgo # 0 then
generically we can consider a system of the form

. 2 2
T=x—x° +c112Y + Cco2y

. (7.20)
y=y
We show that the system is not normalizable for ¢;; < 2 and ¢gz < 0. Indeed
it suffices to show that the system has no analytic center manifold. A center
manifold has the form x = f(y) = Zf:z apy® + o(y*), with ag = —coa > 0

and
i—1

Ai4+1 = (’L — cll)ai + Z AjQiqy1—j- (721)
j=2

The series Y a;y’ is clearly divergent.

The case A = 0 corresponds to the stratum (B) of Theorem 7.3. ie. to
integrable systems.

In the limit we get d11 —co9 = ¢11 = dog. In the particular case d1; = ¢ = 0
we can show as in case I that the center manifold of

&=z + coay?
' S (7.22)
Y = do2y

is non analytic if cgodgs # 0 yielding the divergence of the normalizing series
in these cases.
The system generically has the form

i =x— 2’

7.23
y = daoz® + di17y + do2y? (7.23)

The first three Darboux factors appearing in (5.23) are still valid for A =0
yielding normalizability by Corollary 5.11. The non generic cases are done
similarly.

The two invariant lines x = 0 and y = 0 give an integrating factor and
normalizability by Corollary 5.11.

The invariant curves Fi(z,y) = 0 and y = 0, with F} given in (7.6) yield
normalizability by Corollary 5.11. The closure of VI is a component of that
of X.

Limit points are of two kinds: either dog = d11 = dogo = 0 which is stratum
(A) of Theorem 7.3 or dll = d20 = k‘[CH + (k‘ - 1)d02]d02 + C20Co2 = 0 with
k € N. Asin case I we can show that the center manifold can be non analytic
if we take copo = —1, dp2 = 1 and take ¢11 < 2 so that cog = k(k—1+¢11) < 0.
splits in two cases: X; and X,. X; corresponds to cj1 = cgo = dpg =
co0 — 2d11 = 0 which is a subcase of IV. Xy corresponds to ¢11 = dyg =
doa = co0 — 2d11 which is the same as VL
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XI The systems are contained in stratum (B) of Theorem 7.3 and are integrable.
XII After scaling of x and y the stratum XII in Theorem 7.2 is zero dimen-

sional. The closure of the stratum is found by putting A = 0 in (7.13). The
two curves Fi(z,y) = 0 and Fy(z,y) = 0 in (7.14) still exist and give an
integrating factor yielding normalizability by Corollary 5.11. [J

Remark 7.5. All limit points are at least half-normalizable (the cochain not gov-
erning the analycity of the center manifold vanishes) as soon as the saddle-node is
approached by integrable saddles for A\ = % A general theory explaining this kind
of phenomena will be developed in a further work. We discuss briefly without expla-
nation the three cases to appear here, namely the substratum cop = dog = d17 =0
of I, IIT and IX.

i)

ii)

Substratum coq = dog = d11 = 0 of I: we scale dgs = 1. In that case the
system is reduced to a linear equation of Euler type:

dx
de—y = z(1+ c11y) + co2y”. (7.24)
As the equation can be explicitly integrated this yields us a first integral of
the form

1 Y 1
H(z,y) =xzy “ev — 002/ ec( M dc. (7.25)
0

The non analytic center manifold is given by
1 Y 1
x—yte v / e<(~d¢ = 0. (7.26)
0

which is Borel-summable in y except in the direction R*. However the first
integral has no pathology in the direction R™. We say that the system is
half-normalizable. We do not go further in that direction. In a forthcoming
paper we will explain how this half-normalizability is forced by the fact that
the saddle-node is approached by integrable saddles when A = %

Let us show however that the limit points of III are half-normalizable at
least in the generic case dgz # 0. Scaling dps = 1 we work with a system

Tr=x+ (320%2 + C()gy2
. , (7.27)
Y = c02y + Y.

As for the limit of the substratum of I we can find an inverse integrating
factor. A first integral can be deduced whose only direction of non Borel-
summability is RT, yielding half-normalizability. The integrating factor is
constructed from the following factors (one of them is not analytic so we do
not use the term generalized Darboux factor)

Fi(z,y) =y Ki(z,y) = ca0r +y
Fy(z,y) = 14 co0x — ca0C02y Ks(z,y) = caox - 93
F3(z,y) = exp <—1+CTWC) K3(x,y) =1+ caox — c20C02y (7.28)

div=1+ 36201‘ + 2y
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From div = (2 + capco2) K1 — c20c02 K2 + K3 we deduce that

(7.29)

y2+020002 F{CQOCOQ exp (_ 1 + 020‘7;)

Y

is an inverse integrating factor.

iii) We show as before that the systems of IX are half-normalizable. Indeed
only the generic case dps # 0 needs to be considered. We first treat cos # 0
and scale cps = —1. Scaling dgo = 1 we consider a system with cyp =
k(ci1 +k —1), i.e. of the form

&=z +k(ci1 +k—1)2% + cizy — y?

o, (7.30)

y=y.
The system has the following factors:

Fi(z,y) =y Ki(z,y) =y
Pyzy)=ev Ka(z,y) =1 (7.31)
Fa(z,y) =Y oby’ + o) _gibiy™"  Ks(x,y) =k(cn+k—1)x
div=1+2k(c11 +k— 1Dz + (2+ c11)y,

where by = 1,

Hence div = (2 + ¢11) K1 + K3 + 2K3. We conclude as in cases I and III.
When cp2 = 0 we have ¢;7 = —k + 1 (with dgs = 1). As before F; and Fy
are Darboux factors. We have the additional one

F4($,y):x K1($,y):1+620$+(1_k)y (733)
div =1+ 2co0x + (3 —k)y :
yielding the first integral
1 Y 1
H(z,y) = e vy' "o~ + e / e" ¢ RdC (7.34)
0

The system is normalizable since the integral part is a rational function in
y for k € N'\ {0}.

8. LOTKA-VOLTERRA SYSTEMS

The Lotka-Volterra subfamily is a rich subfamily of the quadratic systems, which
may exhibit the same kind of pattern for the global organization of normalizable,
integrable and linearizable systems. Indeed the examples of quadratic systems
constructed in Section 2 were Lotka-Volterra systems. Computer calculations for
small values of p+ ¢ show an interesting pattern of linearizability and integrability.
As a first step in investigating this pattern further we include the following results.
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Theorem 8.1. For A\ € N\ {1} the Lotka-Volterra system

& = z(1 + coor + c11Y)

. 8.1
Yy :y(—)\+d11$+d02y) ( )

has a linearizable saddle at the origin if and only of one of the following conditions
is satisfied:

B

(An) meog + di1 = 0, m=0,...,\—2;
(B) c11 = do2 = 0;

(©) c20 — d11 = c11 — dp2 = 0;

(D) c11 = (A —1)co0 +di1 = 0.

(8.2)

>

Proof. The proof uses the necessary and sufficient conditions for integrability of
(8.1) appearing in [FSZ]. These are the following (we use the same letter as in
(8.2)) when the condition is identical:

(Anm) mcao + d11 = 0, m=0,...,A—2;

(E) )\620611 — ()\ — 1)620d02 — d11d02 = 0 (83)
From Theorem 7.2 we know that elements of strata (Ag), (B), (C) and (D) are
linearizable: indeed stratum (Ap) is included in case I, stratum (B) is included in
case IV, stratum (D) in case III and stratum (C') coincides with case V.

The rest of the proof consists in two parts: showing that elements of (A,,)
for m > 0 are linearizable and showing that elements of stratum (E) which do
not belong to strata (Ag) to (D) are not linearizable. The first part is shown in
Proposition 8.2 below.

For the second part we look for a linearization of the §y equation as a series

Y =3 falo)y, H(0)=1, (8.4)

and we find an obstruction.

We now consider a system in stratum (£) and we must show that any linearizable
system in this stratum is an element of (4,,) or (C) or (D). (Note that condition
(E) is equivalent to the existence of a third invariant line allowing, together with
the coordinate axes, the construction of a Darboux first integral). We first consider
the case copdge = 0 # 0. Scaling them both to 1 yields the system

i =x(1+2x+c11y)

8.5
y=y(= A+ (Ae11 — A+ 1Dz +y). (85)
If ¢11 = 0 we are in case (D). Hence we consider ¢1; # 0. Looking for a linearization
Y =351 fa(@)y™, f1(0) =1, of the second equation, yields the following system
of differential equations:

z(1+z)fr(2)+ (—(n—DA+n(Acn —A+ 1)) fu(z) +enzfy, () +(n—1) fr—1(2).
(8.6)
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Then fi(x) = (1 +z) 21T A1 and fo(x) = 2 (1 + x) 2 tA=2h, (2) with
hy(x) = 272711 + ) 1 7Py (1), (8.7)

with P; (z) not divisible by x+1 and of degree exactly 1 if ¢11(Aci1 —A+1) = (¢11 —
1)(=Ac11 +1) # 0. If Pi(x) has degree 1 (resp. 0) this equation is solvable without
logarithmic terms if and only if Ac;; — 1 = 7 is an integer satisfying 0 <7 < A —2
(resp. 0 <i <A —1). Hence di; =2 — XA +14 =m and we fall into one of the (4,,)
when ¢ < A—2 . If P;(x) has degree 0 we need only treat the missing case ¢17 = 1.
Then (8.7) is solvable without logarithmic terms and we are in case (C).

If co0 = 0 and dy1 # 0 (to exclude (A)) then dpz = 0. If dp2 = 0 and ¢11 # 0 (to
exclude (B)) then dyz = 0. So we only need to consider the case cyg = dg2 = 0, and
scale so that c;; = d;; = 1 which yields the system of differential equations for a
linearization:

o fp (@) + fu(@)(=(n = DA+ nx) + 2f,_4(z) = 0.

Hence fi(x) = e™® and fo(z) = 2*e 2P hy(x) with hh(z) = —z~ e®. Hence fo(x)
is not an analytic function, yielding the non-linearizability of the system. [

Proposition 8.2. Let m be a positive integer. The system

. di1 o
r=x— —x° +c1T
m 1y (8.8)

U = —\y + di1zy + dooy®

is linearizable as soon as A > m unless A = J”;—H for j an integer, in which case
the system is normalizable and an additional condition is required for linearizability.
The system is generically not orbitally normalizable for A = m.

Proof. This system is of the form studied in Theorem 6.1. Under the change of
variables (X,Y) = (zy/™,y*/™) the system becomes:

X = <1— i)XJr <cn+@> xXym
m m
A diy

Y =2V + X +dpY™.
m m

(8.9)

The origin is a node as soon as A > m. The node is in 1 : n resonance when
A = . However the system has a special form: linear plus homogeneous of
degree m + 1. Hence all terms in the normal form are of degree jm + 1 for j an
integer, yielding that all nodes are linearizable unless n = jm + 1 for j an integer,
ie. A=m+ %

When A\ = m, dp2 = 0 and ¢11d;; # 0 the origin in (8.9) has a non analytic center
manifold. Scaling ¢;; = —1 and dy1; = m it has divergent expansion Y = Z:; a; X*

with
ap = 1
{ (8.10)

a; = Zi1+.--im+1=i 1G4, - .- aierl.
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