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ABSTRACT. In this paper, we give a complete system of analytic invariants
for the unfoldings of nonresonant linear differential systems with an irregular
singularity of Poincaré rank 1 at the origin over a fixed neighborhood D,. It
consists of a formal part, given by polynomials, and an analytic part, given by
an equivalence class of unfolded Stokes matrices. The unfolding parameter e
is taken in a sector S pointed at the origin of opening larger than 27 in the
complex plane, thus covering a whole neighborhood of the origin. For each
parameter value € € S, we cover D, with two sectors and, over each sector,
we construct a well chosen basis of solutions of the unfolded linear differen-
tial systems. This basis is used to find the unfolded Stokes matrices, which
are analytic invariants linked to the monodromy of the chosen basis around
the singular points. The unfolded Stokes matrices give a complete geomet-
ric interpretation to the well-known Stokes matrices at € = 0: this includes
the link (existing at least for the generic cases) between the divergence of the
solutions at € = 0 and the presence of logarithmic terms in the solutions for
resonant values of the unfolding parameter. Finally, we give a realization the-
orem for a given complete system of analytic invariants satisfying a necessary
and sufficient condition, thus identifying the set of modules.

1. INTRODUCTION

In this paper, we are interested in the unfolding of linear differential systems

written as

A(x

(1) v =29,

with A(x) a matrix of germs of analytic functions at the origin such that A(0)
has distinct eigenvalues (nonresonant case), € (C,0), y € C*, and k is a strictly
positive integer called the Poincaré rank. We investigate the case of Poincaré rank
k = 1, but a prenormal form, from which formal invariants can be calculated, is
obtained in the general case k € N* (Section 3).

Most of the time, the solutions of the differential systems (1) at the irregular
singular point x = 0 are divergent and the Stokes phenomenon is observed. To
understand this phenomenon, the irregular singular point can be split into regular
singular points by a deformation depending on a parameter e. A. Glutsyuk [3]
showed that the Stokes multipliers related to the system (1) can be obtained from
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the limits of transition operators of a perturbed system. In the generic deformations
of the system (1) he considered, the parameter € is taken in sectors that do not cover
a whole neighborhood of € = 0. In particular, he restricts his study to parameter
values for which the bases of solutions of the perturbed system around the regular
singular points never contain logarithmic terms. In our previous paper [6], we
studied the confluence of two regular singular points of the hypergeometric equation
into an irregular one. Our approach allowed us to cover a full neighborhood of the
origin in the parameter space, the occurrence of logarithmic terms being embedded
into a continuous phenomenon. Our description of the geometry however was not
uniform in the parameter space. In this paper, we use the same approach for the
unfolding of the systems (1): a whole neighborhood of € = 0 is covered, in a ramified
way.

One of the main questions of the field is the equivalence problem for systems
of the form (1): under which conditions does there exist an invertible matrix of
germs of analytic functions at the origin, T'(x), giving an equivalence between two
arbitrary systems of the form (1) with y; = T(x)y2? The complete system of
invariants for this equivalence relation contains formal invariants and an equivalence
class of Stokes matrices. Many people have worked on it, and a final statement can
be found in the paper of W. Balser, W.B. Jurkat and D.A. Lutz [1]. In this paper,
we give the analog of this complete system of invariants for 1-parameter families
of systems that unfold generically the systems (1), with & = 1. Over a fixed
neighborhood D, in z-space, the complete system of invariants for the unfolded
systems consists of formal and analytic invariants. Formal invariants are obtained
from the polynomial part of degree k of a prenormal form. The system composed
of this polynomial part is a formal normal form which we call the "model system".
When € tends to 0, it converges to the usual polynomial formal normal form. D),
is covered with two sectorial domains converging to sectors when ¢ — 0. These
sectorial domains are chosen so that, on their intersection, solutions of the model
have the same behavior when z tends to the singular points as solutions of the
formal normal form at e = 0. Analytic invariants are given by an equivalence class
of unfolded Stokes matrices, obtained from the monodromy of a well chosen basis
of solutions that is the unique basis having the same asymptotic behavior, over the
intersection of the sectorial domains and near the singular points, as the "diagonal"
basis of the model system. In dimension n = 2 and k = 1, the well chosen basis
corresponds to a "mixed basis" composed of two solutions that are eigenvectors of
the monodromy operator at the two different singular points.

Furthermore, we give a geometric interpretation to the Stokes matrices in the
unfolded systems: in particular, we link the Stokes matrices to the presence of log-
arithmic terms in the general solution of the unfolded system for resonant values of
the parameter. We also relate these analytic invariants to the monodromy of first
integrals of associated Riccati systems. Unfolded Stokes matrices depend analyti-
cally on € over a ramified sector around the origin and we show that there exists a
representative in their equivalence class which is %—summable in e.

Finally, we describe the moduli space. We give a necessary and sufficient condi-
tion for a given set of invariants to be realizable as the modulus of an equivalence
class of differential systems.
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2. THE STOKES PHENOMENON AND INVARIANTS, € = 0

We consider the system (1) and we denote by Aj g, ..., Ano the distinct eigenvalues
of the matrix A(0) that we can assume diagonal after a constant linear change of
coordinates in the y variable. There exists a formal transformation H (z) such that

H(0) = I and such that y = H(x)z conjugates (1) with its formal normal form

, Ao+ Az 4+ Aga®

@) : et e,
with
(3) Ag =diag{Mi,q, s nq}, g=0,1,.. k.

Generally, elements of the matrix H (x) are not analytic around x = 0. But, there
exists a covering of a punctured neighborhood of the origin in x-space by 2k sectors
Qs such that on each of them there exists a unique invertible analytic transformation
H,(x) conjugating (1) with (2) and having the asymptotic series H(x) in Q. The
comparison of these transformations on the intersections of the sectors €2, leads to
the analytic invariants of the system (1). In this section, we recall these known
results (for instance [5]) in the case k = 1, since they will organize our study in the
unfolding.

Let us take the system (1) and its formal normal form (2) which are written in
the case k =1 as

) L))

2

, Ao+ Az
2=

2 ’

with the above assumptions on A(0). We permute the coordinates of y € C™ in
order to have

(6) R(A1,0) = R(A20) = ... = R(Ano)
and, if %()\q)(ﬂ = %(/\j)o),
(7) S(/\q_’o) < C\\Y()\jﬂo), q < ]

Then, we have arg(Ag,0 — Aj0) €] — §, §] for ¢ < j. We rotate slightly the z-plane
in the positive direction such that

(8) R(Ag,0 — Ajo) >0, ¢ <j.

From now on, the order of the coordinates of y and the z-coordinate (for € = 0)
are fixed. We are now ready to choose the covering sectors in z using the notion of
separation rays.

Definition 2.1. When k = 1, the separation rays corresponding to Ag o # Ajo € C
are the two rays such that

(9) R (M) = 0.

€T
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Definition 2.2. We define two open sectors {p and Qpy as

Qp={zeC:|z| <r, —(r+0) < arg(x) < d},

(10) Qu={zeC:|z| <r -6 <arg(z) <m+d},

with § > 0 chosen sufficiently small so that the closure of Qp (respectively Q)
does not contain any separation rays located in the upper (respectively lower) half
plane. Several restrictions on the radius of these sectors will be discussed later.
The sectors are illustrated in Figure 1 with their intersection Q;, N Qg.

FIGURE 1. Sectors 2p and Qy and their intersection Q7 U Qg.

By the sectorial normalization theorem of Y. Sibuya [10], if r is chosen sufficiently
small, there exists over each sector Qs (s = D,U) a unique invertible matrix of
analytic functions Hg(z), asymptotic at the origin in Qs to a power series H (x)
independent of s, such that y = Hg(x)z conjugates (4) with its formal normal form
(5).

The Stokes phenomenon appears when considering the intersection of the sectors
Qp and Qp. Let F(x) be the diagonal fundamental matrix solution of the formal
normal form (5) in the ramified domain {z € C: —(7 +0) < arg(x) < 7w+ §} given
by

(11) F(z) = aMe =t

Let Fs(z) be the restriction of F(x) to s, s = D,U. On each connected component
of the intersection Qp NNy (Figure 1), we have two bases of solutions of (4) given
by Hp(x)Fp(z) and Hy(z)Fy (x), with

{ Fp(x), on Qr,

12 F = .
(12) u(@) Fp(x)e?™h on Q.

Each element of one basis may be expressed as a linear combination of elements of
the other basis, giving the existence of matrices Cr and Cf, such that

FD(:E)OR(FD(:Z?))il, on QR,

(13) Hpe)™ Hy(a) = {FDmcL(FD(x))-% on €.

The matrices Cr and C, are unipotent, respectively upper and lower triangular,
and they are called the Stokes matrices. The Stokes phenomenon occurs when at
least one of these Stokes matrices is different from the identity matrix and it reflects
the divergence of the formal transformation H(z).
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As F(z)K is also a fundamental matrix of the normal system (5) for any non-
singular diagonal matrix K, two Stokes collections {Cgr,Cr} and {C%,CL} are
equivalent if and only if there exists a nonsingular diagonal matrix K such that

(14) Cl=KCK™, I[I=L,R

The equivalence classes of Stokes collections are analytic invariants for the clas-
sification of the systems (4). The next two theorems are now standard in the
literature.

Definition 2.3. Two systems are locally analytically equivalent if there exists an
invertible matrix of germs of analytic functions at the origin H(x) such that the
substitution y; = H(x)ys transforms the system y; = Ay (z)y; into y4 = Ax(z)ys.

Theorem 2.4. Two systems (4) with the same formal normal form (5) are locally
analytically equivalent if and only if their Stokes collections are equivalent in the

sense (14).

Related to a system (4), we thus have formal invariants, which are the coef-
ficients of the matrices Ag and A; in the formal normal form (5), and analytic
invariants, given by the equivalence class of the Stokes collections. The moduli
space corresponding to these invariants has been completely described:

Theorem 2.5. Any collection consisting of two unipotent matrices, an upper tri-
angular one and a lower triangular one, can be realized as the Stokes collection of
a nonresonant irreqular singularity with a preassigned formal normal form.

Where do these invariants come from? What do they mean? The answer appears
when unfolding.

3. THE PRENORMAL FORM, k € N*

In this section, we unfold the systems (1), with & € N*, and introduce a prenor-
mal form in which formal invariants can be calculated from a polynomial part. The
transformation from a system (1) to its prenormal form is analytic.

3.1. Generic unfolding. We consider an unfolding of a system (1) of the form

(15) fn,2)y" = A(n, x)y,

where 1 = (19, ...,7x—1) € C¥, f(n,x) are germs of analytic functions at the origin
such that £(0,z) = z¥*! and A(n,z) is a matrix of germs of analytic functions at
the origin satisfying A(0,z) = A(z). We will restrict ourselves to functions f(n,x)
such that the unfolding is generic. To define this term, we need the following
proposition.

Proposition 3.1. After a translation X = x 4 b(n), with b(n) a germ of analytic
map such that b(0) = 0, any linear differential system (15) may be written as

(16) ¢ (n, X)y' = A*(n, X)y,

with A*(n, X) a matriz of germs of analytic functions at the origin satisfying
A*(0,X) = A(0,z) and with ¢*(n, X) = X* + e (Xt + e a(n) X2+
eo(n), where €;(n) are germs of holomorphic functions at the origin such that

¢;(0)=0,5=0,1,....k—1.
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Proof. Given a particular f(n,z), there exist, from Weierstrass preparation the-
orem, a unique invertible germ of analytic functions at the origin u(n,z) and a
unique Weierstrass polynomial q(n, z) = 21 4+ ap(n)z* + ar_1(n)z*1... + ao(n)
such that f(n,z) = u(n, x)q(n, z), where a;(n) are germs of analytic functions at
the origin satisfying a;(0) = 0 for j =0, 1, ..., k. This yields the system

A(n, z)
17 a(n,z)y = ———=y
" O = )
The change of variable X = x + O‘k"T(q) yields the result. (I

Definition 3.2. An unfolding is generic if the analytic map n = (9o, ..., Mk—1) —
e = (eo(n), ..., €x—1(n)) defined in Proposition 3.1 has an analytic inverse.

We restrict our study to generic unfoldings of systems (1). From the equation
(16), the genericity condition allows us to take € = (e, ..., €x—1) as our new param-
eter. Let us change the notation of the variable X by x and from now on we do
not make any more coordinate change on z. We write the generic unfoldings of the
differential linear systems (1) as

(18) p(e,2)y’ = B(e, )y,
with
(19) p(E, iU) = ght! + Ek_lxk_l + ...+ €p,

€ = (€0, .-, €x—1) € CF and B(e,z) a matrix of germs of analytic functions at the
origin satisfying B(0,z) = A(x) as in (1).

3.2. Equivalence classes of generic families of linear systems unfolding
(1). In this paper, we are interested in equivalence classes of systems (18). We use
the same terminology as the one used for the classification of the systems (1), since
it agrees with it when € = 0:

Definition 3.3. Two systems y' = A(e,z)y and 2z’ = B(e,x)z are locally ana-
lytically equivalent (respectively formally equivalent) if there exists an invertible
matrix of germs of analytic functions of (¢, ) at the origin (respectively an invert-
ible matrix of formal series in (e,z)) denoted T'(e,x) such that the substitution
y = T(e, )z transforms one system into the other.

We search for a complete system of analytic invariants for the systems (18)
under analytic equivalence. First, we choose a representative of each equivalence
class called the premormal form.

3.3. Prenormal form. The families of systems (18) have singularities at « = a,
for x; such that p(e, ;) = 0. When looking at solutions around these singularities,
we need to evaluate the eigenvalues of B(e, ;). With the next theorem, we express
them as the values at z; of polynomials of degree less than or equal to k.

Theorem 3.4. The family of systems (18) is analytically equivalent to a family in
the prenormal form

(20) ple, )y’ = B(e,2)y,
where

(21) B(e,z) = Ale, x) + ple, z)R(e, x),
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(22) Ae,) = diag{\ (6,2), - An(e, )},

(23) )\i(e, .’L‘) = )\i,O(G) + )\iJ(G)(E + ...+ )\i7k(6)$k,

Ajq(€) are germs of analytic functions at the origin, p(e,x) is given by (19) and
R(e, ) is a matriz of germs of analytic functions at the origin.

Proof. As A(0) in (1) is a diagonal matrix, B(0,0) = A(0) is also diagonal with
distinct eigenvalues. We take x in a neighborhood D), of the origin such that the
eigenvalues of A(z) are distinct. Let us prove that there exists P(e,x) a matrix
of germs of analytic functions at the origin that diagonalizes B(e, z) for x € D,
and for € sufficiently small. P(0,0) can be any nonsingular diagonal matrix, let us
take P(0,0) = I. For e small and = € D,, the eigenvalues of B(e,x) are distinct
and are analytic functions v; (e, z) of (e, ) by the implicit function theorem. Also,
there exists a unique analytic eigenvector v; (e, x) relative to the eigenvalue v; (e, x)
having the i*" component equal to one (this is obtained with the implicit function
theorem, taking F;(w, e, x) = 0, where F;(w, €, x) = B;(e, z)v;, w = (w1, ..., Wp—1),
v; = (w1, .., wi—1, 1, W4, ..., wn—1) and where B;(e,x) is the matrix obtained by
removing the i** line of (B(e,x) — vi(e,x)I)). We then take the i'" column of
P(e, x) equal to v;(e, ).

Finally, by taking z = P(e, z) "'y, the new system p(e, x)2’ = B*(e, )z satisfies
B*(e,x) = diag{vi(e,x),...,vn(€,7)} +p(e,x)P(e,a:)*1% and is analytically
equivalent to the original system. Dividing v;(e,z) by p(e,z), we get v;(e,z) =
ci(e,)p(e, ) + Xio(€) + Ai1(€)z + ... + Ni x (€)z*, from which the result follows. O

Remark 3.5. The polynomial part A(e,z) of the prenormal form is completely
characterized by n(k + 1) quantities \; 4(¢) (with ¢ =0,1,..,k and j =1,2,...,n).
For e fixed such that the singular points are nonresonant, the collection of the well-
known formal invariants at all singular points contains also n(k + 1) elements (for
instance the collection of the eigenvalues of the residue matrices if the singular
points are all distinct).

For the rest of the paper, we only discuss systems in prenormal form (20).

4. COMPLETE SYSTEM OF INVARIANTS IN THE CASE k =1

This section leads to the complete description of the analytic equivalence classes
of generic families of systems in the prenormal form (20), limiting ourselves to the
case k = 1. Let us write these systems as

(24) (2 =€)y’ = B(e, )y,
where
(25) B(e,z) = Ae, ) + (22 — €)R(e, z),
with

Ale,z) = diag{ri(e,x),..., \n(€, )},
(26) ~ ol0) £ Ar(oa,
and

(27) Aq(e) = diag{Mi 4(€),.... \nq(€)}, ¢=0,1.
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The quantity A;0(0) = X;(0,0) correspond to \;o defined in Section 2. Hence,
relation (8) may be written as
(28) %()\Q(()? 0) - )‘j (07 O)) >0, ¢<j.
This ordering on the eigenvalues of A(e,z) at (¢,2) = 0 will be kept for € # 0 and
|z| < +/|€| by taking e sufficiently small (see Remark 4.9).
We like to call
(29) (2 — €)' = A(e, )z
the model system. When € = 0, it corresponds to the formal normal form.

Notation 4.1. We denote the zeros of 22 — € by

(30) v, =+e and xp=—\e.
These points are respectively at the left and at the right of the origin when /e € R_
(this will make sense with Definition 4.10).

The model system has a fundamental matrix of solutions given by
(31)
(x —ap)r(x —xp), €#0,

F(e,z) = diag{ f1(€,x), ..., fu(e,2)} = { 2 (0) g (— R0y, €=0,
with

1 1 1 .
(32) Z/{l - 2_.I1A(€7xl) - 2_ZZTZAO(6) + §A1(6) - dla’g{ul,lu "'7/1'77,,1}7 l= LuR

The functions fj(e,z) will be at the core of the construction of the sectorial
domains in the z-space done in Section 4.4.

Remark 4.2. The solutions f;(e,x) of the model system given by (81) are analytic
in (e,x) for € in a punctured neighborhood of e =0 and for x in a simply connected
domain that does mot contain any singular point x = x;, for | = L, R. These
functions converge uniformly on compact sets to f;(0,x) when € — 0.

Let us immediately state notations related to formal invariants that we will
frequently use in this paper.

Notation 4.3. We define
(33) DR — 6_27TiuR, DL — e?TriZ/[L'
and

ASJ'-,I = (DZ)SS(Dfl)jjv [ = L, R,
(34) ezﬂ-i(l"s,lfﬂ'j,l)7 l = L

= 627”'(#1',1*#3,1)7 =R,

with U; and p;,; given by (32). We have
(35) D}_%lDL _ €2ﬂiA1(E),

with Aj(e) given by (27). We will see that Dy (respectively Dg) is the matrix
representing the monodromy around = = zy, in the positive direction (respectively
around z = zp in the negative direction) when acting on the fundamental matrix
of solutions (31) of the model system. e>7*41(€) represents the monodromy around
both singular points, in the positive direction.
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The model system (29) corresponding to a system (24) contains all the informa-
tion on the formal invariants:

Theorem 4.4. Two systems (24) are formally equivalent if and only if they have
the same model system. Hence, the complete system of formal invariants of the
systems (24) is given by the n (degree 1) polynomials \;(e,x) in the polynomial part
of the prenormal form.

Proof. By the Poincaré-Dulac Theorem applied to the nonlinear system

y = B(e )y,
(36) =% —¢,
é=0,
there exists an invertible formal transformation Y = T'(e,2)y at (e,2) = (0,0)

eliminating nondiagonal terms in (24) and yielding a diagonal R(e, x) in (25). Then,
the transformation z = e~ Jo #(&2)47y Jeads to the model. Hence, letting .J (e, z) =
e~ Jo Rle)dz (¢ 1), the invertible transformation z = J(e, z)y conjugates formally
a system (24) to its model.

Let us take two systems of the form (24) with the same model system, each of
them formally conjugated to the model with Ji(e, z). The transformation Q(e, z) =
(J1(e,7))"1J%(e, z) leads a formal equivalence between the two systems.

On the other hand, let us suppose that two systems (22 — €)y} = Bl(e, x)y; and
(22 — €)yh = B?(¢,x)y2, with Bi(e,x) = Al(e,z) + (22 — €)R'(¢, ), are formally
equivalent via y; = Q(e, x)y2, each of them formally conjugated to its model with
z; = J'(e,x)y;. We obtain that P(e,z) = J'(e,2)Q(e, 2)(J?(e,2)) ! is an invertible
formal transformation from the second model system (22 — €)z5 = A%(e, z) 22 to the
first model system (22 — €)z} = A'(e,x)z1. Formally, we thus have

0
(37) (2% — e)a—P(e, z) 4+ P(e,x)A%(e, x) = A (e, 2)P(e, 2).

x
By considering this equality for each power of e?z?, we obtain that Al(e,x) =
A2%(e,z) (and that P(e,z) is a diagonal matrix depending only on €). Hence, the
two systems have the same model system. O

Around each singular point, the system (24) has a well-known basis of solutions
(given by eigenvectors of the monodromy operator) that we present in Theorem
4.31, but the problem with this basis is that it is not defined for an infinite set of
resonant values of € which accumulate at e = 0. We want to give a unified treatment
which highlights the fact that the Stokes phenomenon at ¢ = 0 organizes, in the
unfolding, the form of solutions at the resonant parameter values. Thus, we rather
use a new basis that is defined for all parameter values in a sector of opening greater
than 27 in the universal covering of the e-space punctured at e = 0. To find this
particular basis, we choose to consider the solutions of the linear systems in the
complex projective space.

4.1. The projective space. The system (24) is invariant under y — cy, with
c € C*. Taking charts in the complex projective space, it gives n particular Riccati
matrix differential equations. We introduce t by ‘2—? = & = 22 — ¢ and replace them
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by n systems of ordinary differential equations (indexed by 7)

(38)

= I~ — €,
(y)g = (A, ) — Aj(e,2)) (y;j
a2 = Ty W (Rle, )y — (Rle)) ), a# 5.

that we call the Riccati systems.

Notation 4.5. Let v be a n-dimensional column vector. We define

(39) [v]; = (_(Ul m?_(v)j—l _@ _(U)j+1 m’_(v)n> ,

(v);’ (W) = () (), (v);

where (v); is the i*" component of the column vector v and where the hat denotes
omission.

Remark 4.6. Following Notation 4.5, the j' Riccati system associated to the
linear system (24) may be written as

%:17 =22 —¢,
(40) {%Mj=—@@®+ﬂ@meHﬁ@®MﬁMp

with, denoting I the (n — 1) X (n — 1) identity matriz,

TP (e, ) : 5t column of B(e,x) except (B(e, )5
(41) T} (e, z) : (B(e, ) without j™ column and j* line) — (B(e,x)),; I3

2 . ath g
T7(e,x) = j*" line of B(e, ) except (B(e,2)),; -

4.2. Radius of the sectors in the z-space when ¢ = 0. In order to obtain a
basis of solutions of the linear system (24), we will find in Section 4.5 particular
solutions (defined for ¢ in a ramified sector and for x in sectorial domains €¢) of
the Riccati systems (40). To ensure that these solutions will converge uniformly
on compact sets to solutions [y]; = G, s(0,z) (defined over the sectors §25 given by
(10) for s = D,U), we choose in this section the radius of €.

Let us first define the solution [y|; = G, 5(0, ). When e = 0, if the radius r of
is chosen sufficiently small, there exists a unique fundamental matrix of solutions
of the system (24) that can be written as

(42) Ws(0,z) = Hg(0,2)F5(0,2), on Qs, s=D,U,

where Fi(0, ) is the restriction of F'(0,z) given by (31) to the sectorial domain g,
and where H;(0,2) is an invertible matrix of functions which are analytic on Q;
and continuous on its closure, satisfying H;(0,0) = I (H;(0,2) links the system to
its formal normal form, as explained in Section 2).

Notation 4.7. The solution corresponding to the j** column of W,(0,x) in the j'*
Riccati system passes through (z, [y];) = (0,0) and is tangent to the x direction,
we denote it as [y]; = G;,s(0, z).

Let us now specify how we restrict the radius of €.

Proposition 4.8. Let us define the region

(y):

(43) Vi = {(a:, [y];) € C x CP" . 0);

<|z|, Vi € {1, ...,n}\{j}}.
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The boundary of V7 is U%1 Vij, with
i#]
(44)

V] = {(x, ;) € € x cprt ;| {0 L

oF W), | = "f’m’j}’ s

The radius r of Qs, s = D,U, is chosen sufficiently small so that the graph [y]; =
G;5(0,2) is confined inside V7, for all j € {1,...,n}.

Proof. We consider (38) for ¢ = 0. We have

. )k

T R(za?
and
1 |d ()i
(46) |5 125 = 1r00) = 230001 - w0,
with
() = (X1 (0) = A1 (0)]|z] + |z k= )i
(47 vij(@) = [Xi1(0) = Ag ()l + [ Lp=r [(B(0, 7))k

J
Flal (IR0, 2))ij| + 35—y [(R(0, )) ) -
Let us choose 0 < 7 < 1. As [R(X;,0(0) — Aj,0(0))|>0, we can take the radius r of
Qp and Qp sufficiently small so that
(48)
’Uij(:E) + |$| < (1 - n)l%()\l70(0) - )\j)Q(O))l, r€QpUQy,i,j€ {1, ...,n}, B
This implies
(2, [y];) € VI,
, for z € Qy, s=D,U,
iLje{l,n}, 0%
Since the graph [y]; = G;,5(0, ) contains the point (x,[y];) = (0,0) and is tangent
to the x-plane, it is confined inside V7 (if a solution parametrized by a curve in
complex time living on the graph [y]; = G, s(0,z) were to intersect a boundary

component of V7, then (49) would not be satisfied). We introduced the parameter
7 in order to have in the unfolding a similar property (see Proposition 4.15). (I

(49)

el

Em dt

4.3. Sector in the parameter space. Let us specify the sector on the universal
covering of the e-space punctured at the origin with which we will work.

Remark 4.9. We take € sufficiently small in order to have:
(50) R((Ng(e,z) — Aj(e,2)) >0, |z| <+/|e|l,¢<j,1=L,R.

Hence, we have the same ordering of the eigenvalues of A(e,x;) as the one for
A(0,0) given by (28).

Definition 4.10. We define the sector S, of opening larger than 27 and covering
completely a punctured neighborhood of ¢ = 0, as

(51) S={ecC:0<|f <p,arg(é) € (m—2v,31+27v)}

(see Figure 2). In (51), any v > 0 such that (1 +22) < 6y can be chosen, with 6,
the maximum angle in (0, %) such that

(52) R(eF%(X4(0,0) — X;(0,0))) >0, ¢ <,
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FIGURE 2. Sector S in terms of the parameters ¢ and +/e.

with \;(e,z) as in (26) (6p exists because of (28)). Once 7 is chosen, the radius p
is chosen to ensure that there exists C' > 0 for which

(53)  R(eFTUF (A (6, 81) = Nj(e,#))) > C >0, ¢<j, I=LR, ¢é€S.

We will restrict a few other times the value of p (in particular, to construct the
sectorial domains in the z-variable in Section 4.4 and to ensure that Proposition
4.15 is true).

Notation 4.11. We denote the auto-intersection of S as Sn. For values of the
parameter in Sn, we denote

(54) E=e™ ¢ Sh
(see Figure 3).

S(v0)

(e) g{
€ E R(VE)

FIGURE 3. Example of values of € and € in Sn (in terms of € and +/¢).

Notation 4.12. We frequently write the hat symbol over some quantities to recall
the dependence on € € S (for example #7,). When we use the hat symbol for values
of the parameter in S, we mean that ¢ could either be € or €.

4.4. Sectorial domains in z. For the rest of Section 4, x belongs to a disk of
radius r determined by Proposition 4.8. Let us now explain the construction of the
sectorial domains in the complex plane for the z-variable. The boundary of these
domains will be defined from solutions of the system

(55) i = (2% —¢),
allowing complex time. More precisely, passing to the t-variable, we have

A (2=
(56) Ha) = 2\/Eln(m+\/g), € #0,
-1 e=0.
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For € = 0, we cover the disk of radius r with two sectorial domains Q% and QY
(see Figure 4) included respectively inside the sectors Qp and Qp defined by (10).
The sectorial domains Q%, and Q% correspond respectively, in the t-variable, to the
sectorial domains '}, and I'Y; illustrated in Figure 5.

FIGURE 4. Sectorial domains in the z-variable when ¢ = 0.

FIGURE 5. Sectorial domains in the ¢-variable when ¢ = 0.

When € # 0, as the function ¢(z) given by (56) is multivalued, its inverse function
x(t) is periodic of period T = % Hence, the disk of radius r is sent to the exterior

of a sequence of deformed circles (of initial radius r=! for ¢ = 0) repeated with
period T. To cover the disk, we take two strips (I'y; and I'¢;, see Figure 6) in
the direction of T of width larger than %, such that their union is a strip (with
a hole) of width w, T < w < 2T, containing f&% The singular points in the t-
variable are located at infinity in the direction perpendicular to the line of holes.
The intersection of the two domains FéD and Ff} consists of three connected sets:

¢ and Fj} linking a part of the boundary to a singular point, and I‘éc linking the
two singular points (coming from the periodicity).

FIGURE 6. Sectorial domains in the t-variable when /e € R*.
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For most values of é € S, the line of holes is slanted and we need to slant the
strips. If we take pure slanted strips as in Figure 7, we get domains that do not
converge when ¢ — 0 to the sectorial domains at e = 0 (Figure 5). Hence, we take a

part of the boundary horizontal on a length —— for some fixed ¢ > 0 independent

Ve

of €, as illustrated in Figure 8.

FIGURE 7. Incorrectly slanted sectorial domains in the ¢-variable.

c

le]

FI1GURE 8. Correctly slanted sectorial domains in the ¢-variable.

Then, we define the sectorial domain ¢ in the x-variable as the one corre-
sponding, via (56), to the sectorial domain in the ¢-variable I'¢, s € {U, D, L, R,C’}
(Figures 10 and 11). The points 5 and & are not in the sectorial domains Q¢
but in their closure. The region Q¢ (respectively Q%) has the singular point 2,
(respectively #g) in its closure and Qf has both (Figure 11). Note that the point
z = 0 belongs to QF..

In the z-variable, the difference between Q¢ and Q0 (s = D, U) is mainly located
inside a disk of radius ¢ \/H (Figure 12), due to the non-horizontal part of the
boundary of the sectorial domains in the ¢-variable. Quantitative details and proofs
can be found in [9]. The construction is possible for all ¢ € S, provided the radius
p of S is sufficiently small. Indeed, reducing p amounts to increase the distance
between the holes.

The angle of the slope is chosen as follows. We take
A2
(57) 6= = (r — arg(Ve)),

with v as chosen in Definition 4.10. Then, on the trajectories in the x-plane cor-
responding to ¢t = Ce® + €’ near the singular points, with ¢’ € C fixed for each
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i ¢
&5 <

ry

N

anv
téfi”
2 "

7

e

L

5253
N\

— 1

FIGURE 9. Sectorial domains in the t-variable for some values of
¢ € SU{0}, with v = 7.

FIGURE 10. Sectorial domains in the z-variable for some values of
¢ € SU{0}.

trajectory and C' € R, we have

q¢>j, ifl=R,

58 lim x—ip)l R R (g — g VL Rat — (0 for
(58) (0= )0 o = 3 {qq’ .

z(t)—&;
t=Ce'’+C’
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FIGURE 11. The connected components of the intersection of the
sectorial domains %, and Qg, case Veé € R*.

FIGURE 12. Difference between the sectorial domains Q¢ and Q0
mainly located inside a small disk of radius ¢’+/|e].

(this is obtained from the fact that %(eié\/é) < 0 and that 6] < v(1 + 271) with v
satisfying (53)). The limits (58) yield, with f;(e,x) given by (31),

fj(e,x):O7 for {q>j, ifl = R,

59 I
(59) ety fa(e, @) g<j, itl=0L.

z€QE

Note that we have the same behavior when ¢ = 0:

(60) i 2002 o Ja>g, iEI=R,
remp Ja0m) g<j, ifl=1L.

4.5. Invariant manifolds in the projective space. In this section, we find an
invariant manifold [y]; = G; s(¢,z) of the j'" Riccati system (40) that converges
when é — 0 (in S) to the invariant manifold [y]; = G, s(0,z) (Notation 4.7).

The Jacobian of the j" Riccati system at the singular point (#;,0), [ = L, R,
has eigenvalues

(61) 2215 A6, 21) — Aj(e, 20); s (N6, 81) — Aj(6,21)); s Anles 1) — Aj(e, ).

For q # j, the quotient of the eigenvalue in — EZ;

£ over the one in x gives fig; — fi;.1,
J

with /i, given by (32).
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Definition 4.13. We define the resonant values of € as those for which fi,;—fij; €
N* for ¢ # j, l = L, R. These are true resonances of the nonlinear Riccati system:
they are exactly the values for which there is an obstruction to eliminate the terms
(y);(x — il)m%‘y)q in (24) when localizing the system at x = &;. The parameter é

has been taken inside a sector which avoids half of these resonances.

Remark 4.14. All resonant values of the unfolding parameter e can be integrated in
a continuous study: the consideration of half of them on the sector S is sufficient
since the change of parameter é = ée2™, under which the unfolded systems are
imvariant, gives the new parameter é in a sector including the other half of the
resonant values.

When € € S, the eigenvalues of the Jacobian, listed in (61), are separated in
two distinct groups by a real line passing through the origin. It gives, locally, the
existence of invariant manifolds that are tangent to the invariant subspaces of the
linearization operator of the vector field at the singular points (Z;,0). We will need
the following proposition to extend these local invariant manifolds.

Proposition 4.15. For é € S, let us define the region
(62) Vi=v nV!_,

with

63) Vi, = {(a:, [y];) € C x CP"; ‘%

The boundary of VL is Uiy VL i, with, for i # j,
wisUbavi,

(64)

Vg,i,i = {(z,[y];) eCx CP"":

<lz+Vel,ie {1,2,...,n}\{j}}.

()i
(Y);

We can take the radius of S sufficiently small so that

(z,[yl)) € Vg,:l:,i’

x €0, s=D,U,
€€ s,

ije{ln},  i#j

Proof. Similarly to the proof of Proposition 4.8, we consider (38) and we have,
either with the upper or the lower sign,

<o+ Vel if k #i, 5}

= |a::|:\/é|, ‘%

2

dt | (y);

< for

3

(65) ‘%u + Ve?

1d
(66) gahi\/a? < o+ VePle T Vel
On ngiyi, we have
1 d | (y)i 2 Lo

67 ST > [Rwo(e) = Aso(e)] — v, 2),
(67 2 + V2 dt‘(y)j > [R(Aio(e) = Ajol€)] = vij (&)
with

*(¢ = = n
(68) v (2) = Nia(e) = Aja(e)la] + |z £ VE[? Zlﬁ;} |(R(e, z))ir|

+Ha F Vel (|(R(e, )i + Xy [(B(e,2)) k)
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Let us take « such that

(69) a < n[R(Aio0(0) = X0(0)], Vi #j,

with 7 as chosen in Proposition 4.8. We restrict the radius of S to p > 0 such that
(70) [IRO0(€) = Ago(€)] = [R(Aio(0) = Ao (0)]] < 5

and such that

(71) ‘v?;(é,:b)+|x$\/é|—|:v|—vij(0,:v)] < %, Vi # 7,

implying

(72) i) + o F VA < ROole) — Mo(e))l, Ve S, Vi

This yields (65). O

Using Proposition 4.15, we now define the graph [y]; = G; s(€, x) as consisting of
the union of all solutions, parametrized by curves in complex time of the 4t Riccati
system, that are confined inside the region V! when restricted to the sectors <

Theorem 4.16. In the j'" Riccati system, there exists, over Q¢ a one-dimensional
invariant manifold given as a graph [y]; = G; (€, x), passing through the two sin-
gular points (z,[yl;) = (21,0), | = L, R, and located inside the region V! over the

sector Q5. G s(é,z) is an analytic function of (¢,z) for é € S and z € QF.

Proof. We always take z inside the sectorial domain Q¢ and we omit the lower index
s within the proof : we write simply G; (€, x).

Let us take the first Riccati system and fix ¢y € S. The choice of S allows to
separate, by a real line passing through the origin, the eigenvalue 2z from the
other eigenvalues at (Zg,0) given by (61). From the Hadamard-Perron theorem for
holomorphic flows (see [5]), there exist holomorphic invariant manifolds W;RJ and
Wi
field at (ZR,0). We denote by [y]1 = G1(€o, z) the unique one-dimensional invari-
ant manifold W:Rl Near x = I, it is the unique invariant manifold contained

tangent to the invariant subspaces of the linearization operator of the vector

inside the region V7 (defined by (62)) and its extension cannot escape from V7 |
by Proposition 4.15.

Similarly, in the n!* Riccati system, we take [y],, = G, (eo, ) as the extension of
the unique holomorphic one-dimensional invariant manifold W;, n Passing through
(Zr,,0).

Now, let us take the j** Riccati system, with 1 < j < n. Around z = ig
(respectively x = &1,), we have two invariant manifolds W:R ;and W, of dimen-
sion j and n — j (respectively W;:"L_j and WaE_L,j of dimension j —1 and n —j + 1)
tangent to the corresponding invariant subspaces of the linearization operator of
the vector field. We analytically extend the invariant manifold W;'& ; tangent to
(z, (y)1 (Y)j—1

W) (y);
implies that any solution (with complex time) of this extended invariant manifold

cannot exit Vgo by its part of the boundary consisting of the 1’ yifori>j+1

€0,
Near x = Zr, the extension of W;R ,; must then intersect the invariant manifold
- @it W)n
Wa .o W), 7 W)
variant manifold denoted [y]; = G;(eo, x).

) at (Zg,0) towards the singular point = Z. Proposition 4.15

which is tangent to (z, ), along a unique one-dimensional in-
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In each Riccati system, we thus have one-dimensional invariant manifolds [y]; =
G (€0, ) confined inside VI . Near ¢y # 0, Wmil ; depends analytically on €, implying
that the unique solution [y]; = G, (€, x) is analytic in € for é € S. O

Remark 4.17. The invariant manifolds [yl1 = G1,5(€,x) and [yl, = Gy s(€,x) are
uniform respectively near &g and near Iy, whereas [y]; = G s(€,x) is ramified at
the two singular points. More precisely, G;u(é,x) = G p(é,z) over Q& (Figure
11) for j =1,2,...,n, G1u(é,2) = G1,p(é,z) over Q% and G,y (é,7) = G, p(é,7)
over Q5 .

Solutions in the invariant manifold [y]; = G s(€, x) behave differently from the
other solutions of the j** Riccati system, since they are the only ones that are
bounded when x — Zx and x — 21, over Qf. The fact that an invariant manifold
[yl; = Gj.+(,x) is bounded over the region V! leads to its uniform convergence on
compact sets of Q9:

Theorem 4.18. The invariant manifold [y|; = G, (€ x) converges uniformly on
compact subsets of 0, when é — 0, é € S, to the invariant manifold at € = 0
[yl; = G;s(0,2) (see Notation 4.7), for s = D,U.

Proof. Let us take a simply connected compact subset of QY. For |¢| sufficiently
small, it does not contain neither #r nor &, nor the spiraling part of Q¢. Propo-
sition 4.15 implies that the invariant manifold [y]; = G, s(€, x) satisfies

reQ, s=D,U,
(73)  |(Gj,s(éx))i| < min{|z — Zg|, |z — 21|}, with {ée S,
i=1,2,..n—1.

This implies the desired convergence to a bounded solution of the system for e = 0
that can only be [y]; = G, s(z,0). O

4.6. Basis of the linear system (24). In this section, we make the correspon-
dence between the invariant manifold [y]; = G, (¢, 2) of the j* Riccati system
(40) and multiples (by a complex constant) of a particular solution of the linear
system (24). We show that these n particular solutions form a basis of solutions of
the linear system which is valid for all values of ¢ € S and x € Q¢.

Notation 4.19. Let Fp(é,x) be the restriction to Q% of the fundamental matrix
of solutions of the model system F(e,x) (given by (31)), and let Fy (€, ) be its
analytic continuation to Qf}, passing through Q%.

Remark 4.20. The solution Fy(é,x) is uniform over QS, s = D,U, and according
to Notation 4.19, we have

FD(év'r)v on Q%{a
(74) Fy(é,z) = Fp(é x)e?mihile), on QF,
Fp(é, x)f)}}l, on QF,,

with Dg given by (33) and Ay (€) by (27), satisfying (35).

Theorem 4.21. Let s = D,U. There exists a fundamental matriz of solutions of
(24) that can be written as

(75) Wi(é,2) = Hy(é,2)F,(¢,2), (é,2) €S x QF,
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with Hy(é,x) analytic on S x QF, satisfying
(76)  |H4(€,0) — Hy(¢,0)| < c|é|, for some ce Ry, & ¢==ee?™ e S,U{0},

(77) |H,(¢,0)| and |H,(¢,0)"!| are bounded, ¢ € Sn,
and
(78) lim H(z,é) =Ki(¢), é€S,1=L,R,
T—x)
z€QE

where K (€) is an invertible diagonal matriz depending analytically on é € S with a
nonsingular limit at € = 0 (independent of s).

Proof. The proof is valid for s = D or s = U. For our needs, we write [y]; =
Gjs(é,x) on QF as

(79) }Ej—:gik = gkj,s(ga JI),
-1 = gjjys(é,x .
With (24), we can write
/ )\j (6, JJ) "
(80) ¥)i= 53— Wi+ > (R(e, )k ()x-
k=1

Dividing by (y);, the known solutions of the j" Riccati system appear in the right
hand side:
)i Aj(€ )

=y W ~ are e ER) =2

(R(Ev x))jkgqus(év x)

M=

The integration of equation (81) allows to recover (y); and relation (79) leads to
the other (y)x, thus yielding a solution w; s(é, x) of the linear system (24) (and all
its multiples by a complex constant) that can be written as

(82) w;s(€,x) = f.s(6 x)h; s (€ ),
with f; 5(é,x) the j** diagonal element of F(é,x) (see Notation 4.19), and with
(83) (hjs(E, ) = —e ™ J0 2pmn mipamicE)eg, (¢ ),

where the integration path is taken inside Q. Such a path can be found in the
t-variable (see Section 4.4) since t(0) € T'S,. With the n Riccati systems, we obtain
in this way n solutions w; s(€,z) of the linear system (24) defined for € € S and
z € Q5. We take

(84) Ws(€,x) = [w1,5(€T) ...wn s (€, )]
and
(85) Hy(é,2) = [h1,s(6,2) .. hon s (€, 7)]
to obtain (75) from (82). The limit (78) follows from
(86) im gpjs(z,€) =0, k#j, I=LR,
ree?
and
(87) (K1(€))j; = lim (hj.a(é,)); = e Jo" Tiaa (A pm.s Errde,

T—I
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which is independent of s since the integration path in (87) may be taken inside
Q% (see Remark 4.17).

The solutions wi (€, z), ..., wy,_ s (€, z) form a basis of solutions since the columns
of F(¢é,x) are linearly independent and since K;(€) in (78) is invertible.

The property (77) comes from (73). Let us now prove (76). From its definition,
H,(€,0)F,(¢€,0) is a solution of (24) at z = 0, so

(88) A(ea O)HS (év O) - HS (év O)A(G, O) =¢€ (H; (év O) - R(Ev O)Hs (éa O)) :
With € and € in Sn (see Notation 4.11), we thus have
A(e,0)(Hs(€,0) — Hs(€,0)) — (Hs(€,0) — Hy(€,0))A(e,0)
=€ (H[(,0) — H/(¢,0) — R(¢,0)(Hs(€,0) — Hs(€,0))),
yielding, for some k € R,
(90) |(HS(€50)_HS(€7O)>_jq| §k|6|7 ]#Qa gGSmU{O},i:1,2,
by the boundedness of |H(€,0) — H.(¢,0)|, |[R(¢,0)| and |H;(€,0) — Hy(€,0)| over
SnU{0} (recall that A(e, 0) has distinct eigenvalues for e € SU{0}). Relation (76)

comes from (90) and from the fact that the diagonal elements of H,(€,0) — H;(€,0)
are zeros (since (H (€,0));; = 1). O

(89)

We have seen that the solutions in the invariant manifold [y]; = G s(€, z) con-
verge uniformly on compact sets of QU. This property remains for the corresponding
solutions of the linear system:

Corollary 4.22 (of Theorem 4.18). Elements of the fundamental matriz Wy (€, )
converges uniformly on compact sets of Q0 to the fundamental matriz W(0, z)
defined in (42), s=D,U.

Proof. From (75) and the convergence of F(é x) to F(0,z), it suffices to prove
the desired convergence of H,(é,x). This is immediate, since each column has an
expression in terms of the solution [y]; = G;+(é ) as in (83), using the notation
(79). O

Remark 4.23. The transformation y = Hg(é, x)z (with Hs(é, z) given by Theorem
4.21) conjugates the system (24) to its model (29) over QF, for e € SU{0}.

The bases Wp(é,z) and Wy (¢, z) defined respectively on Q¢ and Qf; will allow
the calculation of the analytic invariants of the linear system.

4.7. Definition of the unfolded Stokes matrices. In this section, we define
the unfolded Stokes matrices by comparing the fundamental matrices of solutions
Wp(é,x) and Wy (€, z) on the connected components of the intersection of Q% and
Q¢ (Figure 11).
Theorem 4.24. There exist matrices Cr(€) and CL(€) such that
Fp(&,z)Cr(€)(Fp(&,2))~",  on Qf,
(91)  Hp(&,x) '*Hy(é,z) =< Fp(é,z)CL(6)(Fp(&x))™ !, on QF
1, on QEC
Cr(€é) and CL(€) are respectively an upper triangular and a lower triangular unipo-
tent matriz. They depend analytically on é € S and converge when € — 0 (€ € S) to

the Stokes matrices defined by (13). Hence, we call Cr(€) and Cr(€) the unfolded
Stokes matrices and {Cr(€),CL(€)} an unfolded Stokes collection.
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Proof. As Wp(é,x) and Wy (€, z) are two fundamental matrices of solutions on the
intersection of Q% and Qf; (see Theorem 4.21), there exist matrices expressing the
fact that columns of Wi (€, 2) are linear combinations of columns of Wp (€, z) on
the intersection parts Q9 , Qf and Q. With (74) and (75), these relations become
equivalent to

,2)Cr(&)(Fp(é,x))~! on Q%
,2)CL(6)(Fp(&x))~t on QGL
Fp(é,2)Co()(Fp(é, )t on QF,.

(92) Hp(é,xz) 'Hy(é,z) =

Then, taking the limit z — Zp on QEL, r — Zr on Q% and both limits on Q€C
leads, with (59) and (78), to Cy(€) = I and to the unipotent triangular form of
the matrices Cr(€é) and Cp(é). Since Ws(é,2) and Fs(é,x) converge uniformly on
compact sets of QU (see Corollary 4.18 and Remark 4.2), so does H4(é,z) . Then,
the matrices Cr(€é) and Cp(€) must converge to the Stokes matrices when é — 0,
ecs. O

Proposition 4.25. A fundamental matriz of solutions of (24) that can be written
as (75), with Hg(é, x) analytic on SxQE, satisfying (76), (77) and with a limit when
x — &y, © € QF that is bounded, invertible and independent of s, is unique up to
right multiplication by any nonsingular diagonal matriz K (€) depending analytically

on € € S with a nonsingular limit at € = 0 and such that
(93) |K(€) — K(€)] <c|e] over Sn, for some ¢ € Ry.

Proof. Let us suppose that we have two fundamental matrices of solutions that
can be written as Hy(é, z)F;s(€,2) and H} (& x)Fy(é, z) with properties listed in the

proposition. Having two bases of solutions over ., there exists a matrix K (€) such
that

(94) H*(é,2)Fy(6,2) = Hy(é,2)Fy(6,2)K(8), € Q..

Since the limits when @ — 2, I = L, R, of Hs(é,x) and of HX(é,x) are bounded
and invertible, K (€) must be a diagonal matrix. Then, we have

(95) H,(é,x) 'H(¢,2) = K(¢), z€Qf,

and in particular

(96) H,(¢,0) " H(€,0) = K (é).

From (96), (76) and (77), we obtain (93). O

As the uniqueness of W, (€, x) is ensured by the choice of a nonsingular diagonal
matrix K (€) having properties listed in Proposition 4.25, it is natural to adopt the
following definition:

Definition 4.26. Two unfolded Stokes collections written as {Cr(€),Cr(é)} and
{CR(&),C1(é)} (see Theorem 4.24) are equivalent if and only if

(97) Ci(e) = K(e)Ci(e)K (&)™, 1=L,R,

for some nonsingular diagonal matrix K (é) depending analytically on é € S with a
nonsingular limit at ¢ = 0 and such that (93) is satisfied.
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Using results obtained from the study of the monodromy of the solutions, we will
prove in Section 4.13 that these equivalence classes of unfolded Stokes collections

constitute the analytic part of the complete system of invariants for the systems
(24).

4.8. Unfolded Stokes matrices and monodromy in the linear system. In
this section, we show how the unfolded Stokes matrices are linked to the monodromy
operator acting on Wy (€, ), how they give information on the existence of the bases
of solutions composed of eigenvectors of the monodromy operator, and how they
provide a meaning to the Stokes matrices at € = 0.

To study the action of the monodromy operator, we consider the ramified domain

(98) VE=05U08,
illustrated in Figure 13, which could have a (non illustrated) spiraling part around
Li'R and fL.

FIGURE 13. Domain of H (¢, x), denoted V¢, case VeeR:.

Notation 4.27. Let Fy(¢,z) be the analytic continuation of Fp(é,z) from Q% to
V¢ (through QF).

The well chosen basis of solutions we consider on this domain is the analytic
continuation of Wp (¢, z) from Q% to V¢, that we write as

(99) Wy (&,2) = [wi(€, ) ... w, (€, x)] = H(€, x)Fy (€, ),
where
(100) H(e,z) = {ZS((:;’; 2;1 35

which is well-defined because of (91).

The fundamental group of C\{zg,x} based at a nonsingular point acts on a
solution (valid at this base point) by giving its analytic continuation at the end
of a loop. In this way we have monodromy operators around each singular point
x = x;. We can extend this action of the fundamental group to any function of
the solutions. When the monodromy operator acts on a fundamental matrix of
solutions W, its is represented by a matrix acting by right multiplication on W.

Notation 4.28. We denote M3, (respectively M;,) the monodromy operator as-
sociated to the loop which makes one turn around the singular point x = Zg
(respectively © = #1,) in the negative (respectively positive) direction and which
does not surround any other singular point, with the fundamental group based,
independently of ¢ € S, at a point belonging to Q% (respectively %) and taken on
Q% (see Figure 14).
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Mz, | Mg

R

FiGURE 14. Illustration of the definition of the monodromy oper-
ators My, and Mj;,,, case f, = Vée R:.

Proposition 4.29. For ! = L, R, the action of the monodromy operator My, on
Wy (€, x) is represented by the matriz my satisfying

(101) iy = Ci(é) Dy,

where Cy(é) is the unfolded Stokes matriz defined by (91) and Dy, given by (33), is
the matrixz representing the action of the monodromy operator Mz, on the funda-
mental matriz of solutions Fy (€, x) of the model system.

Proof. Starting on Q% the operator M;,, acting on Wy (é,x) = Hp(é,z)Fp(é, )
gives Hy (¢, 2)Fp(é,2)Dg. Starting on Q| the operator Mj, acting on Wy (€,z) =
Hp(é,x)Fp(é,x) gives Hy(é,z)Fp(é,2)Dr. As we have (91), equation (101) is
verified for [ = L, R. O

Remark 4.30. Relation (101) gives a geometric meaning to zeros in unfolded
Stokes matrices Cy(€). For example, if a permutation P is such that PCj(é)P~!
is in a block diagonal form, it indicates a decomposition of the solution space into
invariant subspaces under the action of the monodromy operator M,. A trivial jt"
column of Cy(€) points out that w;(€,x) is eigenvector of Mz,. A trivial unfolded

Stokes matriz Cy(€) would imply that all the elements of Wy (€, x) are eigenvectors
Of Mil .

Via the Jordan normal form of the monodromy matrix C;(€)D;, we will now ex-
press how the elements of the unfolded Stokes matrices are linked to the existence of
the solutions that are eigenvectors of the monodromy operator around the singular
points. This will give a geometric interpretation of the elements of Cj(e) and, in
particular, of their limits, the elements of C;(0).

Theorem 4.31. t € C" is an eigenvector of the monodromy matriz m; if and
only if Wy (€, x)t is a solution eigenvector of the monodromy operator M, with the
same eigenvalue. Hence, for | = L, R, the number of independent solutions which
are eigenvectors of My, is equal to the number of Jordan blocks in the Jordan matriz
assoctated to m; = Cl(c%)f)l. The values for which the monodromy matriz m; may
not be diagonalizable are the resonant values of € specified in Definition 4.18 (which
exactly correspond to multiple eigenvalues of My ).

When € is not resonant, let Ty be the unipotent triangular matriz diagonalizing
the monodromy matriz m; = Cl(€)f)l :

(102) (1)~ YTy = Dy.
The fundamental matriz of solutions

(103) Wa,(2) = W (¢, 2)Ti
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is composed of eigenvectors of the monodromy operator around r = &;. A funda-
mental matriz having this property is unique up to its normalization: the j" column
of W, is a nonzero multiple of the well-known Floguet solution (for example [11])
given by

(104) wj(z) = (z — 1) gja(x),

with [15; given by (82) and §;1(x) = e; + O(|z — ;|) an analytic function of x in a
region containing x = T; but no other singular point.

When ¢ is resonant, the matriz m; = Cy(€)D; is no more diagonalizable with no
jt eigenvector if and only it the j** Floquet solution w;;(z) does not exist and has
to be replaced, in the basis of solutions around x = Z;, by a solution containing
logarithmic terms.

Proof. By Proposition 4.29, we have Mz, Wy (¢,x) = Wy (é,z)m,;. Let t € C™ and
B € C. The first assertion of the theorem is obtained from
mit =0t < Wv(é, :E)T?th = Wy (é, x)t

— M@lWV(é, I)t = Wy (é, x)t.

To prove the uniqueness (up to normalization) of Wy, (), let us suppose that
W™ is such that Mg, W* = W*D,. Since we have two bases of solutions, there exists
a nonsingular matrix K such that Wy, (z) = W*K. Since Mz, W;, = Wy, Dy, we
must have D;K = K D;. Since € is not resonant, the eigenvalues of D; are distinct
and K can only be diagonal. (|

(105)

Remark 4.32. For nonresonant values of €, (102) implies that the unfolded Stokes
matrices are equal to the multiplicative commutator of the matrices 1) and D;:
(106) Ci(é) = TiD/T, ' Dt = [T, D).
Corollary 4.33. There exist polynomials in terms of the elements of the unfolded
Stokes matrices Ci(€) and the elements of Dy indicating, when they are nonzero at
a resonant value, the nonezistence of a Floquet solution w;;(x) at the resonance.
Cr(é) (respectively Cr,(€)) is linked to the presence of logarithmic terms in solutions
around © = T (respectively v = &, ).
In particular cases, the obstruction to the existence of Floquet solutions can be
forced by the special form of the Stokes matriz C; = C;(0). This is the case when
o (Cr)i2 # 0: W r(x) does not exist at the resonance i1, g — fia,r € N*;
° (CL)n(n,l) #0: Wp_1,0(x) does not exist at the resonance fin, 1, — fin—1,1, €
N*;
e arg(A\s0 — Ajo) are distinct for all s # j: a nonvanishing s* polynomial
in terms of the elements of the Stokes matrices C; with integer coefficients

yields an obstruction to the existence of w;;(x) at the resonance fis;—fij; €
N* with s > j ifl=L and s < j ifl = R.
Proof. The polynomials of the corollary could be obtained by analytic or algebraic
arguments, by counting the number of eigenvectors of C;(€)D;. We present the
proof in the analytic way. Recall that the matrices T} are triangular and unipotent.
Since T; = Cy(€)DyTiD; ' (see (106)), elements (7});, for i # j, can be calculated
from the recurrent equations
(107) (T1)ij (1= Aija) = (C&)is + D (Ci@)in(TD)rj Arjs

i<k<j,I=R
j<k<i,l=L
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with ASJ | given by (34). At the resonance, Asjyl =1 for some s, j,1. Conditions to
the nonexistence of the j** column of T; at the resonance can be calculated from
(107): they are given by polynomials in terms of elements of D, and of elements of
the unfolded Stokes matrices. In some special cases, these polynomials have a limit
at € = 0 and the conditions can be formulated with polynomials in the elements
of the Stokes matrices at € = 0: the nonvanishing of the polynomials for small € is
ensured by the nonvanishing of the limit polynomial at e = 0 which depends on C;.
In particular, this is the case

e for the second column of Tg;

e for the (n — 1) column of T;;

e for all columns if arg(As o — Aj0) are distinct for all s ;é j. In that case,
the resonance Aul = 1 is distinct from the resonance Akgl =1 for k #1i.

On the sequence ¢, — 0 corresponding to the resonance Au,l = 1, the

limit of (%) is 0 or —1, hence the polynomial at the limit has integer
—Akj

coefficients (independent of ¢€).

O

Example 4.34. Let us consider the case n = 3, with distinct arguments of Ao — A3,
A1 — A2 and A1 — A3. Equation (107) gives

(Tr)12(1 = A1z r) = (Cr(&)12, )

(Tr)is(1 — Ass r) = (Cr(EDrs + (CrEN(Crl@)as (222,

(Tr)23(1 — Asz ) = (CR(8))23,

(Tr)21 (1 = Asy ) = (CL(&))an, )
(T )s1(1 = Ag1,1) = (CL(6))31 + (CL(€))21(CL(€))32 (fzﬁ) ,
(Tr)32(1 — Asz L) = (CL(8))s2

Decreasing values of € such that fi; r—fi3 r € N* and fi3,1,— 11,1, € N* are approach-
ing the ray arg(y/e) = arg(As0 — A1,0). The following comes from the inequalities
arg(A10 — A2,0) < arg(A,0 — As0) < arg(Ae,0 — Aso). When é — 0 on resonant
values

(108)

° /11,1? — fi3,r € N* making A137R =1, we have S(fi2,r — fi3,r) > 0 and then
( Ass R ):( 1 )tendsto—l sinceA3zR—>0'

1— AggR A321%’ 1
o fi3.1 — i1, € N* making Agl L =1, we have (i1, — fiz.r.) > 0 and then

Ao1,r ) ( 1 ) ¢
2 = (= ends to —1, since A — 0.
(1—A21,L Az -1 ’ 12,L

These limits imply that the right hand side of the equations (108) at the resonance
is minus an element of the inverse of the unfolded Stokes matrices. We immediately
see that
o if (Cr)i2 # 0, (Tr)12 (and hence Wy r(x)) does not have a limit at the
resonances fi1,r — fl2,r € N* making A127R =1
e if (Cr)as # 0, (Tr)as (and hence 13 g(x)) does not have a limit at the
resonances fia, g — ft3,r € N* making AQ&R =1;
e if (Cr)13 — (CRr)12(CRr)2s # 0, (TR)lg (and hence s g(x)) does not have
a limit at the resonances fi1,r — fi3,r € N* making AlgﬁR =1;
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o if (Cp)a1 # 0, (T1)21 (and hence ;1 (x)) does not have a limit at the
resonances fio.1, — fi1,1, € N* making AQLL =1,

o if (Cp)sy # 0, (T1)32 (and hence o, 1 (x)) does not have a limit at the
resonances fi3.1, — 2,1, € N* making AggyL =1;

e if (Cr)s1 — (CL)21(CL)32 # 0, (TL)gl (and hence w1, 1,(z)) does not have a
limit at the resonances fi3.1, — fi1,1, € N* making AgLL =1.

4.9. Stokes matrices and monodromy in the Riccati systems. In this sec-
tion, we give a meaning to the unfolded Stokes matrices in the corresponding Riccati
systems. This allows an interpretation of the Stokes matrices at € = 0. This section
is not prerequisite to state the complete system of analytic invariants of the systems
(24) .

We will look at the monodromy of first integrals in the Riccati systems. These
first integrals are obtained from the basis of the linear system.

Proposition 4.35. For x € V¢, the j'* Riccati system has first integrals Hg, for
q€{1,2,....,n}\{j}, that can be written as

w00 (o PG BEn) - Enl)]
W) - BEnb) - biEs ;)

with

(110) bl e, o],) = (~1) (wile. ) (i, — [wi])

and w;(é,z) the it column of the fundamental matriz of solutions Wi, (€, x) given
by (99) (for [wi];, see Notation 4.5). (H?), has values in (CP') for q # j.

Proof. Let w; (€, z) be the columns of the fundamental matrix of solutions Wy (€, x)
given by (99). The general solution of a linear system (24) may be expressed as
a linear combination y = 2221 kquwq(€, z) of the particular solution wq (€, z), with
k, € C. In particular, the j** component of this general solution y satisfies

(111) W); =Y kg(wy(é,2));,

(112) D kglwg(&,)); = = > hiqwq(&,7),
and

(113) 3 kq (wq(g, ) — (wq(e,x))ji) — 0.

k

Solving for 5 # j, and using Notation 4.5 and (110) gives (109). O

As detailed in the next theorem, elements of the inverse of the unfolded Stokes
matrices appear in the expression of the monodromy of the first integrals H} around
xr = fl.

Theorem 4.36. The monodromy of a first integral Hé around x = I; may be
written as the composition of
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o g wild part depending on the formal invariants,
e a map depending on the elements of the inverse of the unfolded Stokes
matrices and having a limit for e = 0.
More precisely, with H; =1, the monodromy if the first integrals may be expressed
as

o HE Y (Cr(E) T MY
(19 Moy (04 = Byga i Tt ORO DTy
1+Z;D:j+1(CR(€) )ipHp

and

o M YIHCLO) M

(115) M, (Hj) = qu,Q - - — .
’ 1+ 3020 (Cr(&) ) pH)

Denoting

(116) H = (H], ... H))",

this is equivalent to
Cl(g)_lHj

(117) M; ('Hj):diag{Ajl,l,...,Ajn,l}[(cl(é)il)jl NG

with Aj,; as defined by (34).

Proof. In order to calculate the monodromy of the first integrals given by (109), we
need to compute the monodromy of

(118) Bj(gv €, [y]]) = [bjl(évxv [y]J) bgz(év'rv [y]J)]a

with (€, x, [y];) given by (110). Since the monodromy of w,(é,z) is given by
Proposition 4.29, we have

(119) Mz, (B (&, [y];)) = B (&, [y];)riu,
with my given by (101). With H/ defined in (116), relation (113) implies
(120) B (¢,, [yl;)H =0,
and thus, using (119),
(121) BI(é,z, [y];)miMz, (H7) = 0.
Equations (120) and (121) imply that
o ()
(122) Mz, (H}) = (’Ini_lTJ)j
leading to the equations of the theorem, using (101). O

Theorem 4.36 yields the following interpretation of the Stokes matrices at € = 0:

Corollary 4.37. The first integral Hg is an eigenvector of the monodromy operator
around a singular point x = &; (by this we means M@Hg = qu,ﬂ'(é ) if and only if
the rows j and q in the inverse of the unfolded Stokes matriz Cy(€) are trivial. Hence,
a nontrivial i row in the inverse of the right (respectively left) Stokes matriz at
€ = 0 is an obstruction for the first integrals H}, to be eigenvectors of the monodromy
operator around the right (respectively left) singular point, for k € {1,...,n}\{i}.

Proof. This is immediate from equations (114) and (115). O
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The wild part in the monodromy of the first integrals of the Riccati system is
due to the definition of the fundamental matrix of solutions of the model system
over the considered domain and is not a consequence of the Stokes phenomenon:

Remark 4.38. If we compare first integrals over the intersections of the secto-
rial domains ij and QéD instead of over the auto-intersection of V¢ (thus taking
Notation 4.19 for Fs(é x) over QS instead of Notation 4.27 for Fy(é,z) over V¢),
the wild part is only present in the comparison over QEC (which does not exist at
€ =0). When we compare the first integrals over Q% and Q5 , there is no wild part
in equations corresponding to (114), (115) and (117).

4.10. Auto-intersection relation and %-summable representative of the

equivalence class of unfolded Stokes matrices. In this section, we compare
the two points of view that we have on Sn, the auto-intersection of S. This will
yield a relation that is satisfied for all e € Sn. We call it the auto-intersection
relation. It allows to prove to the existence of a representative of the equivalence
class of unfolded Stokes matrices which is %—summable in €. Further, it will be
a necessary and sufficient condition for the realization of the complete system of
analytic invariants.

For € and € = €™ in Sn (Figure 3), we have two different presentations of
the dynamics of the same linear differential system. By the choice of the sector
S, these values are never resonant, allowing the existence of transition matrices
between fundamental matrices of solutions composed of eigenvectors of the mon-
odromy operators around the singular points. First, let us take the monodromy
operators with the base point taken on the upper (respectively lower) sectorial do-
main when the corresponding loop surrounds the upper (respectively lower) singular
point.

Notation 4.39. In Notation 4.28, we defined the monodromy operators M;, and
M;,, for € € S. Over S, let us denote

*

o M:, =M;,,
*

o M7 = Mz,
* —1

o Mz, =Mz,
* —1

o M7 =M .

Hence, the base points of M7 and Mj, belongs to Qf, N QF,, whereas the base
points of M, (respectively M7 ) are taken on Qf NQf; (Figures 15 and 16).

FIGURE 15. Sectorial domains in the xz-variable for é € Sn.
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€ € Sn €€ Sh

FIGURE 16. Illustration of the definition of the monodromy oper-
ators Mz , Mz, Mz and M; .

xr’ TR’

Definition 4.40. For | = L, R, let us take W;, (x) a fundamental matrix of solu-
tions of (24) composed of eigenvectors of the monodromy operator M, #,» depending
analytically on é € Sn and converging uniformly over compact sets of Q° when
¢ — 0 (and € € Sn) to Ws(0,z) defined by (42), with s = D if (&) <Oand s =U
otherwise. Let Ef, 3, .z, be the matrix such that, over a fixed compact set of Q%
sufficiently far from the singular points,

(123) ELiy—in = Wa,(2) ' Wap(z).

Let FEz, .z, be the matrix such that, over a fixed compact set of QY% sufficiently
far from the singular points,

(124) ERrgy—in = (Wi, (€)' Wag(2).

We call B, 3,2, (vespectively Ez, _z,) the left (respectively right) transition
matriz from Ty to £r. These transition matrices are unique up to multiplication
on each side by nonsingular diagonal matrices depending analytically on € € Sn,
with a nonsingular limit at ¢ = 0 (coming from the normalization of the chosen
fundamental matrices of solutions).

The following proposition is implicit from the paper [3] of A. Glutsyuk. The
proof will be useful later.

Proposition 4.41. Let us take two families of systems

(125) (2 = &)y; = Bi(&, x)ys, i=1,2,

having the form (24) with the same model system and depending on é € Sn. Let
(126) Ty = T, = TR, Tp =Tr = T

Let us take for each family of systems a right transition matriz from xp to xy,

ie. Ei (Definition 4.40). The two family of systems (125) are analytically

Rxp—x
equivalen%t), th[é equivalence depending analytically on (€, x) € SnxD, and converging
uniformly on compact sets of D, when € — 0, if and only if there exist Qu(€é) and
Qp(€) nonsingular diagonal matrices depending analytically on € € Sn, with a
nonsingular limit at ¢ = 0, and such that

(127) Ell%,mDﬂzUQU(é) = QD(é)EI%,mDHmU'
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Proof. Let us denote by ng (z), Il = L, R, the fundamental matrix of solutions
taken to calculate the right transition matrices £y, , ., @ =1,2. Let us take two
domains gf] and g,g covering D, (Figure 17), such that gf] (respectively Q%) con-
tains zy but not zp (respectively xp but not zy) and has the limit QY; (respectively
29%) when é — 0 in Sp.

FIGURE 17. Domains G; and G§ and their intersection.

Let us suppose that (127) is satisfied. The transformation y; = P:(x)y2, with

W @QuEWE, @), on G,
(128) Pe( ) - {WmlD («%’)QD(g)(WgD (.%'))71, on g€D7
)

is well-defined on D, because of (127), for any é € Sn U {0}. It conjugates the
two systems, depends analytically on (é,x) € Sn x D, and converges uniformly on
compact sets of D,, when € — 0.

On the other hand, let us suppose that the change y; = P:(x)y2 yields an analytic
equivalence (as in the statement of the proposition) between the two systems. Then,
by uniqueness (up to normalization) of W7 (x) and W7 _(x), we must have

(120) P.@)W2, (@) = W2, (2)Qu @), over G
and
(130) Pg(x)WfD (x) = WmlD (2)Qp(€), over G5,

with Qu(é) and @p(€é) nonsingular diagonal matrices depending analytically on
€ € Sn and having a nonsingular limit at e = 0. Isolating P:(z) in (129) and (130),
we get, over a compact in % and for ¢ sufficiently small,

(131) W, (0)Qp () (W2, (2)) ™ = Wy, (2)Qu(&)(WZ, ()7,
which is equivalent to (127), using (124). O

Remark 4.42. Taking the left transition matrices instead of the right transition
matrices in Proposition 4.41 (and taking in the proof a compact set on Q% instead
of Q%) yields similar result.

When taking a system of the form (24), the right transition matrices Er 3, i,
and Ep z,—z, both correspond to the transition from the lower point to the upper
point. By Proposition 4.41, we know they satisfy a relation like (127). We formulate
it more precisely in Proposition 4.50.
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Definition 4.43. For r(e) analytic in € € Sn, we say that r(e) is exponentially
close to 0 in /€ if it satisfies |r(e)| < be VI for some a,b € R,

Lemma 4.44. Following its definition given by (34),

(132) Agji = (Du)ss(Dy Y)jg s <jl=1L,R
is ezponentially close to 0 in /e (to prove it, use (53)). We also have
(133) (Agj) ™ = Ay
and
(134) Asj,lAji,l = Asi,l-
By (30), (33) and (54), we obtain
(135) Dy =Dgz', Drp=D;*
and, by (34),
Agjr=ADjs.1
136 s = Qs Ly
( ) Asj,L = Ajs,R-

Hence, Asﬂ is exponentially close to 0 in \/e for s > j andl =L, R.

Lemma 4.45. On S, elements from the following matrices are exponentially close
to 0 in /€ in the sense of Definition 4.43:

Cr(e) - Tr, I-Ty,

(137) CR(g) —Tg, I —Tkg.
CL(E)fl— 751, I— ~L1’

1 ~ _

( 38) CR(G) L R_l, I— R_l,

(139) “LoL UL

and

(140) I=DpT D', I=DyTuDy',  I—=DpTy Dy’
I - DgTrDy'  I—-DpTrD;'  I1-D/Tz'D;".

Proof. The proof follows from Lemma 4.44 and (106). Relation (107) is used to
obtain (137). Since T, ' = D;7, ' D; ' Cy(é)~!, we have, for i # 7,

(141) (71— 250 = (GO Ny + Y. (TGO rgAin,

i<k<j,l=R

j<k<i,l=L
Relation (141) leads to (138). Since DlTl_lf)l_l = Tl_lcl(é), we have, for ¢ # 7,
(142) (T )i (Dija = 1) = (CL@)is + Y (T )ik(Crl))y,

i<k<j, =R

j<k<i,l=L

Relations (142) and (138) yield (139). Finally, (140) follows from (137) and (138),
using (35) if necessary. O
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Definition 4.4}6. Let the unfolded Stokes matrices and the formal invariants be
given, and let 7; be obtained by (102) from them. Let
Ny = DTy TpD", Np =T, 'T,

14 - -
(143) Ny =T3;'Ty, Nr = DpTy'T1Dy".

We call the matrix Ny (respectively Ng) the left (respectively right) transition
invariant. Note that the equivalence classes of unfolded Stokes matrices induce an
equivalence class on the transition invariants.

Corollary 4.47 (of Lemma 4.45). On Sn, the difference between a left (respectively
right) transition invariants and a left (respectively right) unfolded Stokes matrix is
exponentially close to 0 in /€ in the sense of Definition 4.43, i.e.

(144) NR—OR(g), NL—CL(g), NL—OL(E), NR—OR(g).

Remark 4.48. From Corollary 4.47, the diagonal entries of the transition invari-
ants Ni, l = L, R, tend to 1 when €é — 0 in Sn. They are thus always different from
zero if the radius p of the sector S is sufficiently small.

Definition 4.49. Let the unfolded Stokes matrices and the formal invariants be
given. Let T} as obtained by (102). We say that the auto-intersection relation is
satisfied if there exist Qu(€) and @Qp(€) nonsingular diagonal matrices depending
analytically on € € S, with a nonsingular limit at ¢ = 0, such that

(145) |Qi(e) — I| < ¢le|l, ci€R,e€ Sn, i=U,D,
and

(146) Qp(€)DRTR'TLDR' = T ' TrQu (8),
which is equivalent to

(147) Qp(EN, = N\Qu(é), 1=L,R.

because of (135) and Definition 4.46.

Proposition 4.50. The auto-intersection relation (147) for the family (24) is sat-
isfied.
Proof. We proceed similarly as the proof of Proposition 4.41, taking
(a) Wy (€,#)DrTr,DR" and Wy (¢,#)DrTrDz" as the fundamental matrices
of solutions composed of eigenvectors of M7, (to verify, use (74), (91) and
(106)),
(b) Wp(€,2)Tr and Wp (€, 2)Ty, as the fundamental matrices of solutions com-
posed of eigenvectors of M,

with Ws(e, z) given by (75). By Lemma 4.45 and Corollary 4.22, these solutions
converge uniformly to W (0, ) (defined by (42)) on compact sets of Q% when € — 0,

€ € Sn, for s =D or s = U. The corresponding transition matrices are here given
by

(148) EpL i, —ip = Npe?™hi(©) Ers, i = Ng,

(149) Epzpoz, = Npe?mita(e) ERzp—z, = Ng,
leading to (147).
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Let us now prove (145) for ¢« = D (the case ¢ = U is similar). We have ob-
tained the existence of nonsingular diagonal matrices Qu (€) and Qp(€) depending
analytically on € € S, with a nonsingular limit at ¢ = 0, such that

(150) WU(E, ,’E)DRTLDél =Wy (g, SL’).DRTRDélQU(E)
and
(151) WD(E, {E)TR = WD(g, LL‘)TLQD(E).

Extending the solution Wp(€,2)Tr (respectively Wp(é, 2)TL) to z = 0 along a
path in QF, (respectively Q%), we obtain

(152) Wp (E, O)TR =Wp (g, O)TLQD(E)DR
or equivalently, because of (75),
(153) Hp(g,0)Fp(€,0)Tr = Hp(¢,0)Fp(¢,0)TLQp () Dg.

Since Fp(€,0) = Fp(¢,0)Dr, we have
(154)  Hp(,0)Fp(e,0)TrFp(€,0)™r = Hp (& 0)Fp(é,0)TLFp(¢,0) " Qp(e).

Fp(€,0)TrFp(€,0)~" and Fp(¢,0)T Fp(é,0)~! are exponentially close in /€ to 1.
We use (76) and (77) in order to obtain (145) for i = D. O

We now show that the auto-intersection relation implies that there exists a repre-
sentative of the equivalence class of unfolded Stokes matrices which is %—summable
in e.

Theorem 4.51. There exists a representative of the equivalence class of unfolded

Stokes matrices which is %—summable m e.

Proof. The strategy consists in using the Ramis-Sibuya Theorem (see for instance
[8]): if C'(€) depends analytically on € on a ramified sector around the origin and if
the difference on the auto-intersection of the sector is exponentially close to 0 in /e,

A
ie. |C(e) — C(¢)] < Be VI for some positive A and B, then C(e) is 3-summable
in €.
By Proposition 4.50, the auto-intersection relation (147) is satisfied. Hence,

(155) Qp(e)N; = NiQp(e)Q(e),
with Q(€) = Qp(€)'Qu(€). We then have
(156) (V)i = (N1)ii (Q(€))is

Corollary 4.47 says that N; (respectively N;) is exponentially close in v/€ to Cy(€)
(respectively Cj(€)). Since the unfolded Stokes matrices has 1’s on the diagonal,
relation (156) implies that Q(€) is exponentially close (in v/€) to I. Let K(€) be a
nonsingular diagonal matrix depending analytically on ¢ € S, with a nonsingular
limit at e = 0, such that K (&) 'K(e) = Qp(€) (recall that (145) is satisfied).
Relation (155) becomes

(157) K(ENK(@E) ' = KENKE) Q).

since Q(€) is diagonal, and hence commutes with K (€). Let us take the representa-
tive of the equivalence class of unfolded Stokes matrices C](é) = K (€)Cy(é)K ~1(é).
Using Corollary 4.47 with

(158) N/(&) = K(e)Ni(e) K~ (8),
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we obtain that N/ (respectively N) is exponentially close to Cy(€) (respectively
C}(€)). On the other hand, relation (157) implies

(159) Ni = NiQ(e)

with Q(€) exponentially close in /€ to I. The difference between the representatives
C/(€) and CY(€) is hence exponentially close to 0 in /¢, for I = L, R. O

Remark 4.52. In dimension n = 2, it is always possible to choose an analytic
representative of the equivalence classes of unfolded Stokes matrices, all the cases
have been enumerated in [2]. Indeed, in the case of nonvanishing elements (Cr(€))21
and (Cr(€))12, the auto-intersection relation is equivalent to the analyticity of the
product (Cr,(€))21(Cr(€))12. Preliminary investigation in the case n = 3 shows that
this could not be the case generically. We study this in more details in [7].

4.11. Unfolded Stokes matrices reducible in block diagonal form. We will
now state a sufficient condition for the decomposition of a system (24) in dimension
n as the direct product of irreducible systems of lower dimension (this may require
a permutation), using the following lemma.

Lemma 4.53. For ¢ € S, the matriz P~*CL(€)P (respectively P~*Cg(€)P), with
a permutation matriz P, is lower (respectively upper) triangular, unipotent and in
a block diagonal form if and only if P~ 7. p (respectively P~ 1TRP) has the same
form.

Cr(€) and CL(€) have a common block diagonal form with the same permutation
matriz P (when staying triangular) if and only if Cr(€) and Cr(€) have the same
block diagonal form with the same permutation matriz P (and stay triangular).

Proof. The first assertion comes from the fact that columns of P17} P are eigen-
vectors of P~1Cy(é)D;P (note that there are no resonances for ¢ in Sn). Let us
prove the converse. P~ 1TlP is unipotent, triangular and in a block diagonal form if
and only if P~ 1D1T1Dl P has the same structure with the same permutation ma-
trix P. Then, the product (P~ T}P)(P~'D;TiD; ' P)~' = P~'Cy(é)P (by (106))
has the desired property.

The second assertion follows directly from (146) and from the first assertion. [

Theorem 4.54. A family of systems (24) with both unfolded Stokes matrices ad-
mitting, after conjugation by the same permutation matriz P if necessary, the same
decomposition in diagonal blocks for all € € S (when staying triangular) is analyti-
cally equivalent (with permutation P) to the direct product of families of systems.

Proof. First, let us take a system (24) which has unfolded Stokes matrices in block
diagonal form with the same positions of the blocks: Cy(é) = ¢}, (¢) @& cl (6) & ...
cflk (é) for I = L, R, with n1 + na + ... + np = n. We will prove that this system is
analytically equivalent to a direct product of smaller systems of dimensions nq, ...,
ng. Looking at (91), we notice that these relations would still hold if we replace by
zero each element (H,(é,x));; such that the position (7, j) is outside the diagonal
blocks of C;(€). This leads us to define J,(é,z), for z € Q¢, b

(160)

0, if (Cy(€))s; is outside the diagonal blocks,
(Hs(€,2))i55 otherwise.
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Js(€é,x) is in block diagonal form Js pn, (€,2) @ Jspn,(€,2) B ... ® Jsn, (€, 2) and it
follows from (78) that it is invertible. From (91), we have

)
Fp(é,z)Cr(&)(Fp(é,2))™",  on Qf,
(161) Jp(&,2) My (&,2) = Fp(&,z)CL(&)(Fp(é,z))~, on O,
I on QF.

3

These relations imply that the transformation

R o .
(162) Qe,x) = JD(fax)HD(f,fL’)il, z € O,
Ju(é,z)Hy(é,2)~1, x € Qf,

is well-defined on the intersections of the domains and is an analytic function of x
in a whole neighborhood of z = 0, including the points Zr and Zr,. We will now
prove that Q(¢é, x) is unramified in e. Since it is bounded at € = 0, this will imply
the analyticity of Q(e, z) at ¢ = 0. To prove that

(163) Q(é,7) = Q(& ),
(164) Jo(6,2) " (6, 2) = Hy(&,x) ' Hy(¢,x), se€{1,2},

we will consider x € QF N QL. In this region, we have Jy(é,2) = Jp(é,x) and
Hy(é,x2) = Hp(é x). By uniqueness of the Floquet solutions (Theorem 4.31), we
have

(165) Hp(¢,2)Fp(¢,2)TrK = Hp(& 2)Fp(&,z)Ty,
with K a nonsingular diagonal matrix. Hence,
(166) HD(E,LL')FD(E,JJ) = HD(g, {E)FD(g, {E)Z,

with Z = TLK_lfgl. By Lemma 4.53, Z is in the block diagonal form Z,,, & Z,,, ®
.. ® Zy,,. By definition of Jp (€, x), we have

(167) JD(E,JJ)FD(E,JJ) = JD(g,JJ)FD(g,JJ)Z.

Relations (166) and (167) yield (164). Finally, lim._,o Q(e, z) is bounded, so Q(e, x)
is an analytic function of (e,z) in a whole neighborhood of (0,0). The trans-
formation v = Q(e,x)y gives a system with the fundamental matrix of solutions
Js(é,7)Fs(& x) on Qf, and hence with the matrix in block diagonal form B(e, x) =
By, (€6,2) @ Bp,(€6,2) @ ... ® By, (€, x).

Finally, let us take a system (24) in which the unfolded Stokes matrices conju-
gated by a permutation matrix have the same decomposition in diagonal blocks:
PTG (P =d, dc, .. @, forl=L,R, withni+ns+..+nr=n We
apply the previous result to the system transformed by y — Py. ([l

4.12. Unfolded Stokes matrices with trivial rows or column. We include
here the study of the cases when both unfolded Stokes matrices have a trivial row
or column (this is not a prerequisite to obtain the complete system of invariants of
the systems (24)). When this happens, the system is analytically equivalent to a
simpler one.

Lemma 4.55. For ¢ in Sn and j € {1,2,...,n}, the following properties are equiv-
alent, and they are satisfied for € if and only if they are satisfied for €:
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(1) the jt" solution that is eigenvector of the monodromy operator around x =
&g is a multiple of the j' solution that is eigenvector of the monodromy
operator around x = X;

(2) the j" column of the transition invariants N1, and Ng (Definition 4.46) is
trivial (it corresponds to the j' column of the identity matriz);

(3) the j*" columns of Tr and Ty, are trivial;

(4) the jt" columns of Cr(€) and Cr(é) are trivial;

(5) the solution w;(é, ), corresponding to the j** column of Wi/ (€,x) given by
(99), is eigenvector of the monodromy around both singular points.

Proof. It follows from (147). O

Theorem 4.56. A family of systems (24) with both unfolded Stokes matrices having
the §* column trivial for all € € S is analytically equivalent to a family of system
(24) with an invariant subsystem formed by the equations i # j (i.e. the (i,7)
entries are null for all i # j).

Proof. We follow the same steps as in the proof of Theorem 4.54, considering the j**
column with nondiagonal elements null (instead of null elements outside diagonal
blocks in Theorem 4.54), and taking a different definition of Js(é,2). We take
Js(é,x) = Qs(€,x)Hy(€, ), with

1, if i = k,
(168) (Qu(&2))in = § g, ifk=j ik
0, otherwise.

The j* column of J,(é,z) then has zero nondiagonal elements. The rest fol-
lows as in the proof of Theorem 4.54, using Lemma 4.55 instead of Lemma 4.53
(and forgetting about the last part of the proof about the permutation of the y-
coordinates). O

Lemma 4.57. For ¢ in Sn and j € {1,2,...,n}, the following properties are equiv-
alent, and they are satisfied for € if and only if they are also for é:

(1) the j*" row of the transition invariants N and Ng is trivial;

(2) the ' rows of Tr and Ty, are trivial;

(3) the j** rows of Cr(€) and CL(é) are trivial.
Hence, in the j*" Riccati system, the property of a first integral Hg to be an eigen-
vector of the monodromy around both singular points is conserved in both points of
view € and €.

Proof. The first part follows from (147). The last part comes from Corollary 4.37: a
first integral HZ is eigenvector of the monodromy around both singular points if and
only if rows ¢ and j of the inverse of two unfolded Stokes matrices are trivial. [

Theorem 4.58. A family of systems (24) with both unfolded Stokes matrices having
the j*" row trivial for all € € S is analytically equivalent to a family of system (24)
where the j" equation is independent of the others, hence integrable (i.e. the (j,i)
entries are null for all i # j).

Proof. The proof of the analytic equivalence (to a system having (j,7) entries null
for all i £ j with j fixed) is very similar to the proof of Theorem 4.54, considering the
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jt" row with nondiagonal elements null (instead of null elements outside diagonal

blocks in Theorem 4.54), and taking a different definition of J4(é, ), namely

(Hs(éax))lkv { 3&.]7
(169) (Js(&2))ik = § 0, i=j,#J

1, 1=7=k.
We then follow the proof of Theorem 4.54, using Lemma 4.57 instead of Lemma 4.53
and forgetting about the last section of the proof that concerns permutation. [

4.13. Analytic invariants. We now have the tools to prove that the equivalent
unfolded Stokes collections are analytic invariants for the classification of the sys-
tems (24).

Theorem 4.59. Two families of systems of the form (24) with the same model
system (29) are analytically equivalent if and only if their unfolded Stokes collections
are equivalent. In particular, a family (24) is analytically equivalent to its model if
and only if the unfolded Stokes collection is trivial.

Proof. We consider two systems of the form (24):

(170) (z* — €)y; = Bile, x)yi,
with
(171) Bi(e,x) = Ae,x) + (2% — €)Ri(e,x), i=1,2,

and A(e, z) given by (26). We choose a neighborhood of the origin D, common to the
two systems for which the modulus is defined. We denote the fundamental matrix
of solutions of (170) given by Theorem 4.21 as H; s(¢, x)Fs(¢é,z) (for (¢,z) € Sx Q,
s=D,U).

Let us suppose that these two systems are analytically equivalent via a transfor-
mation yo = Q(e, z)y1. By Proposition 4.25, we must have

(172) Hy o (é,2) = Qe,2)Hy s(6,2)K(¢) on Qf, s=D,U,

with K (€) a nonsingular diagonal matrix depending analytically on € € S with a
nonsingular limit at e = 0 and such that (93) is satisfied. Then, on the intersections
of QED and Qf], we have

(173) (Hap(é,7)) " Hop(é,2) = K(&) ' (Hyp(é,2) ' Hy (&, 2)K ().

This implies that the unfolded Stokes collections given by (91) are equivalent.

Let us prove the other direction. Let us suppose that the two systems above have
equivalent Stokes collections {C%(¢€), Ct (¢€)} with a matrix K (é) as in Definition
4.26, i.e.

(174) C}e)=K(e)CHeK ()™, I=L,R.

By taking, for the second system, an adequate normalization of the fundamental ma-
trix of solutions (namely changing from Hj 4(€é, z)Fs (€, z) to Ha (¢, ) Fs (€, x) K (€),
s = D,U), we can, without loss of generality, suppose that

(175) C}Hé)=Clé), 1=L,R.

First, let us suppose that the unfolded Stokes matrices C%(¢) and C%(€) cannot
have a block diagonal form (for all € € S) with the same positions of the blocks,
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neither after conjugation of each of them by the same permutation matrix (that
keeps their triangular form). We take

.\ | Hap(é x)(Hip(éx)™ ', onQf,
(176) Q(é,x) = {HQ)U(EA,;@(HLU(g7 z))~!, on Q%}v

which is well-defined because of (175). Since lim,_.;, Q(¢, x) is bounded, invertible
and independent of s for I = L, R (see (78)), Q(¢,x) is an analytic function of
on the whole neighborhood ID,. of x = 0 which includes the points Zr and Zj, for
¢ € S. We will now choose carefully n(¢) such that 7(é) Q(¢, z) becomes analytic at
e = 0. We will prove that 7n(€)Q(é, ) is uniform in € and bounded near € = 0. The
transformation Q(€, ) Q(€, x) ! is an automorphism of the second family of systems
(170). Hence, over each domain Q, s = D, U, we have the following automorphism
of the model

(177) (Hz.4(€,2)) ' Q(€,2)Q(E, x) ' Ho s (¢, x) = Dy(e),

giving D, (€) a diagonal matrix depending on € With relations (91) applied to the
second system, (177) leads to

(178) CE(€)Dy(€) = Dp(e)CE(e), 1€ {R,L}.

As the diagonal entries of Cj(€) are 1’s, we have Dy (€) = Dp(€). The hypothesis
that the Stokes matrices have no common reduction to block diagonal form (neither
after conjugation by a permutation matrix that keeps their triangular form) implies
that this relation can only be satisfied for Dy (€) = p(€)l for some u(€) analytic
function over Sn. Relation (177) becomes

(179) Q(e,2)Q(&, ) "' = pu(e)I.
In particular,
(180) Q(6,0)Q(£,0)! = p(e)I.

Using properties (76) and (77)(which remained valid when we modified H 5(€, x)
to Ha s(€,2)K(€), s = D,U), the definition (176) implies there exists C' € R such
that

(181) |0(6,0)0Q(6,0)"' —I| < Cle|, €€ Sn.
Relation (180) and (181) imply there exists ¢ € R such that
(182) |(e) — 1| < cle], €€ Sn.

Reducing slightly the radius p of S and its opening, let 7(€) be an analytic function
of € on S satisfying

(183) (€)' n(€) = u(e).

Of course, such a function can be found with lim:,on(é) = 1. Let Q*(é,z) =
n(€)Q(é, x). From (179) and (183), we get

(184) Q*(¢,2) = Q*(, x).
Then,
(185) liH(lJ Q*(e,x) = Ha 4(0,2)(Hy +(0,2))', €0 s=D,U,

which is finite, so Q*(¢,x) is analytic in € at ¢ = 0. Hence, Q*(¢, ) analytically
conjugates the two systems.
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Finally, let us suppose that both unfolded Stokes matrices of each system admit,
after conjugation if necessary by the same permutation matrix that keeps their
triangular form, the same maximal decomposition in diagonal blocks for all € € S.
By Theorem 4.54, each system is analytically equivalent (with permutation P) to a
system decomposed in smaller indecomposable systems. The decomposed systems
have equivalent unfolded Stokes collections and the smaller indecomposable systems
too. By applying the former argument to each pair of indecomposable systems, we
find that they are analytically equivalent. Hence, the two decomposed systems are
analytically equivalent, and so are the initial systems. O

5. REALIZATION OF THE ANALYTIC INVARIANTS

By Section 4, the complete system of analytic invariants for the systems (24)
consists of the formal invariants (the model system) and an equivalence class of
unfolded Stokes matrices. In this section, we give the realization theorem for these
invariants by proceeding in two steps. First, we consider the local realization :

Theorem 5.1. Let a complete system of analytic invariants be given:

o a model system (i.e. formal invariants X;q(€), j = 1,2,...,n, ¢ = 0,1,
depending analytically on € at the origin),

e an equivalence class (see Definition 4.26) of unfolded Stokes matrices Cr(€)
and C1,(€), which are respectively an upper triangular and a lower triangular
unipotent matrix depending analytically on é € S and having a bounded
limit when é — 0 on S (the sector S of radius py and of opening 27 + ~o is
chosen from the formal invariants as in Section 4.8, and pg can obviously

be chosen smaller to ensure the analyticity, over S, of the entries of Cr(€)
and Cr(€)).

Then, there exist r > 0, a radius p < min{po, g} of S and a system (2 — €)y’ =
A(é,x)y (y € C™) characterized by these analytic invariants, with A(€,x) analytic
over S x D,.. A(é, ) is ramified in € and its limit when é — 0 (€ € S) is analytic
n x over D,..

We prove Theorem 5.1 from Sections 5.1 to 5.5. Then, we show that the auto-
intersection relation (146) is sufficient for the global realization of the analytic
invariants, i.e.:

Theorem 5.2. Let a complete system of analytic invariants as described in The-
orem 5.1 be given and satisfying the auto-intersection relation (146). Then, there
exist r > 0, a radius p < min{po, é} of S and a system (2* — €)y’ = B(e, )y
(y € C™) characterized by these analytic invariants, with B(e,z) analytic over
D, x D,.

The proof of Theorem 5.2 is presented from Sections 5.6 to 5.9. It uses the
ramified system constructed in the proof of Theorem 5.1. The auto-intersection
relation (146) will be the key ingredient to prove Theorem 5.2, namely to correct
the family to a uniform family. It will guarantee the triviality of the abstract vector
bundle realizing the family of Stokes matrices.

5.1. Introduction to the proof of Theorem 5.1. Counsidering € fixed, we realize
the invariants on an abstract vector bundle which we then show to be trivial. For
this, using ideas from the proof of the realization theorem at € = 0 in [10] and from
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the proof of Cartan’s Lemma in [4], we will prove that, for s = D, U and sufficiently
small radii p of S and r of QF, there exist matrices H, (¢, ) depending analytically
on (¢,z) € S x Qf, having a limit when ¢ — 0 in S that is analytic in z over Q2,
and such that, for é € S U {0},
(186) Hp(é,z) 'Hy(&,x) = [+ Z(é,z), =€ Q5NQ%,
where

Fp(&,2)Cr(é)Fp(é,x)~t =1 on Q%
(187) Z(é,x) =X Fp(&,z)CrL(e)Fp(é,z)~t -1 on Q¢

0 on Qéc,
with Fs(é, x) a fundamental matrix of solutions of the model system (as in Notation
4.19) which is completely determined by the given formal invariants.

Then, we consider

(188) Ws(év 'r) = Hs(é, I)Fs(éa I)a (éa I) € (S U {O}) X Qia
Relations (186) implies that
(189)  Wp(&x)Wp(é,2)~t = Wi(é,z)Wy(é,z)~!, onQf, éc (Su{0}),

so that
2 _ W:(é Wn (€ -1 Qé
(190) A(e,z) = (“’2 Wp(&x)Wp(é, I)fl’ on Dy
(x* — W[ (€, 2)Wy(é,2)~", on Qf,
is well-defined and hence analytic over (D,\{Zg,Zr}) x (S U{0}).

We will prove the boundedness of Hy(¢é, ), Hs(é,2)~" and H.(é, z) near x = 3y,
for é € (SU{0}), s=D,U and | = L, R. This implies that A(¢, x) is analytic over
S x D, and has a limit when € — 0 (with € € S) that is analytic in « over D, since
(22 — )W (e,x)Wy(é,z)~ !

= (2% — e)H. (&, 2)Hy(é,2) "1 + Hy(é,m)A(e,x)Hg(&,2) L.

H,(é,z) will be obtained in Section 5.5 from a specific sequence of matrices

constructed in Section 5.4. This proof needs adequate choice of radii r of Q¢ and p
of S.

s=D,U.

(191)

5.2. Choice of the radius r for the domains in the z-variable. First, we
choose r by considering the case ¢ = 0. For r > 0, let us take Qp and Qp as in
Definition 2.2 (Figure 1) and let

Opp={recC:lz|<r,—(rm+d+3) <arg(z) <+ 3},
Qupg={zeC:l|z|<r,—(§+8) <arg(z) <m+3+ 3},

with 3 > 0 sufficiently small so that the closure of €2 3 does not contain more
separation rays (Definition 2.1) than 4, s = D, U (Figure 18). From these domains,
we define domains having their part of the boundary other than the part {|z| = r}
included in some solution curves of the system & = 22 — ¢ allowing complex time.
The procedure explained in Section 4.4 yields Q0 (respectively Qg ﬁ) included in
O (respectively Qs ), for s = D,U (Figure 18). In the course of the proof, for
domains denoted by the letter €2, we use the notation

(193) Qra=QuNQp =0 UQc UQR.

(192)
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Qp.g

FIGURE 18. Sectorial domains Qp, Qp g, QY and QY ;.

We now define domains Q9(v) included in Qg) 5 and converging when v — oo
to QV. In the t-variable (see Section 4.4), let us define the neighborhoods T'%(v)
(Figure 19) of T'? (which is the domain corresponding to QY in the ¢-variable):

121

(194) Mw)={z:3telst. |z m

<270}, v=>1,s=D,U.

We choose 6 > 0 such that T9(1) is included in l"g) 3 (which is the domain corre-

FIGURE 19. A neighborhood I'%(v) of I, s = D, U.

sponding to QF 5 in the t-variable). In the z-variable, the domains I') (v) correspond
to

(195) QL) ={y:F2cQst. ly—z| <2770ly|*}, v>0,s=D,U.

As illustrated in Figure 20, we write the boundary of Q2 (v) = Q% (v) N Q% (v)
as

(196) IR (v) =0, Ul p,

denoting 7), C 9QPX(v) the path included in the boundary of QJ(v), s = D,U
starting at * = —r and ending at x = r.

Asymptotic properties of Z(0,z) imply that VN € N* there exists K € Ry
such that

(197) 12(0,2)] < KXY, 2 €Q)(6),l=L,R.
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e

’YS,U
FIGURE 20. Integration path v, C 9Q(v), s = D,U.

We take r sufficiently small so that the length of each path 7875 is bounded by a
constant ¢? such that

(198) /

5.3. Choice of radius p of S and sequence of spiraling domains. First, let
2

us take the radius p > 0 for S such that p < min{po, % }. Restricting p if necessary,

we construct, as in Section 4.4, sectorial domains Q¢ (respectively QZ ) that differ

™

0
|dh|<cg<min{247T—KS,??}, v>1,s=D,U.

0
v,s

from QY (respectively Qgﬁ 5) mainly inside a small disk. Q; 5 1s a neighborhood of

Q¢ (see Figure 21). As in Figure 10, these sectorial domains may spiral around the

singular points, depending on the value of é. Nevertheless, Q¢ always stay inside
e

Qb s

FIGURE 21. Sectorial domains QéD and QEDﬁ, case Vé € R.

For v > 1, we define the spiraling domains Q¢(v) which converge when v — oo
to Q¢ and are included in Qg g for p sufficiently small:
(199)
QL(v) = QUir r{y: Fx € Qf s.t. ly—z| <27V0ly—21*}, €€ SU{0},s=D,U.

The spirals of Q%(v) near = 4; are approximately logarithmic.

As illustrated in Figure 22, we denote as v, ; = 7, ; U, ¢ g the broken path
included in the boundary of Q¢(v), s = D,U. The path *yﬁ)sl starts at x = —r and
ends at x = #1, whereas 75,5,1% starts at = 2r and ends at + = r. Remember
that they may spiral near the singular points. ) A

Reducing p if necessary, properties of Z(¢,z) (from (187)) on Q7 5 and Qf 4
imply that, for N = 1,2, 3,4, there exists Ky € Ry (Ky > K%) such that

(200) |Z(é,2)] < Kylz— &)Y, (&) € (SU{0})xQf(1),l=L,R.
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e é
Yv,D,L Yv,D,R

é é
Yv,U,L Yv,U,R

FIGURE 22. Integration path ~f , = 75757L U 757513, s=D,U, case

VéeR:.

Also,
(201) Z(é,x)=0 (&x)€SxQ5(1).
We reduce p in order to have
. 0 T R
(202) /Ss|dh|—65§m1n{24—lﬁ,ﬁ}, VZl,GESU{O},S:D,U,

(since the spirals are logarithmic, they have finite length).

5.4. Construction of a specific sequence 7", Z; and Z},. In this section,
starting from Z! = Z(é,x), we construct, for v = 2,3, ..., a sequence of matrices
Z¥, Zf; and Z such that the following four conditions are satisfied:
() zv=t =24 — 7Y, for (¢,z) € (SU{0}) x Q& (v — 1);
(I) for s = D, U
) Z;’(€7 x) is analytic on S x Q¢(v — 1),

e ZY(0,z) is analytic for x € Q%(v — 1),
o |7V <27WHD for (¢,x) € (SU{0}) x Q(v)

(D) [+2 = ([ +25) I+ 2 ) +25)7", (62) € (SU{0}) x Q& (v — 6) for
some 0 < § < 1;
(IV) e Z¥(0,x) is analytic over Q2 (v — 4),

e ZV(é,x) =0o0n S x Q% (v —6),
e ZV(¢ x) is analytic on S x Q& (v — ) and satisfies, for N = 1,2, 3,4,
|2V < 272"V K n|x — |V for (6,2) € (SU{0}) x Qi(v), I = L, R.
In order to obtain condition (I), we define the matrices Z}, (€, ) and Z}; (€, x) for

v=23,..by
(203)

» 1 Z71(¢, ) ) . -
2¢(e,z) = %A 20, (ea) € (SU{0) x Afw —1), 5= D,U.
Condition (I) is satisfied since, for (¢,z) € (SU{0}) x Q& (v — 1),

./L'
1 Z” 1 h)
(204)  Zh(ew) — 24 (e 7) = 2—/ 2GR gy~ (e,
'Y
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where 7¢_; (Figure 23) is a union of two paths surrounding Q¢ (v—1) and Q% (v—1):

(205) Vo= 75—1,U,L(75—1,D,L)71 U Vi—l,U,R('Yﬁ—l,D,R)il'

Qv - 1)

i i Qv — 1)

FIGURE 23. Integration path 7¢_,, case VéEeR:.

Let us now prove (II) for v > 2, taking into account that (IV) is satisfied (it is
indeed for v = 1). When integrating in (203), we have
(206)
|h—a| >27"0lh— &[>, heri_i, v€Qi(v),éc SU{0}, s=D,U I=L,R

Then, using (IV) as well as relations (202) and (206), we have, for s = D, U,

v—1 é R ¢
ooy HED < % Vo Erldnl, (e ) € (SU{0}) x Q5(w),
< 20 P < 94D, (&,2) € (SU{0}) x Qi (v).

Let us now prove condition (IV), taking Z* defined by relation (III) (there exists
some 0 < § < 1 such that (I + Z%) is invertible for (¢,x) € (SU{0}) x Q& (v — 9)).
On each side of (III), multiplying by (I + Z};) on the right yields
(208) Zp+ZV(I+2Z5) =Z" "+ ZH + ZHZ" ™t (é,x) € (SU{0}) x Q5 (v).
Using condition (I), it yields
(209) ZV(I+2Z5) = 252", (é2) € (SU{0}) x Q5 (v).

Hence,

27| <|Zpllz"~ (T + Zp)~' (6,2) € (SU{0}) x Q& ()

(210) < 125112 iy (é.2) € (SU{0}) x ),

the last inequality obtained since | Z};| < 4. Because of (201), we have
(211) Z¥(é,z) =0 on S x Q% (v).
Finally, we finish the proof of (IV) from condition (IT) and the induction hypothesis
into (210): for N < 4 and I = L, R, we have
(212)
|zv| <27 2UIK |z — 1Y) (52), (62) € (SU{0}) x Qf(v),
<272 DK N|e — &V, (6,z) € (SU{0}) x Qf(v).

X



46 C.Lambert, C.Rousseau

5.5. Construction of Hp(é,x) and Hy(€,x). The sequence of matrices Z¥, Z};
and Z7, constructed in Section 5.4 satisfies condition (III) and hence, for (¢,z) €
(SU{0}) x Qf (),
(213)
I+Zex)=I1+2'=
[T+ Z%)..(1+ Z3)(I + Z3)] I+ 2 (I+2zy)...(I+Z3)(I+Z3)] .

Since
(214) lim Z¥ =0, (&) € (SU{0})x Q4(v),
and
215) [ n+2z<J[a+27%), (6a) e (SU{0}) x Qi(v), s = D,U,
v=2 v=2

the products in brackets are convergent in (213) when v — oo and we are led to
matrices satisfying (186) (details in Lemma 4 from the proof of Cartan’s Lemma in
[4):

(216)

Hy(&,x) = lim (I+2ZY)..(I+Z(I+Z2), (¢é2)€ (SU{0})xQ(v), s=D,U.

V—00

The boundedness of H(é,z) and Hy(é,z)! when z — &, z € QF, ¢ € SU {0},

s=D,U, | = L,R, is obtained from (IV) and from the fact that the limit of the

products in brackets in (213) are invertible and convergent when v — oo.

Let us now prove that H.(é,z) = aHgi(j’w) is bounded when = — 2;, x € QF,

€€ SU{0},!l=L,R and s = D,U, by proving there exists K € R, such that
(217) |Hy (6,3 +t) — Ho(é,2)| < KJt|, & +t€Qf.

First, let us prove there exists k € R, such that

(218) |ZY (&, 3+ t) — Z¥ (e, &) < 27Vk[t], @+t e Qi(v).

Using (203), (IV), (206) and (202), we have, for ¢ such that #; +t € QS(v),
(219)

2@+t - ZiE i) = |f, 27N (m - ﬁ) dh‘

=

[t] 12"~ 1 (e,h)]
< |l et i an]|
t| K32Ycq
< % 22(3,/72)‘9
< vy
thus proving (218) with k = ;%2. To obtain (217) from (218), let us denote shortly
(220) ZU(ed) =22, ZU(ed+1t) = 2L,

From (216), we have
(221)
|Hs(éu=%l + t) - Hs(ga jl)'
=limy oo (I + 2%,)..(T+ Z3 )T+ Z2,) — (I + Z%))..(I + Z3 )T + 22)).
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Using (218) and (II), we can bound (221) and obtain (217) from:
|Hs(€, 2 +t) — Hs(€,3)|
: v i i 1—1 5 v S
< 1lmy~>oo Ei:Q |Z5xtAf Zs,l| Hq:2 |I + Z.g,t| Hp:i-l—l |I —+ Z.f,l|
: v H+Z0l 5 55 i—1 5 v A
<limy—oo Do 1T2—<iil) |Zs,t - Zsyl| Hq:2 |+ Z§1t| Hp:i+1 |7+ Z§7l|
1 v Z.i tiZz v —
<Timy oo Yoy llirﬁlg‘ p:2(1 +2 (p+1))
<lmy—oo Y or s % H;:Q(l + 2—(p+1))
<Timy oo KJE] Y21, 27D Ty (1427 @FD),

This section concludes the proof of Theorem 5.1. |

(222)

5.6. Introduction to the proof of Theorem 5.2. From now on and until the
end of Section 5, we present the proof of Theorem 5.2, using the proof of Theorem
5.1.

Since the given system of invariants satisfy the auto-intersection relation (146),
Theorem 4.51 allows us to take, without loss of generality, the unfolded Stokes
matrices as 1-summable in e and then, by (159), the corresponding matrices Ng

LC 2
and Np (Definition 4.46) satisfy

(223) Ngr = NpQ(e),
with Q(€) a nonsingular diagonal matrix exponentially close to I in /€. Let
(224) (22 — e)v' = A(é, x)v

be the system constructed in the proof of Theorem 5.1 by using the %-summable
unfolded Stokes matrices. We will correct the system (224) by a transformation
y = J(€,x)v (defined for (¢,z) € S x D) to obtain a system (z? — €)y’ = B(e, )y
with B(e, ) analytic in € at € = 0. The condition (223) will be used in the correction
of the family.

5.7. The correction to a uniform family. Let € and € = €e?™ in Sn. Similarly

as in Proposition 4.50, N (respectively NR) is the transition matrix Eg z,—z, (re-
spectively ER_’jL‘;jR) between Hp (€, z) Fp (€, x)TR and Hy (€, x)Fy (€, I)DRTLD};l
(respectively Hp(€,z)Fp(é,2)Ty, and Hy (€ x)Fy(¢,x)DrTrDy"). Because the
transition matrices satisfy (223), Proposition 4.41 implies that there exists an in-
vertible transformation P(€, x) analytic in (€,2) € Sn x D, and conjugating the
systems (22 — €)v' = A(€,x)v and (22 — €)v' = A(E, x)v, i.e.
(225) A(€,z) = P(€,7)A(€,2)P(€,z) "' + (2* — €) P(¢, ) P(¢,x) "
We need to go inside the details of the construction of P(€, z) to estimate its growth.
P(€ x) is as follows:
(226)
Hy(é,2)Fy(6,2) DRTrRD R Q(€)
P(e,x) = x (Hy(¢,2)Fu (€ 2)[DrTrD5') ", z e Q5 N,
Hp(é,2)Fp(& )Ty (Hp(¢,2)Fp(e,2)Tr) ", =€ Q5 N0%,.
P(€, x) is well-defined (to verify, use (186), (74) and (106)) and can be analytically

extended to D,. It satisfies P(0,2) = I (see Lemma 4.45).
In Section 5.8, we will show that there exists C; € R such that

(227) \P(é,x) — I| < Kild, (&) € (ShU{0}) x D,.
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This leads to the proof, sketched in Section 5.9, of the existence of J(¢,z), a non-
singular matrix depending analytically on (¢, z) € S x B, such that

(228) J(& ) J(E x) = P(€ )
on Sn and such that J(é z), J'(¢,) and J(é x)~! have a bounded limit at € = 0
(this proof requires slight reductions of the radius and opening of .5).

Let (22 —€)y’ = B(é, )y be the system obtained by the change y = J (¢, z)v into
(224). We have
(229) B(é,z) = J(&,2)A(&, ) J (&, 7)1 + (2 — €)J(é,2) J(&,x) L.
Replacing (228) into (225), we get

J(&2)A(E, x)J(€,2) " + (2% — €)J (¢, z) J (€, )~

= J(Ex)AE,x)J(6,2) "t + (22 — e)J (€, 2) J(6,2) !
and hence we will have B(€, ) = B(€, x) on S (for x fixed). B(e, x) will be analytic
in € because it will be unramified and because lim._,o B(e, z) will exist.

In conclusion, once (227) and the existence of the desired J (€, z) will be proved

(in Sections 5.8 and 5.9), we will have constructed an analytic family of systems
with the given complete system of analytic invariants.

(230)

)

5.8. Properties of P(¢,x) near € = 0. In this section, we show that the conju-
gating transformation P(€, z) satisfies (227).

5.8.1. Proof of (227). Let us detail how to obtain (227) for € # 0 from the con-
struction of P(& x) given by (226). We will prove that (227) is satisfied for = €
Q5 N Q5) U (95 NQS). By the Maximum Modulus Theorem, this implies that
(227) is satisfied for x € D,..

With the shorter notations

(231) Hp =Hp(é,z) and Fp = Fp(é,x),
we have, for z € Q5 N QY
(232)

|P(E,$)—I| :|I;’DFDTLTE1FE)1£’BI—I|

= |HpFp(Tr Tyt — Fy Hp' + (HpHp' — 1)

< |Hp'[|Hpl||Ep||Fp | TLTR" — 1| + |Hp'||Hp — Hp

< |Hp' || Hpl|Fol|Fp'|(1Te — 1|+ [T " = 1| + | Ty — 1| Tz = 1))

+Hp'(|Hp — Hpl,

as well as a similar relation on Qf, N Qf,. From Lemma 4.45 (and using (35)), the
following matrices appearing in (232) and in the similar relation on Qf; N Qf; are
exponentially close in /€ to I:

(233) DrTrDg',  DgT.'Dp', T, Ty
Hence, in order to obtain the relation (227) for = € (QF, N Q) U (25 N QS), it
suffices to bound |H, (€, 2) — Hs(€,x)| . From (216), we have
(234)
|HS(€5 I) - Hs(ga I)|

=limy oo |(I +Z%)...(I + Z3H(IT + Z2) — (I + Z%)...(I1 + Z3)(I + Z2)|.
We will prove in Section 5.8.2 that there exists k; € R4 such that, for v > 2
(285) |20 -2 <2 il (62) € S x (Q5(w) N5, 5 = D,U.
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Using (234), (235) and condition (II) in Section 5.4, we then have

|H,(6,2) — Hy(7,2)|
<limyoe iy 120 = ZUTT o T+ ZU ey T+ 28]
<limy oo Y0y 120 = ZUTTZs 1+ 28| Tl 1+ 22|55
<limy oo [T, (142700 07, B2
<limy oo TTo (1 +270H)) T, Ml
< Ty oo €] [Ty (1 4 27FHD) 337, 2761,

yielding the existence of K7 € R, such that

(237) \H,(¢,2) — Hy(¢,7)| < Kild, (&) € Snx (N, s=D,U.

(236)

5.8.2. Property (235) of Z¥. Let us now prove (235), the remaining ingredient of
the proof of (227) for z € (QF, N Q) U (25 N QS). From the definition of Z¥ in
(203), we have, for (¢,z) € S x Q5(v) N QE(v) and s = D, U,

v—1(z v—1(=
1./ 7 (e,h)dh_ 1./ 7 (e,h)dh
271 ~E h—x 271 e h—x
v—1,s v—1,s

The integration paths in (238) differ near the singular points but have a nonvoid
common part. For s = D, U, we denote by if:)s the common part of v, ; and
v5s and by rf and rf, their respective remaining broken paths (i.e. we have

”yis =i+ ’I”,is). Finally, as illustrated in Figure 24, we separate the left and right

é . € _ é é . . .
parts of r;, ;, denoting 77, ; = 7}, ., U7y  p. With these notations, we can write

(238) ‘Z;’ 7

B 3 ~
TLUL ¢ "wD.L - pf R
UL g/ D
\a:R/ v, U,R P \
iy — ’
wv / i‘L\ Z Tr ,.€
— € ’r‘
e U R oo PR
V,U,L v,U, 'y

FIGURE 24. Integration paths if , rf =75 Urf , pand rf =

v,s9 1,8
€ € _
Ty s L U Ty s RS = D, U.

(238) as
Zv—zv| =|L [, ZlEn-z e g,
(239) ‘ 127” ﬁulysz“l(e,h)};_hm 1 Z" @R g
+ﬁ frf_]ilys h—x T 2m 7"571’5 h—z )
and hence
ZSV _ Z;’ < L[ |Z”71(€7h)—Z"71(€;h)||dh|
oy | e b M e,
+E f"i—l,s h—x +E f"i—l,s h—x :

In order to prove (235) from (240), we will bound its last row, and then use induc-
tion.
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By condition (IV) in Section 5.4, we have

(241) 1277 M e )| < 272 Rh - &, (62) € (SU{0}) x Q).
Using (206), we thus have, for z € Qf(v) N Qg(u) s=D,U,l=L,Rand ¢ € {¢ ¢},

7V~ (&,h) h)|
(242) s T | <l bt 2'? ﬁl o
27 WK, |h—2%
<. sl

v—1,s,l

The integration paths 7”5,5 are located inside a disk of radius c4/|€| for some ¢ € R*.
(Section 4.4), yielding
Jo EESMan| <[ o712 K (R + /el ldn)
(243) B <[ 672K el (e + 1)2[dh|
=6- 124 ”K4| [(c+1)2 [ |dh).
v—1,s,l

Thus, a bound for the last row of (240) is, using (202) and the fact that the length
of the path rf_; _ is smaller than the length of the path ~§ ; ,

eh) (eh)
dh‘ }IV 1,s h—x dh)

. _
( 70)~ 124 YKale|(c+ 1) 2( ve ldh+ [ |dh|)
—1,s v—1,s
(244) < (2n0) 2 Kalel(e+ 1) ([, |dhl+ [, ldnl)
< (2r) 12 Kl e+ 1)%2
- 2V+) |7
where
25K4(C+ 1)2
245 by=—p
(245) 1 Ky
Hence, (240) becomes
2y _ |« 1 2" @)=z e )] é
I o s o

(€,7) € Sn x (Qf(v) NQ(v)).

From (246), we will prove (235) for v =2, v =3 and v > 3.
Beginning with v = 2, we have, from

(247) Fy(&,2) = Fy(8,2), 2€Q5NQ%, s=D,U,
and from (187),

|FD(E,!E) (CR(g) —CR(E)) FD(E,CE)ill, on Q%QQ%,

51 71
(248) |20 =2 < {|FD(€,x) (CL(®) = Cr(e)) Fp(e,x)™'|,  on Qf NOj.

By the i-summability of the unfolded Stokes matrices, |Cy(€) — Cy(€)| is exponen-
tially close to 0 in y/e. Then, (248) implies that there exists wy € Ry such that

(249) |2' = 2| < aldlr — @i, 1= LR, (&) € Sn x () NQf(v)),

with K> given by (200). Using relations (202) and (206) and the fact that the
length of the path ij, ; is smaller than the length of the path 7575, the integral in

S
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(246) for v = 2 is bounded by

1 f |Z1(€,h)—Z1(€,h)||dh| 1 J" ’leg‘EIIh—iLF |dh|

IN

2m Jivs [h—x] 2177 i1,s 1(24\‘*}“7'* o
w1 K |é||lh—z,

< wilel % [, ldn

< w fe] S

< 2—17U}1|€|.
From (246) and (250), we have
(251) 122 72| < %k1|€|, (6,2) € Sn x (5(2) N O9)(2), s = D, T,
with
(252) k1 = max{ky,ws }.

Relation (235) is thus satisfied for v = 2.

Now, let us study |Z¥~' — Z¥~!| in order to bound (246) for v > 3. From the
equality
(253) ABC'— ABC! = ((A ~A)B+AB-B)+ABCY(C - é)) ot
applied to relation Z*~! = Z¥ ' Zv=2(I + Z¢7')~! coming from (209), we have
(taking Z*~' = ABC™', Z% ' = A, Zv2=Band I+ Z;7 ") = O)
(254)

|ZV—1 _ ZV—1|

< (1257 = Zp 22+ 12522 - 202 202 - 27
x|(I+ Zg™H) 7Y,

Let us remark that, because of (247), we have
(255) |Zv| <272 VK o — 5], (6,2) € Sq x Q(v)NQf(v),l = L, R,
coming from condition (IV) of Section 5.4.

For v = 3, equation (254) yields, with the use of (249), (251), (252), (255) and
|Zv=1 <27 (from (II) ),
122 = 2% < kafelKale — @i ( + g + 398) (3= ) (= L.R,

§k1|€|K2|x_jl|22L47 l:LvRa

for (€,x) € Sn x (Q5(2) N Q%)(2). In the same way as when we bounded (250), we
use (256) to bound the integral in (246) for v =3 :
L |22 (&,h)—Z%(&,h)] \dh|

27 Jig s |[h—x|

(256)

1 kl‘EIKQIh—illz
2m Jhigys 242-30|h—z,|? |dh|

kl‘EIKQ dh|

k1‘€|K2 B |dh|
2,8

2271'9 'L‘z,s
257
( ) 2270 Jv
LB
Lk .

INIACININ A

Then, (257) into (246) gives
~ 4 1 = = € é
(058) |7 -2l < ekl () € S x QLB NO5E), 5= DU

Relation (235) is hence satisfied for v = 3.



52 C.Lambert, C.Rousseau

We are now ready to prove (235) for v > 3 by induction on v. Let us suppose
that we have
(259) |Z1/72_Zv72| S 22({“}%|€|K2|I —N‘fl|2,

(6,2) € Sn x (Vv — 2N (v —2), L= LR,

and

SV — U — 1

(260) |Zs 1_Zs 1| < ou—1

(this is indeed satisfied for v = 4 because of (256) and (258)). For v > 3, relation
(

254) yields, using (259), (260), (255) and |22~} < 277 (from (II)),

|ZV_1 - ZU—ll S kl|€|K2|:E - :z.l|2 (2V—1212(u—3) + 21/22%1/—3) + 22(1/—21)21/—1)

ke, (& x) € Sax(Q(v—1)NQ5(r—1)), s = D,U,

(261)
x (== )

and thus, for (€,x) € Sn x (v —1)NQ(v — 1)) and | = L, R,
(262) |Zv=t — 277 < | Kolo — @2

In the same way as when we bounded (250) and (257), we use (262) to bound the
integral in (246) for v > 3:

1 |Z¥—Y(&,h)—2Z" "1 (e,h)| 1 k1 Ko|é||h—a|?
27 fii—l,s |h—z| |dh| < 27 fii—l,s 22(v=2) | —x |dh|
< 1 k}1]<2|€||h—il‘2 |dh/|

2m Jis_, | 2200=22-v[h—7|?

k1 K>|é| fig |dh|
v—1,s

T2v—30

neld [ ldnl
v—1,s

T2V =30
sk €] B2
sk el.
Then, (263) and (246) gives (235) for v > 3 (using (252)).

IN

(263)

INIA N

5.9. Construction of J(¢,z). For fixed z, the existence of J(¢, ) follows from the
triviality of the vector bundle on the punctured disk in e-space. But, we need to
show that J(€, ) depends analytically on the "parameter" = € I, and also that we
can fill the hole at ¢ = 0. So we need to go into the details of the construction of
J(é,x). We do this in a sketchy way since the details are completely similar (and
simpler) to those we have done in Sections 5.1 to 5.5.

S has been taken previously with an opening 27 + 9. We reduce slightly the
opening of S to 2w + v with 0 < v < 79, denoting the sector with the previous
opening SP"Y  such that, for some a > 0,

(264) S(1)=SU{e:Fe e Snst. |e—é <2 ale} c SPre.
We write S as the union of two sectors Viy and Vp

Vpb={eeC:0<|e| <p,arg(e) € (m — 7,27 + )},

(265) Vo—{eeC:0<|e <p,argle) € (27—, 37 +7)}.

We take the following domains converging when v — oo to V; and included into
gprev.

(266) Vi(v)=Vs;U{e:3F€VunNVpst. le—¢é <2 %ale|l}, v>1,s=D,U.
We separate the intersection of V7 (v) and Vp(v) into a left and a right domain:
(267) Va(v) =Vu(v) N Vp(v) = Vi (v) UVR(v).
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We divide the boundary of VA (v) in two parts: as illustrated in Figure 25, we denote
tys = tus Uty s r the path included in the boundary of Vs(v), s = D,U. The
path t, s 1, begins at € = —p and ends at € = 0, whereas ¢, 5 g begins at ¢ = 0 and

ends at € = p.
“ Y
tV’U v

FIGURE 25. Integration path ¢, s =1, .1 Ut, s,r, s =D,U.

We reduce the radius p of S (and hence of V; and V,(v), s = D,U) a last time
so that the length of each path ¢, ; is bounded as follows:

™

. iye
(268) /t,/,S |dh|<ls<mln{m,lc—l}, S:D,U,Vzl,

with Ky given by (227).
Starting from

P(e,x) — 1, e Vg,
(269) yi = Plea) e
0, €€ VR)
and using (227), we construct, for v = 2,3, ..., a sequence of matrices Y, Y7 and

Y}, satisfying the conditions:
(i) Y"1 =Y}y —YE, (e,x) € VA(r — 1) x Dy
(ii) for s =D, U,
e Y7 is analytic for (¢,z) € Vi(v — 1) x D,

o V¥ <27+ for (e,2) € Vi(v) x Dy

(ili) For some 0 < § < 1,
¢ [+ YV =(I+YEI+Y" VI +YY) ! for (¢,z) € Vi,(v — §) x Dy,
e YV =0o0n Vr(v—20) xDy;

(iv) e YV is analytic for (¢,x) € V(v — 0) x D,

e Y”(0,z) =0,

o YV satisfies, with &y given by (227),
V7| < 2720=DC, |e| for (&,) € Vi(v) x D,

We can prove that the properties (i) to (iv) are satisfied in a similar (and simpler)
way as in Section 5.4, by defining the matrices Y} (e, ) and Y/ (e, z), for v = 2,3, ...,
by

) | Y=L(h, )
(270) Y; (6,,@)—%/ ?dh, (E,I)EVS(U—l)XDr,S—D,U

ty—1,s
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As in Section 5.5, the desired J(€, ) is given by

JD(g,JJ), éEVD,

271 J(é,x) =

( ) (6 .’L') JU(E,:E), S VU,

with

(272) Js(e,x) = lim (I +Y")...(I+ YT +Y?), s=D,U.

By (ii), J(é,#)~" has a bounded limit at € = 0. Since the family{.J’(¢, z) }ec(sufo})
is bounded, J'(é,z) has a bounded limit at ¢ = 0. This concludes the proof of
Theorem 5.2. O

6. DISCUSSION AND DIRECTIONS FOR FURTHER RESEARCH

The work presented in this paper brings a new light on the divergence of formal
solutions near an irregular singular point of Poincaré rank 1. It gives new per-
spectives, including a unified point of view in the understanding of the dynamics
of the singularities by deformation. We have identified, interpreted and studied
the realization of the complete system of analytic invariants of unfolded differential
linear systems with an irregular singularity of Poincaré rank 1 (nonresonant case).
The meaning of the auto-intersection condition (which is the necessary and suffi-
cient condition for the realization) is still obscure (in dimension n > 3). We will
investigate it in more details in [7].

One of the next steps in the large program of understanding singularities by
unfolding is the study of analytic invariants of nonresonant linear differential equa-
tions with singularities of Poincaré rank k higher than 1. One difference is that
there is no more a bijection between the 2k Stokes matrices and the k + 1 singular
points in the unfolded systems.

Another direction of research is the existence of universal families. Can we
identify canonical representatives of the analytic equivalence classes of unfolded
systems?
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