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ABSTRACT. In this paper we consider germs of k-parameter generic families of analytic 2-
dimensional vector fields unfolding a saddle-node of codimension k& and we give a complete
modulus of analytic classification under orbital equivalence and a complete modulus of analytic
classification under conjugacy. The modulus is an unfolding of the corresponding modulus for
the germ of a vector field with a saddle-node. The point of view is to compare the family with a
“model family” via an equivalence (conjugacy) over canonical sectors. This is done by studying
the asymptotic homology of the leaves and its consequences for solutions of the cohomological
equation.

This paper is dedicated to the memory of Adrien Douady.

Keywords: generic unfoldings of saddle-nodes, complete modulus of analytic clas-
sification, unfolding of the Martinet-Ramis modulus, asymptotic homology of the
leaves

AMS Classification numbers: 34M35, 34M40, 37F75

1. INTRODUCTION

We consider germs of generic unfoldings of holomorphic vector fields Z; in C? near an
isolated singularity which is a saddle-node of codimension k € N5 (i.e. of multiplicity
k+1). For such germs there exist polynomial normal forms under orbital equivalence
(resp. conjugacy) but generically there exists no analytic change of coordinates to
these normal forms: if we restrict to real variables in the case of real vector fields
the change of coordinates is C* in the case of a single vector field and only CV for
arbitrarily high N in the case of an unfolding.

A modulus space has been given for a single vector field by Martinet-Ramis [9] for
the problem of orbital equivalence and by Teyssier [16] and Meshcheryakova-Voronin
[10] for the problem of conjugacy ([10] treats the codimension 1 case). In both cases
the modulus is functional and the modulus space is huge. In this paper we address the
same problem for germs of families unfolding a germ of vector field with a saddle-node
at the origin. We could complete the first part of the program. We prove a theorem
allowing to prepare a family and we identify two complete moduli of analytic classifi-
cation for prepared families: one under orbital equivalence and one under conjugacy.
These moduli are unfoldings of the corresponding moduli for the associated germs
of vector fields with a saddle node obtained by Martinet-Ramis in the orbital case
and Teyssier and Meshcheryakova-Voronin for the conjugacy case. In each case the
identification of the modulus space is still an open problem. Our approach enlightens
why the modulus spaces for the case of a single vector field are so large. Indeed a
saddle-node of codimension k is the confluence of k + 1 simple singular points. Each
singular point is an organizing locus for the space of leaves in its neighborhood. The
space of leaves restricted to special domains (canonical sectors) have a rigid complex
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structure: they are parameterized by C with one special leaf, the “center leaf” param-
eterized by 0. Hence the only changes of parameterization of the space of leaves are
the linear maps. In the global family these local spaces of leaves generically glue in a
non trivial way. When this persists until the limit case where all £ + 1 singular points
merge together this yields divergence of the normalizing change of coordinates for a
single vector field with a saddle-node.

The polynomial normal form for the family is what we can call the “model family”.
We can bring the family into this form using a formal transformation near (0,0,0) €
CF*2, In the model family all spaces of leaves glue trivially, so the model family is too
poor to encode all the rich dynamics of an arbitrary analytic family of vector fields.
Hence there exists in general no analytic family of changes of coordinates (and time
scalings in the case of orbital equivalence) to the model family. However there exist
analytic families of changes of coordinates (and time scalings in the case of orbital
equivalence) to the model family over canonical sectors. The modulus measures the
obstruction to gluing the different changes of coordinates into a global change of
coordinates.

There are at least two different approaches to the modulus of a single vector field
with a saddle-node at the origin. The first approach by Martinet-Ramis [9] char-
acterizes the vector field under orbital equivalence by identifying the divergence of
the normalizing formal power series with a co-chain in the ring of summable power
series, which in turn can be understood geometrically as a collection of transition
diffeomorphisms between consecutive sectorial spaces of leaves. It turns out that
these invariants coincide with the Ecalle-Voronin invariants of the induced holonomy
of the strong separatrix. Meshcheryakova-Voronin added the first-return time needed
to compute the holonomy to identify classes under conjugacy for vector fields. The
second approach, by Teyssier [16] uses the geometry of the leaves in the neighbor-
hood of the saddle-node, which is described in terms of asymptotic homology. Both
approaches could have been generalized (unfolded) to the family case. A treatment
with the first approach would have been similar to [13] and [14]. We have chosen to
use the second approach so as to enlighten the asymptotic homology of the leaves and
the special geometry of the space of leaves. Solving the conjugacy problem is then
equivalent to solving some cohomological equations.

For convenience we will locate the singularity of Z; at (0,0). An unfolding (Z.). of
Zy is a germ of analytic family of analytic vector fields. It has a representative for
lle]l < p and (z,y) € rD x r'D, where D := {|z| < 1} ¢ C. We want to study the space of
all such families or, more precisely, its quotient under the action of local changes of
coordinates (and time scalings in the case of orbital classification).

The strategy is the following. We first “prepare’ the family to a preliminary prenor-
mal form and we identify for each family the “model family” to which it will be com-
pared. In particular we show that in this prenormal form the parameters are analytic
invariants and hence that any equivalence or conjugacy preserves the parameters. This
allows to work for each fixed value of the parameter (but on a neighborhood of the
singular point independent of the chosen parameter). We then determine canonical
sectors over which the space of leaves has a canonical structure. Over each canonical
sector we get an equivalence between the original family and the model family. An
equivalence between any two families over a canonical sector is obtained by composing
the equivalence of the first family to the model with the equivalence of the model to
the second family. The modulus is the obstruction to gluing the equivalences to the
model family over the canonical sectors into a global equivalence. If two families have
the same modulus it is then possible to glue together the equivalences over canonical
sectors into a global equivalence between the two families.

The program above requires first to study in detail the model family. This is started
in Section 3 and finished in Section 4. These two parts are quite long, but are likely to
be used in further work on the realization part. Because this preliminary part is long
we have added a Section 2 with the statements of the results. In Section 5 we show how
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the k sectorial center manifolds of a saddle-node of codimension k unfold as k special
leaves over k canonical sectors. In the model family these special leaves glue together
as a global leaf; measuring the obstruction to a global gluing is the first part of the
orbital modulus. In Section 6 we introduce the notion of asymptotic homology and
we build the canonical sectors. In Section 7 we discuss solutions of the cohomological
equation, as these will be the tool for the classification problem. In Section 8 we
give a new proof of the Hukuhara-Kimura-Matuda sectorial normalization theorem
together with a generalization to unfoldings restricted to canonical sectors. Sections 9,
10 and 11 contain the full definitions of the modulus of an analytic family under orbital
equivalence and under conjugacy and the proof that the modulus is indeed a complete
modulus of analytic classification. Section 12 contains questions for future research
and applications.

We were precisely in the final stage of writing this paper when we learned the death
of Adrien Douady. Clearly his heritage in the subject is immense. Although many
people has conjectured the Stokes phenomena coming from k-summability to be the
limits of transitions when all singular points of an unfolding were in the Poincaré do-
main, no one knew how to deal with the Siegel direction. It is the visionary geometric
ideas of Douady and the thesis of his student Lavaurs which opened the subject and
the hope to derive complete invariants of analytic classification for germs of families
of vector fields. We dedicate this paper to his memory.
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INDEX OF NOTATIONS

k: a positive integer.
C{z1,...,xn}:

the algebra of germs of holomorphic functions on C" at 0 € C".
X-F: the Lie derivative of the function F' along the vector field X.

e=(co,...,€1_1) € CF:
the canonical multi-parameter of a prepared unfolding, see Definition 3.6.

(P.).: the analytical family of polynomials of degree k + 1 unfolding z**', namely
P.(z) = 2 fep_1aF 1 4 e1x + .
IIE the semi-algebraic open set in e-space defined by the condition that P. has

k + 1 distinct roots, see Section 4.1.
XM :Pga% +y(1+al(e)a) 8%:
the orbital model family; a € C{c} is fixed once and for all. The singular
set of the prepared vector field coincides with P=! (0) x {0}. See Section 4.
ZM = Q. XM
the model family ; Q. = Cy.+Ci x4+ +C;€78mk with Co. #0and e — (. €
C{e}. See Section 4 and Theorem 3.3.

Te = %J:: the canonical closed time-form associated to X2, that is 7. (X) = 1.
(Xe).: a prepared unfolding with 7. (X.) = 1. This means the family only unfolds
the foliation defined by X,. We write (see Proposition 3.1 and Defini-
tion 3.2)
M 2 9
Xs (Z, y) = Xs (Cﬂ, y) + [Ps (33) RO,s (Z) +y R2,6 (I, y)} aiy .

(Ze). = (UeXe).
a prepared unfolding with (U.). € C{z,y,¢} and U. = Q. + O (P- (z)) + O (y)
where GCD (Q.,P.) = 1. The function U, is called the time part of Z.,
whereas X, is the orbital part. The modulus of the orbital part is analyzed
on R.(z,y) = P.(z)Ro(z) + y*Ra - (2,9).

ry 'y pr the radii of the open domain D xr'Dx{||¢|]| < p} considered in (z,y,¢)-space.
Here |[¢|| := max (|50|1/(k+1) b |€k_1|1/2) and D = {weC: |jw| <1}. What
we mean by {|lg|| < p} is {||¢|| < p'} for some p’ > p.

Vﬁ a squid-sector in the z-variable. Here # may be +,—, s or n and j € Z/k.

See Definition 4.15 and Lemma 4.17.
Pims Pis (OT P, Py
the singular points of Z. over the closure of a sector Vji Here “n” and “s”
stand for “node type” and ‘“saddle type” in the generic case ¢ € ¥;. See
Definition 4.19.
o the one-to-one correspondence associating to a sector V7+E a sector Vd_(j)ﬁ,
where Vj‘E and VU_(J,),8 share the same singular points of saddle and node
type. (See Lemma 4.9 and (4.9).)

Viete OF Vet
the gate sector which is the intersection of two non consecutive squid
sectors er and VU_(].%& sharing the same singular points pj'n = p;(j)yn and

+ _ —

bjs = prr(j),s'

Vf it the canonical sector of the foliation corresponding to Vﬁi, obtained by con-
sidering all points (Z,7) € Vﬁ x 7'D which can be linked to the singular point
pjn by a tangent asymptotic path. See Theorem 6.4 and Definition 6.5.

fgz the corresponding canonical first integral over er whose level sets coincide

with the leaves of the foliation induced by Z. over Vfg, see Definition 8.6.

Ve (p): an asymptotic path passing through p € V7 _ linking p;, and p;;1,,. The
upcoming analytic invariants of the family will be obtained as integrals
over these asymptotic paths. See Definition 6.8.
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{W:}i<i<q: an open finite covering of ¥, with good sectors. See Definition 4.13.

Ni = (@ uf s i bl o0 L)
it is defined for ¢ € W;. The d-uple {N!}<;<q4 forms the orbital part of the
modulus associated to (X.)_, which provides a complete set of invariants
of the unfolding under orbital equivalence. The w;?o" are affine maps and
¢2; € C{h} with (bj); (0) = 0. They correspond to changes of coordinate in
the space of leaves over the intersections V. and V;_ respectively. See
Section 9.

7—; = 00767 RS Ck767 Ca}ga LR aC]ZC_UE):

it is defined for ¢ € W;. The collection {Tsi}lgigd forms the time part of the
modulus associated to (Z.)_. Together with a(s) and {N/}i<;<q, it provides
a complete set of invariants of the unfolding under conjugacy. The C).
are simply the coefficients of the polynomial (). whereas the QJ’:’E e C{n}
represent time scalings over V;_. See Section 10.
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2. STATEMENT OF RESULTS

This section is informal. For more precise statements and definitions we refer to
the corresponding sections indicated between parentheses.
Our main goal is to provide invariants for classification of germs of an analytic

family (Z.). under both orbital equivalence and conjugacy. Let us define these terms.

Definition 2.1. (see Section 11)

(1) Two analytic vector fields (resp. germs of analytic vector fields) X and Y are conjugate if
there exists an analytic diffeomorphism (resp. a germ of analytic diffeomorphism) ¥ such
that U*X =Y, that is X o ¥ = DU (V).

(2) X and Y are orbitally equivalent under ¥ if there exists an analytic non-vanishing
function (resp. germ) U such that X and UY are conjugate under ¥. Equivalently this
means that the image by ¥ of any integral curve of X is an integral curve of Y. We also
speak of equivalence of the underlying foliations.

(3) Two analytic families (resp. germs of analytic families of vector fields) (Z.), and (Zz)_ are
conjugate (resp. orbitally equivalent) by a change of coordinates and parameters if there
exists an analytic diffeomorphism|| (resp. germ of analytic diffeomorphism) (z,y,e) —
(P, (z,y), ¢ ()) such that

() 2= ¢ (o) ~
(b) for fixed € the vector fields Z. and Zz are conjugate (resp. orbitally equivalent) under
U..

2.1. Preparation. In order to study the analytic classification of families unfolding a
saddle-node it is necessary to “prepare them", so that the singular points are located
on the z-axis and their eigenvalues easily computed from the prepared form.

The following preparation theorem is proved :

Preparation Theorem. (see Section 3) A representative of a germ of analytic k-
parameter family of vector fields unfolding a saddle-node of codimension k is conju-
gate by an analytic change of coordinates and parameters over a neighborhood of the
origin in C*>** to a family of the prepared form

(2.1) Z. = U.X.
where
0 & 9 0
(2.2) Xe(@,y) = Po(@) 5o + (Pe(2) Roe (2) +y (1 + ale)a”) +y*Roc(2,y))) i
Us(x,y) = Qs(x) + Ps(x)Qs(m) + O(y)»
e =(eo,...,€k—1) 18 a multi-parameter and

P(z) =2 e 2ab T+ ezt g
Q:(r) =Coe + Crex +...Cp ",

Herec— a(e), e = Cj., (x,6) — ¢ (), (x,€) — Roc (2) and (z,y,¢) — Ra (z,y) are germs
of holomorphic function and GCD (P.,Q.) =1. If ¢ = (ey,...,ek-1) and € = (Zo,...,Ek,)
we define the equivalence relation over couples (g,a) with a € C{c} :

(e,a) ~ (E,a) <= (Vj) &; = exp(—2mim(j — 1)/k)e; and a(e) =a(g).

Then (g,a) / ~ is an analytic invariant.

This allows to define the model family

(2.3) zM = Q.xM

with

(2.4) XM(zy) = Pe) Lyt ale)at)
' £ ' N ox oy’



ANALYTICAL MODULI FOR UNFOLDINGS OF SADDLE-NODE VECTOR-FIELDS 8

Remark 2.2. The germs € — a (g), € — Co, ..., € — C} . are the formal invariants (they are invari-
ant under formal changes of coordinates in (z,y, €) fibered in the parameter). We can explain their
presence in the following way. When k + 1 singular points merge in a saddle-node of codimension
k we could expect that all combinations of eigenvalues (\;, p;) would be permitted. As there are
only k parameters ¢;, the other degrees of freedom are provided by the formal invariants. In the
case of orbital equivalence it is not the eigenvalues that are relevant but only their quotients: there
are k+ 1 of these, hence the presence of the formal parameter a(g). Of course not all combinations
are possible in a given family, but the class of families allows for all possibilities. In the conjugacy
case there are 2(k + 1) eigenvalues, so we need to add the k + 1 additional degrees of freedom with
the constants Cj ..

In the case k = 1, a(e) allows for a shift between the quotient of the eigenvalues at the singular
points, one being not necessarily the inverse of the other. Two additional constants Cy . and C1 .
allow to determine \g and A1, from which pg and p; can be found.

2.2. Sectorial decomposition and study of the model. See Section 4. The general
purpose is to describe the family of vector fields on a fixed neighborhood rD x r'D
of the origin in (z,y)-space for all values of the parameters in a fixed neighborhood
{|le]| < p} of the origin in parameter space. In the whole paper we will suppose that
p is sufficiently small so that the k£ + 1 singular points coming from the unfolding of
the saddle-node remain in rD x r'ID. We will also suppose that p is sufficiently small
so that the whole study is valid on a domain {||¢|| < p'} with p < p’. The rationale for
this is that we want to introduce a conic structure on e-space from a partition of the
sphere {||¢|]| = p}. In practice we will simply write ||| < p.

The idea is to work with generic ¢ for which P. has distinct zeroes and to use the
boundedness of the construction to fill the holes for the other values of . If ¥ is
the set of generic ¢ in a ball of radius p where the discriminant of P. does not vanish,
then we give a finite covering {W;}1<i<q of ¥y with “sectors" W;, such that a uniform
treatment can be done over each W; (yielding analytic objects with respect to ¢) and
the treatments over different sectors have the same limit for ¢ = 0.

For a fixed ¢ in a given sector W; we divide the phase space minus the strong
separatrices as the union of 2k simply connected domains of the form V x r'ID, where
V is a spiraling sector in z-space, which we call “squid sector". Roughly speaking a
good sector W; is defined by the condition that the length of the spiral is uniformly
bounded. The union of the squid sectors and the singular points is a ball rD in z-
space. The construction of the sectors V is greatly inspired by the work of Douady and
Sentenac [2]. Each sector is associated to a sector of the boundary of rD. We expect
this construction to be useful for other problems of moduli of analytic classification,
for instance the problem of the classification of a codimension k£ parabolic fixed point
of a diffeomorphism.

In this partition process, each squid sector V is adherent to two singular points,
one of “node type" (all leaves over the sector are asymptotic to the point) and one
of “saddle type" (a unique leaf is asymptotic to the point over the sector). Note that
for ¢ in different sectors W, and for the same sector of the boundary of rD we obtain
in general different families of adherent singular points of node and saddle types. As
noted by Douady and Sentenac, the construction could be generalized to the case of
multiple points (¢ ¢ Xy). In that case the two adherent singular points of a squid sector
of saddle and node type could be saddle-nodes (and even the same saddle-node), but
then only a saddle sector or a node sector of the saddle-node(s) is included in the
squid sector V.

Because of the preparation theorem we have the same squid sectors for a prepared
family and for the associated model family. We prove a sectorial normalization theo-
rem which is the generalization (an unfolding) of the theorem of Hukuhara-Kimura-
Matuda and show that over a sector V' the foliation is biholomorphic to the model
restricted to the same V (the size of the disk 7'D in y-coordinate has to be adjusted
a little). We then show that over these sectors the space of leaves of the model vec-
tor field and of the original vector field are C. This allows to define almost rigid
coordinates on them, the leaf-coordinates.
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‘We also show the existence of a marked leaf over each squid sector, corresponding to
the weak separatrix of the saddle point attached to the sector (see Section 5). These
leaves are called center manifolds, a name justified by the fact that for ¢ = 0 they
indeed coincide with a sectorial center manifold. The leaf-coordinates are adjusted so
as to vanish on the center manifolds.

2.3. The moduli of analytic classification. For a given good sector W, in parameter
space and the associated squid sectors V in z-space we compare the leaf-coordinates
by means of diffeomorphisms on the intersection of two domains of the form V x r'D ,
which will allow to define the modulus for a given ¢ € W;. The connected components
of the intersection of two such domains can be of three forms: a sector V° adherent
to a point of saddle type, a sector V" adherent to a point of node type and a sector
V9 (for gate) adherent to both. Over the sectors V9 the change of leaf-coordinates
is linear. Over the sector V° the space of leaves is biholomorphic to a disk and
the changes of leaf-coordinates are diffeomorphisms of the form h — hexp(¢®i(h)),
with ¢%¢ € C{h} vanishing at 0. As there are k sectors this yields k analytic germs
8:2, ey g’_il .- Over the sectors V" the changes of leaf-coordinates are given by affine
maps >°, c;)rresponding in particular to changes of center manifolds. Again there
are k such affine maps ¢;.",...,¢; 7] .. These maps are defined up to the choice of
leaf-coordinates on each sector, i.e. up to linear changes of coordinates. We choose
convenient leaf-coordinates for which the derivative at 0 of 1/);;’1 is e?ma(=)/k_ This
condition forces the possible changes of leaf-coordinates to be of the special form
hje — cchj e with c. € Co independent on j.
This allows to state the theorem giving the modulus of analytic classification. Let
us define

NE = (gl L)
and the equivalence relation
N NN; < (g,a) ~ (£,a) and for the same m € Z/k :
U e(ch) =iy ()
Ot c(cih) = GyE(n) .

In the work of Martinet-Ramis the modulus for orbital equivalence of X, corresponds
to some N satisfying the same properties.

(3ct € Cro) (V4,h) {

Theorem 1. (see Section 9) The d families of equivalence classes of (2k + 1)-tuples
{N;/ N}sewi’ 1 <i <d form a complete modulus of analytic classification for a pre-
pared family (X.). given in (2.2) under orbital equivalence. If W; C ¥y is a good sector
then N! can be chosen bounded and holomorphic with respect to € € W; and such that
its limit for ¢ — 0 is a fivred Ny independent of the sector W;.

The modulus of analytic classification under conjugacy is composed of the modulus
under orbital equivalence plus a time part. The time part is formed of the coefficients
Cj.c plus analytic functions C;E € C{h}. As before the latter functions measure the
obstructions to glue together the transformations of the system to the model over the
squid sectors. The only obstructions appear on the sectors VV°. We then build the
modulus for ¢ € W;

7’; = (00,67'";Ck,67<(§753"'7gli—1,€)
and extend the equivalence relation ~ to couples
(NZ,TEZ) ~ (N;,T;—) = NZ NN; and for the same cé and m :
. C'.662i7rmj/k: — 6 =
(vjv h) ] : 72’]’
rme(ceh)  =¢;

j+m,e
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Note that for ¢ = 0 the modulus of conjugacy of Teyssier and Mershcheryakova-Voronin
for the vector field 7, satisfies the same kind of properties.
This yields the theorem:

Theorem II. (see Section 10) The d families of equivalence classes of (4k + 2)-tuples
{(N;T;) / N}eewq-’ 1 < i < d is a complete modulus of analytic classification under
conjugacy for a prepared family Z. given in (2.1). If W; C ¥y is a good sector then
(Ng ,T;) can be chosen bounded and holomorphic with respect to ¢ € W; and such that
the limit for ¢ — 0 is a fized (Ny, 7)) independent of the sector W,.

2.4. The cohomological equation. See Section 7. The tool to prove Theorems I and II
is the solution of a cohomological equation, namely to find a family of functions (F;)
such that

S

Xs'F6:G57

where (G.), is an analytic family of functions and X. - F. is the Lie derivative of F. along
the vector field X.. We solve such an equation over the sectors V x r'D: the solution
F. is given by the integration of G.7. on asymptotic paths with starting point at the
singular point of node type. The difference of two sectorial solutions over non-void
intersections is a first integral of X. and thus is constant on leaves. This allows to
write the obstructions to a global solution as functions of the leaf-coordinates over
the intersections V*, V" and V9.

To bring the system X. of (2.2) to the model (2.4) over V x ' we must bring the
weak invariant manifold of the point of saddle type to the horizontal axis y = 0. We
then use a change of coordinates preserving y = 0 in the form of the flow of ya% for
some time N.. This time N, is found as a solution of a first cohomological equation of
the form

XN, = Re
for an appropriate function R..

As for bringing the system Z. = U.X. of (2.1) to the model (2.4) over V x r'D we
compose the previous change of coordinates with a change of coordinates taking care
of the time part. This change of coordinates is given by the flow of the vector field
Q- X, for some time T.. The time T is the solution of a second cohomological equation

of the form

1 1
XE'TE:ﬁ_a.
g g

3. PREPARATION OF THE FAMILY

This section deals with a germ of analytic family unfolding a germ of saddle-node
of codimension k € Nj,. We consider a germ of generic (to be defined below) analytic
k-parameter family unfolding a germ of vector field with a saddle-node of codimension
k. It is known that, up to a local analytic change of coordinates, a representative of
the germ of vector field can be taken under Dulac’s prenormal form

Zo = U()XO
Xo(z,y) = x’”l% + (y (1 + a:zrk) + xk+1R(x,y)) %

with Up(z,y) = Co + Crax + - + Cra® + O(z**1) + O(y) and a, C; € C with Cy # 0.

(3.1)

We consider an unfolding

0 0
3.2 Z, H — + H —
( ) O($7y)+ 1($7ya77) 8Z‘+ 2(90731777) ay
where H;(z,y,n) = O(n) is a germ at (0,0,0) of a holomorphic function and n =
(Mo, ...,Mk_1) is a multi-parameter in a neighborhood of 0 in C*. We make the change

of coordinates

(@,9) = (2, (y(1+az®) + 2" Rz, ) Us(z,y) + Ha(w,y,m)) -
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Then all singular points occur on § = 0. Given that the origin of (3.1) is of multiplicity
k there are k + 1 small singular points of (3.2) on § = 0. Modulo a translation in the
variable £ we can suppose that they are roots of

(3.3) P(%) = "M e @ 4 1617 + 0.

The family is generic if the change of parameters (7o,...,mx—1) — (0,...,6x—1) is an
analytic isomorphism in a neighborhood of the origin. Then the family of vector
fields has the form

- - - 0 . - o 0
(34) (Pe ((E) hl(x7 5) + yh3(1’, Y, 5)) % + (PS (LL') h2($7 E) + yk1($7 Y, E)) 8723
with h(0,0)%1(0,0,0) # 0, for some hy, hy € C{Z,e} and hs, k1 € C{Z,7,c}.

It is possible to adapt the technique of Glutsyuk and straighten all strong manifolds
of singular points uniformly on a neighborhood of the origin.

Proposition 3.1. There exists an analytic change of coordinates (Z,7) — (x,y) on a neighborhood
of the origin in C? depending holomorphically on e for e in a neighborhood of the origin and
conjugating the vector field (3.4) to

(3.5) Z. =U X,

where

3O Xe(ow) = P+ (P)Rasle) 4y (14 ales) + P Raclon)) 5
and

3.7) Us(z,y) = Qe(2) + O(Fe(x)) + O(y),

with

(3.8) Q- (z) :=Co. + Crex + ... Cp 2.

Here e — a(e), e — Cjq, (z,6) — Roe(2), (z,y,¢) — Uz (z,y) and (z,y,€) — Ra. (x,y) are
germs of holomorphic functions at the origin. Moreover GCD (Q., P:) = 1, which in particular
means Cy o 7# 0 when € = 0.

Proof. The proof contains several steps. For the first step we write (3.4) as hq(Z, E)XE. Then

0

oy

where hs, hy € C{Z, 7, e} and we look for a change of coordinates for X, straightening simultane-
ously all separatrices. We consider a small neighborhood W of the origin in e-space and the open
subset ¥ of generic e such that the discriminant of P. does not vanish. Then P. has k + 1 distinct
roots xo(€),...,xk(e). There exists a neighborhood V,, of the origin in g-space, independent of ¢,
such that the strong manifold of (x;,0) is given by & = F};(3) over V. The proof of that later fact is
done as in [3]. The idea is the following: we consider the cones K; = {(Z, ) : || > |& — z;(¢)|}. On
such a cone we have |j—z\ > 1 for ¢ sufficiently small (as |Z| < 1/2|% —z;(¢)| and |§] > 1/2|F —2,(¢)|
for (Z,7) in a small neighborhood of the origin and e sufficiently small). If x(¢) := |§(¢)| we also
have that x > X > 0. As the local invariant manifold is given by & = F;(§) = x;() +c(e)j+0(¥),
with F}j analytic and c(e) small, then the graph of F; is contained in the cone K; for small §. Now
the extension of the invariant manifold is the union of all real trajectories with positive time start-
ing on points (F;j(de?),5e?) for 6 € [0,27] and § > 0 small. These trajectories remain in Kj, so
there is no obstruction to extend the graph of Fj to a fixed neighborhood Vj,. The straightening

(39 Ke(@9)= (B0 + ha@5.9)) = + (Po(DDhs(E€) + 51+ O, 5.))

change of coordinates is then given by (Z,9) — (G(%,9,¢),9) = (£, ) where

(3.10) G (,7,¢) ::Zk:m(s)ﬂj_iw.
T iz ! 1% Fj(g) — Fi(9)

It is holomorphic for (Z,e) small and § € V;,. The holomorphy in € follows from the invariance
under permutations of the ;. Moreover it has a holomorphic extension to ¥¢UX; where 3; is the
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set of € for which P.(z) has exactly one double root. Indeed G (Z,¢,¢) is given by the following
formula:

0 1 7 7k

o(e) 1 Fo@) Fi ()

w1 RG .. @
(3.11) CE09="""RG ... G
1 R@G) ... FEG)

From now on we write z; for ;(¢). If £ € 1 and x¢ and xz; coalesce as ¢ — €, then the limit of

G (Z,9,¢) exists provided that lim._z w exists. This can be seen by subtracting the row

corresponding to xg to the row corresponding to z1, both in the numerator and the denominator of
(3.11), and then by dividing both the numerator and the denominator by z¢ — z1, thus removing
the indeterminacy. Here we have lim._.z DW= _ ( The latter has been proved by Glutsyuk

[3]. It comes from showing that lim. .z FJE )1_ 0, 7 = 0,1, uniformly over V,. Let us take
the case j = 1. The details are as follows. Without loss of generality we can suppose that
one separatrix, for instance that of xg, has been straightened to Fy(§) = g, which implies that
hy(Z,9,e) = (57 — x0)h5(Z,7,¢) in (3.9). To prove that lim._z F(§) = 0, Glutsyuk proves that

lim._z 7 (1§ o is bounded.

Fi(5) = &

|51 ()
(3'12) - (Fl(JZCJ) 20)(F1(§)—1) [1j 20,1 (F1(§) —2k)+G(F1(§) —w0) hs(Z,7,€)

o §(1+O([F1(9),9,e1))+ P (F1(§)) ha (F1(7),€)) ’

with hs € C{Z,§} depending continuously on . Then

Fl(j) Lm (Fy() — ) + hs (&, 3, )

3.13 = =
O B@ - 20 15005, e + PO [ (1) - on)ha (i), )

w (details in [3]).

The extension of G to ¥y UX; depends analytically on ¢ as it is again invariant under permuta-
tions of the ;. Since the complement of ¥y U X is of codimension 2 then, by Hartogs’ theorem,
we can extend G to all values of e, satisfying |e| < p for some positive p.

The change of coordinate (3.10) allows to factor P.(&) in the first component of the vector field.
Hence it has the form

The conclusion follows as

2+ (P@h(0.) + e(.5) + O) o

where U(0,0,0) = h7(0,0) # 0 and hg, hy € C{Z,c}. We factorize U(&,y,¢) in the vector field
which then has the form

PE('/'IA:)U('%’ g’ 8)

+ (P-(2)hs(&,€) + Gho(2, ) + O(57)) 0

U(.’i‘,g,é) Pe(‘fj) 87?3

i
with hg, hg € C{i‘,&} and hg(0,0) =1.
As in [7] we use a change of coordinate and parameter (Z,¢) — (x,€) to transform hi’f(gg) %
P:(z)
1+a(é)xk 81
orbital part.
For the time part, the vector field has the form X:Us. We simply divide the z-part of Us by

Pg(x):

into to bring the vector field to the final form (3.6). This ends the preparation of the

U: = Qz(z) + P=(x)gz(z) + O(y).
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Definition 3.2. From now on we always work with germs of analytic families

(314) Z. = U X

where

(3.15) X (z,y) = Pe(x)% + (P-(z)Ro. (2) +y (1 + a(e)z®) + y*Ro o (2,9))) a%
and

(3.16) Ue(z,y) = Qc(x) + O (P: (x)) + O(y),

which we call prepared families. Here (). and R;. are characterized in Proposition 3.1.

Theorem 3.3.

(1) A transformation x — & = exp(2mim/k)x with m = 1,...,k — 1, transforms a prepared
family into a prepared family with corresponding polynomials Pg@) = ght! +~€~k_15:k_1 +
oo+ E17 + &g, where &5 = exp(—2mim(j — 1)/k)e; and Qz(%) = Coz+ - + Ck 22" where
Cjz = exp(—2mimj/k)C; .

(2) The 2(k+1) eigenvalues of the k+1 singular points of (3.14) given by (x;,0), 7 =0,...,k,
where x; are the roots of P, coincide with that of the model family

0 0
(3.17) 2 (w,y) = Q=(2) X (w,y) = Qe(=) {Ps(x)ax +y(l+ae)rt) 5
where Q. is given in (3.8).

(3) Suppose that two prepared families (X.), and (Xg) _are conjugate. We define the equiva-
lence relations :

(3.18) eZé«= (AmeZ/k) §; = exp(—2mim(j—1)/k)e; j=0,...,k—1
(3.19) (e,a) 2 (E,a) = e ¢ and a (€) = a(e)
where a is given in (3.6). The equivalence classes [(g,a)]/ ~ are analytic invariants.
(4) Let € := (gg,...,5-1) and Cz := (Co,...,Ck.), where the C;.’s are the coefficients of
Q.. We define the equivalence relation
. so=exp(—2mim(j — 1)/k)e;  j=0,... k-1
(320) (5’0&.) ~ (g) Cé) PN (Hm c Z/k) Eg eXP( 7T’L7T.L(] ‘ )/ )5] ] ) s ’
Cj e = exp(—2mimyj/k)C; ¢ ji=0,... k.

The equivalence classes [(e,C)]/ = are analytic invariants of (3.14).

Proof of Theorem 3.3. Only the third and fourth items require a proof. We write
a instead of a(e).
(3) Let (x;,0), j =0,...,k, be the singular points of (3.15). The ratios of eigenvalues
at each singular point is an analytic invariant under orbital equivalence. When ¢ € 3,
these are given by

1+ azk

(3.21) vj = L
! Pl(z))

Then

P
.22 = —.
(6.2 =2

7=0

The quantity a remains bounded when two singular points collide as

1 1 k
(3.23) a=— rar g,
27t Js1 Pe(2)
where rS! is a circle in z-space surrounding xo, ..., .

We suppose that there is an equivalence (z,y,¢) — (V.(z,y),h(c)) between the pre-
pared families (X.) and (Xh(€)>. This yields an equivalence between Y. := X_/(1+ az*)

and Xh(s)/(l +a(h(¢))@*). The map V.(z,y) = (Hy(v,y), H2-(7,y)) sends the singular
points to the singular points. Let us first show that it is possible to construct an
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equivalence O, = (K., K3.) in which the first coordinate K; . depends on z alone.
The ideas come from [9].

The map H; .(z,y) = h1 () +7:(z,y) with r.(z,y) = O(y), as a fibration H; . : (C2,0) —
(C,0), is transverse to all fibers, except the fibers through the singular points. In
particular the gradient of H; . is orthogonal to the vector field along the fibers through
the singular points. This yields that r.(z,y) = P:.(z)r1 <(z,y), with 7, . analytic in (z,y,¢).
As in [9] we can construct an analytic change of coordinates ©, such that H; .00, = hy
(see Lemma 3.4 below) which is an equivalence between Y. and itself.

So we can suppose that there exists an equivalence (z,y,e) — (¥ .(x,y),h(c)) be-
tween the two families, in which H;,. depends on z alone. Then the map H.
is a conjugacy between W.(z) = P.(z)/(1 + az*)Z and Vh(g)(a?)VT/h(E), where Wh(g) =
ﬁh(s)/(l +a(h(e)i*)Z and (#,e) — Vi) (%) is an analytic map. By Kostov’s Theo-
rem, there exists a germ of conjugacy = — K .(z) between Vh(E)Wh(E) and Wh(s). Let
O.(2,9) :== (K1,.(Z),y). Then O, 0 ¥, is an equivalence between X, and O} (Xh(e)) while
L. := Ky .0 H,; . is a conjugacy between W, and Wh(e).

The case k = 1. Then ¢y is an analytic invariant since
1 1 1

vV —E€0 B 140 1/1,
where zy = \/—¢g and z; = —\/—¢(. This comes from [6] (see also [13]).

The case k > 1. It is done in Theorem 3.5 below.

(4) We have shown in (3) that [(¢,a)]/ = is an analytic invariant of X. and that
the equivalence relation = yields an equivalence relation on x given by =z =& z =
exp(2mim/k)x. This yields that the set of singular points [{zg,...,z;}]/ & is an an-
alytic invariant for a prepared family. The eigenvalues of the linearized vector field of

Z. at (z;,0) are analytic invariants of the system. They are given by

(3.24) (Ajr 1) = (P2(5) Qe (5), Qe (x))-
The coefficients Cj(c) of Q. are uniquely determined from the z; using Q.(z;) = p;. O

Lemma 3.4. We consider the vector field (3.15). Let Hy ¢(x,y) = h1c(z) + P:(z)r1(x,y) with
r1c(z,y) = O(y), be a family of analytic maps defined in a neighborhood of the origin in C? such
that 81;;,5 never vanishes on that neighborhood. There exists a family of analytic diffeomorphisms
K. defined over a neighborhood of the origin in C? which is an equivalence between (3.15) and

itself (i.e. an orbital symmetry of (3.15)) and such that Hy . o K. = hy .

Proof. The proof is an adaptation of Lemma (2.2.2), Chapter II of [9]. It is done by the homotopy
method. Let

(3.25) H.(t,z,y) = Hyo(x,y) = h1(x) + tP(x)r1 o (2, y)

and w. be a 1-form dual to X.. We look for a one-parameter family of analytic vector fields
Ete(x,y) such that

(3.26) we(E0e) =0,
and
- OH,
(327) Site Hl,s = _% = _Psrl,e-

Then (3.26) yields Z; . = g. X, for some arbitrary family of functions g.. As X, = 5% +AE%,
(3.27) yields

0H, 0
(3.28) 9 (,y) ( a;js (z,y) + tA(z,y) gZe (:cvy)) = —r1e(z,y),
which has an analytic solution g over a neighborhood of the origin since 81;;,5 # 0 for y sufficiently

small.

The time-t flow of E; . is a diffeomorphism Ky, which is an orbital symmetry of X, and such
that Hl,EOKl,E :hl,s- O
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Theorem 3.5. We consider a germ of an analytic change of coordinates ¥ : (z,e) = (x,€0,...,65-1) —
(= (x),ho (€) ..., hi—1(€)) = (2,h) at (0,0,---,0) € C**. The following assertions are equiva-
lent :

.. P.(z) o Py (z) o .
(1) the families <1+a(5)93k %L and (1+;(h)zk' E)h are conjugate under U,

(2) there exist A with \* =1 and T € C {e} such that
o o (x)= <I>§(E€) o Ry (x) where Ry(x) = Az,
®c; = /\j_lhj (6),

o a(e)=a(h(e)).

Proof. (2)=(1) is trivial so we only consider (1)=-(2). We may moreover assume that k > 1, the
case k = 1 being recalled in Theorem 3.3.

The result is easily shown for € = 0. But let us discuss some details which will be important in
the proof. Indeed the flow ®% has the form (1 +g¢(2%)), with g¢(0) = 0. Moreover if ) (0) = g
we need have )\’5 =1 in order to preserve the form of Xy. So we can compose ¥(z, ) with Ry, and
the corresponding change of parameters €; = Ag_lhj (¢) and only discuss the composed family.
Hence we can suppose that ¥(z,¢) is such that ¢{(0) = 1. We now need to prove that h;(e) = ¢;.

It is easy to check that the only changes of coordinates tangent to the identity which preserve
Xy are the maps <I>§(0: using power series, it is easily verified that such changes of coordinates have
the form z(1 + my(«*)) with m,(0) = 0, where m; is completely determined by m/}(0) = ¢. This is
exactly the form of the family ®% . Indeed let ®% (x) = b;(x). The function by(x) = xd;(x) with
d:(0) =1 is solution of

_kjbfl(x) + % +aln(by(z)) —aln(z) =t

1.€.
d¥(z) — 1+ akz®dF(z) In(dy(z)) = ktz*dF(z).
Substituting an unknown power series di(z) = 14, <, c,2™ yields the result.
Let B
G(z,t,e) = <I>§(E owe (),
oG
H(l‘, t, E) = W (.’I}, t, E)
and
K(t,e) := H(0,t,¢).
K is an analytic map and we have
0K
—(0,0) = (k+ 1) #0.
S(0,0) = (1)1
Moreover, let g be such that K(tp,0) = 0 (in the study for € = 0 we have shown the existence of
to). By the implicit function theorem there exists a unique function ¢(¢) such that ¢(0) = ¢, and
K(t(e),e) = 0. Composing ¢. with @t)gi) we can suppose that the original family ¥ is such that
k41
%(0) = 0.
Under this reduction we will now show that ¢. = id. The argument will be done with an infinite
descent. We introduce the ideal
I = <80, BN 7Ek,1>.
With our preparation we know that g = td so we write
e (@) =2+ Y fule)a”
n>0
where each f, € I and fr41 =0.
The conjugacy condition can be written as
(L+a(e)a®) (e (@) + hi—1 () 27" (@) + -+ 4 ho (¢))
—(L+a(h(e) gl (2) (" + gz + - +eo) ¢l (2) = 0.
It is then clear that h;(e) € I. For the sake of simplicity we simply write h; instead of h;(e). Let
g;27 be the term of degree j in (3.29). We will play with the infinite set of equations g; = 0, j > 0.

(3.29)
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The equations g; = 0 with 0 < j <k — 1 yield
hj — &5 € 12,

since all other terms in the expression of g; belong to I 2,

The equation gip4; = 0 with 0 < j < k yields f; € I? since the only terms of degree 1 are
a(hj—e;)+(k+1—j)f; when j < k and afo+ fi for j = k. Also, our hypothesis is that fz11 = 0.
Looking at the linear terms in the equations g, = 0 with £ > 2k + 1 yields f,_ € I? since the only
linear terms in gy are —(¢ — 2k — 1)[fo—k + afo—2k]-

So we have that f; € I? for all j.

To show the conclusion we will shown by induction that, for any n, h; —e; € I when 0 < j <
k—1 and f; € I" whenever j > 0. The conclusion is valid for n = 1,2. We now suppose that it is
valid for n and we show it for n + 1.

To show that h; —e; € I"™! for 0 < j < k — 1 we consider again the corresponding equations
g; = 0, where the only linear terms are h; — ;. Hence all other terms of the equation belong to
I"*! yielding hj —e; € I"T1.

For the same reason the equation gp4; = 0 with 0 < j < k yields f; € I™*! and the equations
ge = 0 with £ > 2k + 1 yields f,_; € I"HL. |

Definition 3.6. The parameter ¢ = (g, ...,£,_1) is called the canonical (multi-)parameter of
the family (3.14).

Corollary 3.7. An orbital equivalence or a conjugacy between two prepared families is the com-
position of a map which preserves the canonical parameters with a map (z,y,e) — (Z,y, &) where

{i = exp(2mim/k)x

3.30
(3:30) gj=exp(2mim(j—1)/k)e; j=0,....,k—1

for some m € Z/k.

4. THE MODEL FAMILY

We compare a prepared family of vector fields (3.14) with multi-parameter ¢ =
(€0,...,6x_1) € C* to the model family given by (3.17) with the same singular points,
and hence same parameters € = (¢q,...,c5—1) and formal invariant a(c) given by (3.23).
The coefficients of (). are chosen so that Z. has the same eigenvalues as the model at
the singular points (z;,0) for j =0,...,k as (3.14).

4.1. The parameter space ;. We define
(4.1) [le]| := max (|gk_1|1/2’ e |MR, |50|1/(k+1))

The parameter space W = {e : |[¢]| < p} of =, is stratified. The generic stratum %, is
the set of ¢ for which the discriminant of P. does not vanish:

(4.2) Yo :={e €W : disc(P.) # 0}.

The singular part, where the discriminant vanishes, is of codimension one. Then, as
soon as we define analytic and bounded functions on ¥ they can be extended to W
by the theorem of removable singularities. For these reasons we limit ourselves to
parameter values in Y.

Lemma 4.1. All roots of P. are contained in a closed disk of radius at most Vk||¢|.

._ 1 1
Proof. Let n:= wATETR If 2| > . then
P (z) 2 k+1
xkﬂ—l’ <P lell” . el <,
since each term is less than L. O

k
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4.2. First integral of the model family. For ¢ € ¥ the model X has a (multi-valued)
first integral

k
(4.3) HM (2,y) —yH T — ;) %

where v, are defined by (3.21). A first 1ntegral of a vector field X is a function H
such that X - H = 0 or, equivalently, which is constant on integral curves of X. If H is
not constant then the connected components of the level sets of H coincide with the
integral curves of X.

Below we will describe more precisely the foliation of X} over adequate sectors,
but preliminary work is needed to describe them. These sectors will correspond to
domains over which HM is univalued and takes all values in C.

4.3. The global and semi-local phase portrait of PE%. The following trivial lemma will
be used to define an equivalence relation on the parameter space.

Lemma 4.2. The vector field

0
4.4 Ee = P.—
(44) = “Ox
is transformed into n~ *TVE_ under
(4.5) e=(c0,..- en-1) — (N eo,nfer, ... ner1)
' z = z/n,

where 11 € Rsq. Hence the bifurcation diagram for the phase portrait of 2. has a conic structure
and is completely determined on the surface ||¢|| = p.

Definition 4.3. We define the following equivalence relation on the set of &:
(4.6) e=(c0,...,eh-1) & = (gf,...,6%_1) <> I E Ry : & =" g;.

The global phase portrait of =, is studied by Douady and Sentenac in [2]. They
show how the attracting and repelling separatrices of the saddle point at infinity
separates the phase plane in simply connected regions. Among the different =. they
make a special discussion of the generic PE%, which have the property that there is
no homoclinic trajectory, i¢.e. no connection between an attracting and a repelling
separatrix.

Definition 4.4. The vector field =; is generic in the sense of Douady and Sentenac if all singular
points are distinct and there are no homoclinic trajectories.

Douady and Sentenac show that the eigenvalues of the singular points of a generic
vector field all have a nonzero real part and then that the singular points are nodes
or foci.

A homoclinic trajectory v goes in finite real time 7' from infinity to infinity since
infinity is either a regular point (kK = 1) or a pole (k > 1). The close loop v on CP!
necessarily contains some singular points z;,,...,z; in its “interior”. The value of T
can be calculated by the residue theorem:

dx - 1
T:[yw:%rzzpl(m.

(Even if the “interior" of 7 is not well defined T is well defined since Z?:o ﬁm =0).
Moreover T cannot vanish since v is non contractible. We will recall below a lower
bound for T calculated in [2]. Douady and Sentenac show that the generic =, are dense
and also that, given any =. with ¢ € ¥, there exists an angle 6 such that exp(if)=. is
generic.

We will derive below an adaptation of their result coming from the fact that we are
only interested in =, over a disk rD.
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Lemma 4.5. Let K = 2F — 1 be the number of partitions of {xo,...,x1} into the union of two
disjoint non empty subsets. Let
5— ™
16K +2
and
(4.7) E.(0) := exp(if)=..

For any € € ¥y (i.e. such that all roots of P. are distinct) there exists 0 = 0(¢) € (—7/4,7/4)
such that Z.(0) is generic in the sense of Douady and Sentenac. More precisely, for any partition
{.’E07...,$k} = I, Uly with I, 15 # )

arg | exp(if) Z P’(lxj) —% ¢ (=4,0).

1}j€]1

Moreover 0(g) can be chosen constant on a neighborhood of a given € and can also be chosen
constant on the equivalence class of € under (4.6). It is possible to cover ¥y with m = 4K — 1
connected open sets W; on which 0(g) can be chosen constant.

Proof. Let 6, = =~ for £ € {—(2K —1),...,0,...,2K — 1}. We consider the set J of partitions

8K+1
{Jio, - ,J)k} = Igl U Ig2 with diSjOiIlt Igl,lgz 7é 0.
We let
1 s
Wg: g argzm +92_§¢[_576]7 (IEUI@z)EJ

€Ly ~ ¢

We need to show that {Wg}ge{_(QK_1)7___70’___72](_1} is an open covering of ¥y and that the W, are
connected.

For this purpose we suppose that arg Zjelel % € [-m,7]. Let M;, = |arg Zjelel % -
3 € [-%,3]. Wedivide [-F, 7] in 8K + 1 equal closed intervals. 4K + 1 of these sub-intervals
cover [—7%, 7]. Among this group of 4K +1 intervals there is at least one group of three consecutive
intervals whose union contains no My, in its interior. We apply one of the rotations 6, to send this
group of intervals to the center interval, namely [—36, 36]. The m = 4K —1 open sets correspond to
the 4K —1 ways to choose three consecutive intervals (from the 4K +1 intervals) covering [—7, 1.
The fact that the W, are connected comes from the fact that 3y does not separate the e-space. [l

Definition 4.6. Let p > 0 be given.

(1) We consider a neighborhood W = {e : |[¢]| < p} of e = 0. An open sector W of W\ {0}
is an adequate sector if it is a union of equivalence classes of (4.6) inside W.

(2) Let X defined in (4.2). An open covering {W;},.; of ¥, where W; C Xy, is an adequate
covering of X if each W; is an adequate sector.

(3) Given € € Xy we associate to it an angle 6(¢). The angle 0(¢) is adequate if it satisfies
Lemma 4.5 and if it can be chosen constant on the equivalence class of €.

The 1-dimensional vector field = = P2 is given on {z : |z| < r} in Figure 4.1(a).
For ¢ sufficiently small the phase portrait near {|z| =r} is similar to that of Z, (Fig-
ure 4.1(b)). In particular the boundary {|z| = r} has k sub-sectors on which the vector
field goes inwards and k sub-sectors on which it goes outwards.

To study properly the vector field =. it is useful to change the z-coordinate to
the complex time-coordinate (the generalized Fatou coordinate). This is the point
of view described by Douady and Sentenac in [2]. The following lemmas summarize
some properties described in [2], so most of them will be given without proof. They
are also equivalent to some properties described by Oudkerk in [11].

Lemma 4.7. The change of coordinate

(4.8) z=z(x)= /CD dr
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FIGURE 4.1. The dynamics of =, near |z| = r.

7 @
yd
/7 @
7
(a) z(rD) (the holes are removed) (b) A horizontal strip in z-space

FIGURE 4.2. The image of rD in z-space. There are ramifications at each hole.

is a multivalued function defined on CP\{xy, ...,z }. It is a k-sheeted covering S of a neighborhood
of co. The image of the circle rS' is a k-covering of a closed curve which is approzimately a circle
of radius ﬁ see Figure 4.2(a). We call By the interior of the projection of this curve.

Definition 4.8. The union I' of the separatrices of a generic vector field in the sense of Douady
and Sentenac is called the separating graph which divides C\T" in simply connected components.

Lemma 4.9. [2] We consider a generic vector field in the sense of Douady and Sentenac. Each
connected component of C\ T, where T is the separating graph, intersects rS' in ezactly one sector
8VJ+5 and one sector OV, _ (see Figures 4.1 and 4.3). This yields a correspondence

(4.9) o:{0,....k—1} = {0,...,k =1}, j—t
between the sectors 8V]+€ and 3‘/&_5.

d _ k ds . . . .
Proof. For ¢ € ¥y we have that WZ) = > =0 W"’;m Since the logarithm function is
multivalued, this yields other images of the circle D as drawn in Figure 4.2(a)). The interior of
these curves (which we will call balls) correspond to images of the exterior of rD. A straight line of
slope 6 joining two such balls corresponds to a trajectory in real time of Z.(#) joining a boundary

sector of rS! to a boundary sector of rS!. O

Lemma 4.10. We consider one of the angles 0y of the proof of Lemma 4.5 and the open sector
Wy of values of € for which this angle is adequate. There exists p > 0 sufficiently small so that for
any ||e|| < p all trajectories of Zc(0) in real time starting on |x| = r end in a singular point x;.

Proof. The separatrices of the pole at infinity divide || = r into 2k sectors 6’VjjE (see Figure 4.1).
We now change to the z coordinate. Each of these sectors corresponds to either the upper half-circle
or the lower half-circle of the k-sheeted covering of the boundary of By. Following the trajectory
of Z.(0) in real time is the same as following a trajectory of Z. in time e’’R, hence following a line
of slope 6 in z space.
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FIGURE 4.3. A separating graph I' and associated correspondence o for k = 3.

There exists a trajectory 7; of Z.(6) in rD in time exp(i6’)R for some 6’ starting on each BV;'
and ending in aVU_(j) and not crossing the separating graph: we can consider this trajectory oriented
from 8Vj+ to 8V;(j). Let I; be the set of singularities to the right of v; and M (v;) given by

(4.10) M(v;) = exp(—if) Y P,(lm).

zo€ly €

If we consider the time function z defined for 8Vj+, then it has a period 2miM (v,), so we should
visualize the z plane with holes which would be the translates of By by 2miM(y;). The same

M (y;) is also valid for initial conditions on an_(j)- The trajectory «; can be visualized in z-space

as a line from a hole to an adjacent hole. Hence its length is of the order of M(v;) — % and

corresponds to the modulus of the time to travel along ;. We want to show that this quantity
remains large when € is small. Indeed the trajectory 7, separates the singular points inside rID
into two non empty sets. As all z; lie in the disk of radius v/k||]|, then ; has points inside that
disk. Hence the time to travel along «y; is bounded in modulus by twice the modulus of the time
to travel from 7S* to vk||¢||S'.

Instead of evaluating this time we will use the results of [2]. Indeed a slanted line of slope 6’
joining two holes in the z-coordinate for Z. () corresponds to a horizontal line joining two holes in
Ec(0—6'). Such a line (if it joins the center of the two holes) is a homoclinic trajectory. So we need
to estimate the traveling time M’(vy;) of a homoclinic trajectory of Z.(68 — ¢’). In [2] (Corollary
1.2.2.1) we find the following estimate

1 1

4.11 M'(v;)] > >
( ) | (’VJ)' 2’“(’“+4)/21nax(\x0|,...,|xk|) 2k(k+4)/2\/%||5||

since all x; satisfy |z;| < Vk||¢||. Moreover it is clear that |M(v;)| is approximately |M’(v;)|
minus twice the time to travel from oo to |z| = r. Hence |[M(vy;)| ~ |[M'(v;)| — ICIQW

To finish the proof we know that arg M (vy;) ¢ [—6,d]. Hence the horizontal line of =.(8) will
not encounter any hole if [M(v;)|sind > % From the estimate above, this is clearly satisfied as
soon as ||e|| is sufficiently small. O

Lemma 4.11. Ife € Xy and 0(¢) is adequate, a horizontal strip as in Figure 4.2(b) will start in a
singular point x,, and end in a singular point x; such that Re (' P (z,,) > 0) and Re (e’ P! (z,) < 0).
The same holds for an infinite strip with parallel slanted ends as in Figure 4.6.

Theorem 4.12. There exists a finite open covering {Wi},.; of Xo, where the W; are adequate
sectors and, for each W;, there exists a constant adequate angle 0;(c) =: 0; such that the conclusion
of Lemma 4.10 holds.

Proof. The proof is immediate if one works in the time coordinate (4.8). O
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FIGURE 4.4. The sectors Vﬁ)

Definition 4.13. An open covering {W;},.; of ¥ as in Theorem 4.12 is called a good covering
of ¥y and the angles 6; are called good angles. Each W; with this property is called a good
sector.

Remark 4.14. To give a good covering of Xy it is sufficient to give a good covering of ¥y N
{e : |le]| = p}. Then the good covering is given by the equivalence classes of the elements of
the good covering of 3o N {e : ||e|| = p}.

In the case k = 1 there exists a good covering with only two sectors, for instance arg(e) €
(=, 7™+ n) and arg(e) € (—7 —n,n), with n € (0,7). The smaller 7, the less spiraling in the
drawing of the sectors.

4.4. Squid sectors. The first integral of the model family is ramified in the z-variable.
For each value of ¢ in a small neighborhood of the origin we will define 2k sectors in
z-space (called adapted sectors), above which the first integral (4.3) is univalued and
there is a one-to-one correspondence between the set of leaves, the level curves of the
first integral and C.

For ¢ = 0 we define a unique set of 2k sectors ij), j=0,...,k—1 (Figure 4.4). These
sectors define sectors 81/]-% on the boundary 7S! = 9 (rD) : the sectors defined for ¢ # 0
will be associated to the same boundary sectors (“)Vjis of rS'. For a given ¢ # 0 the
2k sectors may not be uniquely defined and for each ¢ # 0 belonging to several W;
there will be several non-equivalent sets of 2k adapted sectors Vjﬂ:E for j=0,...,k—1,
with same boundary sectors ('ﬂfjie (one for each ;). In particular, in the generic case,
each sector will be adherent to two singular points and non-equivalent sectors may
be adherent to different pairs of singular points. However we will limit ourselves to
definitions of sectors valid on equivalence classes of ¢ (under the equivalence relation
(4.6)). When ¢ — 0 inside an equivalence class, any set of 2k sectors will have the same
limit: V2 — V7.

Definition 4.15. We consider a good sector W C ¥y on which we fix a good angle 6, and p > 0
so that the conclusions of Lemmas 4.5 and 4.10 hold.

(1) We first build the squid sectors in z-coordinate around the ball By of center 0. The others
sectors are deduced by translations and changes of sheet. These sectors are somewhat
wider than the 5V}ie of Figure 4.1, so as to give an open covering of rD\ {zy,...,z;}. For
a given € € W we define

te = rlle||™

k

where k > %r‘ is sufficiently small so that ¢, < W and 27! (t.D\Byp) does not meet
J

the disc vk ||| D containing the roots of P. (the number M (v;) is defined in (4.10)). This
choice of  can be made independently on € according to the estimate (4.11) of Lemma 4.10.
The following construction corresponds to Figure 4.5:
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FI1GURE 4.5. A squid sector in z-coordinate

FIGURE 4.6. Different squid sectors in z-space and their intersections.

(a) inside t.D\ By the domain is an horizontal strip; the distance w between the horizontal
boundary of the strip and the parallel diameter of By is fixed once and for all satisfying
0<w< %r*k . We call it the width of the squid sectors.

(b) outside the disk ¢.D the domain is a slanted strip comprised between straight lines
making an angle § with the horizontal. The distance between the outermost lines and
the center of By is M(;j) + w.

The domain in z-space is taken so that no two points project on the same z-point, i.e.
differ by a period of P.(x).

(2) The projection in z-space of such a domain is called a squid sector and denoted V]is See
Figure 4.7.

(3) For € = 0 we do the same construction with ¢ := 400 and 6 := 0, which corresponds to
the holed half-plane {Im (z) < w} \By. See Figure 4.4 and Figure 4.6(d).
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FIGURE 4.7. The canonical squid sectors when k = 1 for different values of ¢.

Lemma 4.16. Any compact subset of Vji0 s contained in a compact set of V]j[E for e sufficiently

small.

Proof. This is obvious from the Figures 4.4 and 4.5. ]

Lemma 4.17. (2|, [11]. In the neighborhood of a generic € € Xg, any squid sector is adherent to
two singular points x5 and x,, one being an attractor and the other being a repeller for Z.(0) given

in (4.7).

(1)

In the case k = 1 the intersection of the two squid sectors is formed by three sectors V7,
VI and V9, see Figure 4.7 and Figure 4.8. The upper-indices s (resp. mn, g) refer to
“saddle-like” (resp. “node-like” and “gate”). The gate structure was introduced by Oudkerk
[11]. V2 is adherent to an attracting point x4 for Z.(0), VI* is adherent to a repelling point
Xy, for Ec(0) and VI is adherent to both.

In the case k > 1 the intersection of two consecutive squid sectors is given by one or two
sectors, namely

e in the case of st N st a sector ija, and an additional sector Vﬁa(j)

if and only if

,E

o(j)=J-.
e in the case of Vjﬁ_l,s NV, . a sector V], and an additional sector Vﬁa(]‘),e if and only
ifo(j+1)=j.
V7. is adherent to an attracting point for E:(0), V', is adherent to a repelling point for
Z:(0) and nga(j) . exists if and only if the two sectors share the same singular points, in

which case it is adherent to both.
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FIGURE 4.8. In the case k = 1 the intersections of the two sectors is formed of
V', Ve and VI . To visualize V7, we need to take a translate of one of the sectors
by a period.

(a) Here po and p1 are of saddle type while ps is of (b) Here p; is of saddle type whereas pg and ps are of
node type. node type.

FIGURE 4.9. Examples of (non-equivalent) squid sectors in the case k = 2 for the
same value of ¢ and different choices of 6.

In order to be able to give definitions valid for all sectors we will often use the notation
(4.12) VI =

g
Jse ‘/jva(j)vs.
(3) Two non consecutive squid sectors VJ+E and V,_ intersect along a gate sector V7, _ if and

only if £ = o(j) (see for instance Figure 4.9), i.e. in the case where they are adherent to
the same singular points.

Lemma 4.18. Let W C X be a good sector. The squid sectors can be taken depending analytically
one € W and continuously on ¢ € W U {0}.

4.5. Study of the foliations of the model family. We consider the first integral of the
model (4.3) over fibered squid sectors

(4.13) Vi =VixC
constructed with an adapted set of squid sectors VftE

Definition 4.19.
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FIGURE 4.10. Modulus of a leaf of the model foliation over a squid sector (k = 1).
These drawings justify the terms “node type” (on the left of each figure) and “saddle
type” (on the right) qualifying the singular points.

Let € € . Each fibered squid sector is adherent to two distinct singular points (z,,0) and
(74,0) of XM. The point (x,,0) (resp. (x4,0)) is said to be of node type (resp. saddle
type) if Re (exp(i0)P.(xy,)) > 0 (resp. Re(exp(if)P.(zs)) < 0). We note p, := (2,0)
and ps := (x5,0). Depending on the context we may also use the notation p; , = (;n,0)
or pj%n = (a:j[n, 0) (similarly p; s or pji’s) to emphasize that we consider the singular points
of node and saddle type associated to the fibered squid sector Vji,s.

If e = 0 we set pjn :==pjs:=(0,0).

For each fibered squid sector we fix the principal holomorphic determination HJMEjE
of the first integral HM (defined in (4.3)) on st. This is defined starting on the

boundary in sector 8VOTE of Figure 4.1, turning on |z| = r in the positive direction and
then extending to the interior of the sectors.

M M . .
Lemma 4.20. The convergence H;te — Hfé s uniform on any compact set of Vfo

Proposition 4.21. Let r > 0 and ¢ € 3y U {0} be given. The foliation ffe induced by XM on
le; satisfies the following properties :

(1)

(2)
3)

(4)

~1
For each leaf L of ffs there exists h € C such that L = (Hj\ii) (h). On the other

-1
hand, for any h € C the set (HM’i) (h) is a leaf of F.
There exists a holomorphic function K : VjE xC — (C such that the leaf of F;. corre-
sponding to h € C coincides with the graph ofx — K (z,h).
There exists r,p > 0 such that for any v > 0, any € € Yo U {0} with |le|]|] < p and
-1
any (T,7) € VjiE x r'D\ {0} the closure of [K (-,HjﬁféM (7, @))] (r'S') is a (connected)
real analytic curve D which separates V]i6 into two connected components, and crosses
transversally the boundary 8V]ig in exactly two points (see Figure 4.11(a)). One connected
component of VJiE\D accumulates on x;, while the other accumulates on x;s. Moreover
D — {z;n} asr’ — 0.
Let r',r > 0 be given. Then :
(a) H]Msi (Vjt X T’ID)) =C for # € {%x,n,g}
(b) H%_i (Vi xr'D) = n(r")D with n (') = 'O (1) uniformly in e belonging to a good
sector.
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(5) There exists a unique distinguished leaf, the zero level curve ofH , which is adherent to
both singular points p; s and p; .. The distinguished leaves over the different sectors glue
in a global leaf in rD x C, which actually is (rD\ {xo,...,2zx}) x {0}.

(6) Assume e # 0. In each sector Vfg all leaves, except the distinguished leaf, are adherent to
exactly one of the singular points, namely p; .

Proof. We drop all indices so as to enlighten the ideas. Because the squid sectors are simply
connected the first integral H is univalued. We note £, := H~! (h) the curve of level h of H.

(1) Firstly the relation X - H = 0 yields that the function H is constant on each leaf of . Thus
each L}, is a union of leaves. For a fixed T € V the map Hz : y — H (T,y) is linear and invertible.
Hence, given (Z,7) € V, there exists h := H (T,y) such that (Z,7) € Ly; in particular every leaf
of F is contained in some L£;. On the other hand the injectivity of Hz implies that if (Z,7) and
(Z, 7) lie in distinct leaves then H (Z,7) # H (Z,§). The conclusion follows since any (Z,§) may be
connected within a leaf to some (7, y) using the fact that F is transverse to the lines {z = cst} on
V.

(2) is a direct consequence of (1). Each leaf £}, coincides with the graph of the holomorphic
function

(4.14) K(h) 2z — h—>?

H(z,y)

(Note that ( is a function of = alone.)

(3) We Work in z-coordinate as in Lemma 4.7 and assume that h # 0. The map K : z —
K (x (2),h) satisfies the differential equation

(4.15) ‘g( ) = K(2) (1+ax (z)k> .
Hence
(4.16) K(z) = FexpA(z)#0

A(z) = /: (1 + ax (s)k) ds

where A is holomorphic on a neighborhood of the strip 174 corresponding in z-coordinate to the
closure of the squid sector V (see Lemmas 4.10 and 4.11). We let z = u + iv. The level sets

{‘f(‘ = T’} = {Re (A) =1n %} for fixed 7 and different 7’ > 0 define a regular real analytic
foliation of V through the differential system

(4.17) u = —%Re(A(u—i—iv)):Im(a(x(u+iv))k)
v o= (,%Re(A(u—!—iv))zl—FRe (a(x(u—i—iv))k)

A first observation is that ¢ +— v (¢) is strictly monotonous provided that r*|a| < 1. Indeed we
have |i| < |a|r* and |0 — 1| < |a|r*. We will assume now that 7" |a| < 1, which can be achieved
for r sufficiently small independently on . By integrating the previous inequalities between 0 and
t we obtain :

(4.18) o) —v(0)~t| < [t|[a|r"
u(t) — u(0) r* la|
4.19 — <
(4.19) v(t)—v(0)| — 1-—rk|q
We further require that n := 1i‘ka“a‘ < 1 by potentially diminishing = if necessary. The curve

D :t— (u(t),v(t)) lies thus in the union of the conic regions C; := {|ju — u (0)| <75 (v —v(0))}
(for t > 0) and C_ := {v —0(0) < —Lju— u(0)|} (for t < 0).

Let us write OV = B_UB, where B, (resp. B_) comes from the upper (resp. lower boundary)
of V on z-coordinate (see Figure 4.11(b)). Because of (4.18) we derive that the integral curve
obtained for Z = u (0) 4 iv (0) cuts AV in at least two points z; € By and z_ € B_. Indeed
|0 ()| < %. Hence if we take any starting point z = u (0) + v (0) in By (resp. B_) the set C,.
(resp. C_) intersects 14 only at z. This yields the uniqueness of zy. See Figure 4.11(b).
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u(t)+iv(t)

K<r

(a) in z-coordinate (b) in z-coordinate

FIGURE 4.11. The trace D := {x : |Kj_ (x,h)| = '} of the leaf on V2 x r’S!.

The fact that one component accumulates of z,, and the other on x; comes clearly from
Lemma 4.11. If £ € Xy the fact that D cannot converge to {x4} follows from the construction of 4
since cosf > 0 and

(4.20) |K (z (tew +%),h)| ~toteo Aexp(tcosd)
(4.21) , liin z (te’ +2) = Ty

where # = n (resp. # = s) if Re (" P.(x,)) > 0 (resp. Re (e"’P!(z,)) < 0) and t — —oo (resp.
t — 400). More details can be found in Lemma 6.6.
(4) According to the discussion made just above we have, for fixed 7,

(4.22) lim  |H(z,5)] = oo

r—x, ,z€EV

(4.23) lim |H(x,7)] = 0

T—xs,cEV

Because H is linear in j and the argument of 3 takes all values, every h € C is reached on any
sector accumulating on z,. The same argument shows that H (V?®) is a disk of radius

(4.24) n(r') = sup |H(z,y)|
VexrD
r max |H (z,1)|.
ove{zs}

The fact that

(4.25) HM (z,y) = ya—o© expk—:lﬂlC
yields o (r') = 7" exp (3% ) for some constant ¢ > 1 depending on the width of V. This proves
the claim as OV2\ {z,} — OVg\ {0} and H. (-,1) — Hp (-, 1) uniformly on V{°\ {0}.

(5) The line {y =0} \{po,...,px} clearly is the curve of level 0 of H, so is a leaf. All the
principal determinations of HM agrees on {y = 0} so that these distinguished leaves glue in a
global leaf.

(6) It follows from (3). Indeed, let £, be a leaf of F with A # 0. On the one hand £, cannot
accumulate on ps because s belongs to the closure of {|K (-, h)| > 7'} for all #' > 0. On the other
hand D — {x,} as 7’ — 0 so that z,, lies in Lj,. O
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5. THE CENTER MANIFOLDS

This section is purely orbital so we work with a prepared family X. of vector fields
of the form (3.15). Let us define for k£ > 1 the sectors

(5.1) Vie =V, UV,
and
(5.2) V.=V, x1'D,

built from the squid sectors obtained in Definition 4.15 (see Figure 5.1). If k =1
we merge VOTE and V;_ only on the saddle and gate sides. This yields a sector of
opening greater than 27, which must be considered in the universal covering of z-
space punctured at z,.

Lemma 5.1. Each sector V; . contains a singular point p; s = (;s,0) such that the z-eigenvalue
(resp. y-eigenvalue) of the linearized vector field of exp(if (¢))X. at p; s has a negative (resp.
positive) real part.

We choose to study the family (3.15) over a fixed polydisk in (z,y)-space, taken
as rD x 'D. For ¢ = 0 the vector field has a formal center manifold given by a
(generically divergent) power series y = S(x) = Y nso ana™. The sum of this series gives
k center manifolds as graphs of functions {y = Sjp(l‘)} over the sectors V; , provided r
is sufficiently small with respect to r’.

Theorem 5.2. We consider a prepared family of the form (3.15). There exists p > 0 such that
for each € with ||e|| < p and adapted set of sectors V; _, j =0,...,k—1, there exist k leaves which
are center manifolds defined by graphs {y = Sj.(z)} over V, . and such that limy—.; , S;.(x) = 0.
In the limit when € — 0 inside an equivalence class then S; . — S0 uniformly on compact sets of
Vjo- The Sj. are unique on 'V, . and are called sectorial center manifolds. Let W C %y be a
good sector. Then the S; . depend analytically on e € W. Moreover the S;. are uniformly bounded

ine € WU{0}.
Remark 5.3. In fact we have S;. = O (P).

Proof. The proof is adapted from that of [13], with ideas borrowed from Glutsyuk [3|. The idea is
that the graph of the function S .(z) is the stable manifold of (z; s,0) given in Lemma 5.1. The
function S, () of the theorem must be a solution of the nonlinear differential equation:

(5.3) P.(2)S} (2) = Sje(2)(1 + a(e)z") + 85 (2) Roe(w, Sjc (w) + Pe(w) Ro.c (@),

such that S;.(z;) = 0. For € = 0 the solution of (5.3) is k-summable in all directions except in
the directions exp(2X£)Rx for £ € Z/k, see [9]. If 7 is chosen sufficiently small the equation (5.3)
with € = 0 has a solution over V; , for each j = 0,...,k — 1. We can always suppose that r is
sufficiently small so that |S;o(z)| < |z| for |z| = r (this comes from the fact that S;o(z) has an
asymptotic expansion of the form O(z*+1) near x = 0).

The equation (5.3) has an analytic solution defined in the neighborhood of x;, and vanish-
ing at z; s (because the quotient of eigenvalues is neither zero nor a positive real number). For
¢ sufficiently small in an equivalence class we now need to extend this solution to V;_. For
(z,e) sufficiently small the inequality |g| > || is satisfied for (z,y) in the cones: Ky(e) =
{(z,y) : ly| > |z —axel}, £ = 0,...k — 1. Also leaves of the foliation of (5.3) contain trajecto-
ries with real time of all systems of the form X_(6) = ¥ X_.

We need to find points (z’, S (")), with |2'| = r, which “should” belong to the center manifold
and are located under the cones Ky(g). The extension of their trajectories under the different v, (0)
will yield the full center manifold. The details are as follows.

We let 2’ = rexp(%). Let @} be the flow of Xy. Then for all (z”,S;0(z")) with |2"| =r

and z' € m there exists t(z”) € C such that (z”,S;0(z")) = @f)(a://)(x’, Sio(x')).

Let n > 0 small. The trajectories with real time starting at (z',y) with |y — S;o(2")| = n, i.e
on a circle B, cross the cylinder C given by |y| = ' along a non-contractible loop 7: this yields a
continuous map Iy from the circle B to the cylinder C.
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FIGURE 5.1. An example of the sectors V; _ together with the node part of the
modulus ¢7¢ when k = 3.

We limit ourselves to values of ¢ with ||e|]| < p where p is sufficiently small so that z; remain
inside |z| < 7. For small £ the map IIj is deformed to a continuous map II. from the circle B to
the cylinder C. Hence there is a topological obstruction to the continuous extension of II. to the
disk D = {(z,y) : z =2', |y — S;0(z)| < n} given by the interior of B inside the section {z = '},
yielding that the orbit of at least one point (z/,4.) of D does not meet the cylinder.

Then the forward trajectory of (a/,y.) “remains under” the cones Ky, and in particular lies in
the region |y| < |z — x; s|.

For all 2" with |2”| = r and 2" € V. there exists t.(z") such that ééa(x//)(x/,yé) = (2", yl).
We let S;.(2") = y”/. When ¢ is small the map S;. is close to Sjo on {|z| = 7} NV, . In
particular, if ¢ is sufficiently small we have |y”| < |z — x| for all £.

We limit ourselves to values of € in a good sector. Hence, if 8 is a good angle, all trajectories
of exp(if) X, starting at points (z”,y”) belong to the invariant manifold of (z;,0), i.e. give an
extension of S .(z).

The uniform boundedness of the S;. comes from the fact that all graphs of functions S; . over
Vj,e are located below the cones K 4(¢). O

Remark 5.4. Although the k center manifolds seem to be attached to the attracting parts of orD,
they are only unique when an adapted set of squid sectors is given. Different center manifolds
attached to different sets of adapted squid sectors may not coincide near drD (see Figure 4.9).

The Martinet-Ramis modulus for analytic classification is a 2k-tuple of germs of
analytic maps Ny = (¢§°,...,¢7%1,90,...,¢)_,), the ¢5° being affine maps. These k
affine maps will unfold as affine maps )7 which will measure the shift between the k&
center manifolds: to do this we will need to introduce adequate coordinates on which
to define the ¢)77. These coordinates will parameterize the space of leaves over the
neighborhoods st In particular the ¢7; will all be linear when the k sectorial center
manifolds glue together as a global invariant manifold. The relative position of the &
center manifolds can be read precisely from the 7.

Example 5.5. Let us interpret the ¢5% in Figure 5.1. The points (z2,0) and (z3,0) have stable
manifolds. The points (zg, 0) and (z1,0) may have weak invariant manifolds if the quotient of their
eigenvalues is not in 1/N.

(1) g%, measures if the stable manifold of (z2,0) is ramified at (x1,0): it is indeed the case if
¥6% is nonlinear. In that case, if (x1,0) has a weak invariant manifold, then necessarily it
does not coincide with the stable manifold of (z3,0).

(2) % measures if the stable manifolds of (x2,0) and (23,0) coincide or not: they coincide
precisely if ¢, is linear.
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(3) 5% measures if the stable manifolds of (72,0) and (x3,0) coincide on the other side of
(iL’(), 0) .

(4) From (1) and (2) it is possible to decide if the stable manifold of (x2,0) coincides with the
weak invariant manifold of (z9,0). Indeed if 17°. (resp. 15%) is linear and ¥5% (resp. %)
is nonlinear, then necessarily the stable manifold of (x2,0) does not coincide with the weak
invariant manifold of (z¢, 0). In the particular case where (zg,0) would be a resonant node
this would imply that it would have no weak invariant manifold (this is the parametric
resurgence phenomenon described in [13]).

(5) It is also possible to decide directly if the stable manifold of (x2,0) coincides with the
weak invariant manifold of (z9,0) even if both ¥g% and 97 are nonlinear, but this is
more involved and requires two additional tools: the Lavaurs maps and the other part of
the modulus, namely the functions (b]%. Indeed we need a characterization of the weak
invariant manifold of (zg,0): it is a leaf which is fixed when one turns around (zg,0).
Following the leaves when one turns around a singular point requires the transition maps
between the space of leaves associated to the different V;ie over the sectors Vj‘jg(j)’e. These

transition maps, called Lavaurs maps, are global linear maps. The maps qzﬁ?—yg are related to

transition maps between the space of leaves associated to the different Vjis over the sectors

V.. We come back to this in Section 12.1, Example 12.1.

Corollary 5.6. We consider a prepared family (3.15) and W C Xg a good sector on which the con-
clusion of Theorem 5.2 is satisfied. The family of changes of coordinates (x,y) — (z,y — Sj(x))
transforms the family (X.)_ into

g

(5.4) (Xje), = (Ps(x);z +y (1 + a(a)xk + R]”E(Ly)) 38y>

with Rj. = O(y) over Vi e and uniformly in e € W U {0}.

6. ASYMPTOTIC PATHS

We want to show that the foliation ]—'fs induced by Z. over “canonical sectors” is
“trivial” in some way, the triviality being expressed in terms of asymptotic cycles.
This property will ensure that Z. is analytically conjugate to the model over these
sectors, as explained in Section 7.

In order to build the canonical sectors we first give some definitions.

6.1. Basic definitions. Throughout this section Q stands for the topological closure of

Q.

Definition 6.1. Let Z be a vector field with components holomorphic on a neighborhood of € for
some open set 2 C C2 and consider the foliation F induced by Z on €.
(1) A piecewise-C! map v : R — Q satisfying
(a) there exists a leaf £ or a singular point £ := {S} such that: (Vt € R) v (t) € £
(b) limy 400y (t) =px € Q
is called an asymptotic path, linking p_ to p; within F. These points need not belong
to the same leaf (they can be singularities of F) and are called the endpoints of v. They
will be referred to as y (+00). The map ~ will be called an asymptotic cycle if p_ = p,.
(2) A piecewise-C' map h : R x R — Q such that
(a) (Vt e RU{%xo0}) h(t,-), h(:,t) are asymptotic paths
(b) the family (h(t,-)),cp (resp. (h(-t)),cg) converges uniformly to h(doo,-) (resp.
h(:,£o00)) ast — +oo
is called an asymptotic homology between v_o, := h (—00,-) and Y40 := h (400, ).

This notion will be useful to express the triviality of 7 over the canonical sectors. In
fact one could give a definition of what may be called “asymptotic homology of F over
” by considering the complex of Z-modules generated by points (0-chains), asymp-
totic paths (1-chains) and asymptotic homologies (2-chains) endowed with boundary
operators. We will not need these refinements in our present study but that is what
is at work here.
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Definition 6.2.
(1) Let p € Q. We define the connected component of p in F as the set

(6.1) {q € Q : (3y an asymptotic path) v (—o0) = p and v (+00) = ¢} .

We say that F is connected when there exists a point p € Q such that all points of Q
belong to the connected component of p.

(2) We say that F is simply connected when each asymptotic cycle is asymptotically ho-
mologous to a constant path.

(3) A foliation F both connected and simply connected will be called (asymptotically) triv-
ial.

Remark 6.3. We will show below that the foliation over each squid sector is connected. The point
p we will choose will be the point of node type in the closure of the squid sector. Remark that the
connected component p’ of an interior point of the squid sector will only be the closure of the leaf
through that point.

6.2. Canonical sectors. After these preparations we shall prove the following:

Theorem 6.4. We consider an adapted set of squid sectors Vi covering rD in x-space where €

belongs to some good sector W C ¥y. Fach Vi is adherent to two points x; s and x;,. Let st
be the interior of the connected component of Pjn = (&n,0) in the foliation induced by Z. over
iji x r'D. There exist r,v’,p > 0 such that the following assertions hold for e € W U {0} :
(1) For each p € V . there exists an asymptotic path ’y] _ (p) within ffa such that Vjiﬁ (—o0) =
Pjn and ’yw: (t ) p for allt > 0.
(2) The domain er contains a fibered squid sector Vjie x r"D. We denote ffs the foliation
induced by Z. over Vi

(3) There exists a unique leaf Si8 of f]i accumulating on both p;, and p; s corresponding to

the sectorial center mamfold of Z;, <. This leaf is the graph of a holomorphic function
(6.2) Si VL o= D

which extends as a continuous functzon on the closure S = (Tin) = Sji’a (xjs) = 0. The

sectorial central manifolds S e glue on V; = V;'E U VJ’E and coincide with the graph of
x+— Sjc(x) (see Theorem 5. 2) (Of course in the case k = 1 the gluing only occurs on the
. _ + — . .
saddle and gate sides and V; . =V, UV, _ is a sector of opening greater than 2mw.)
(4) The foliation ]:fs is asymptotically trivial.

We postpone the proof of Theorem 6.4 till Section 6.3.

Definition 6.5. The 2k sectors st are called the canonical sectors associated to Z..
For a good sector W C ¥y and ¢ € WU {0} we let

(6.3) V. :=int (clos (U2 (V.U VL))

This is an open neighborhood of (0,0) containing a polydisk rD x r”D independent of
€.

6.3. Proof of Theorem 6.4. We fix a good angle # associated to a good sector W, see
Lemma 4.13. Note that (3) has been proved in Theorem 5.2, so we can apply the
change of coordinates (z,y) — (z,y — S;. (z)), where z — S; . (z) is the sectorial central
manifold over V+ uvi., which sends the foliation ]—"i on F' defined by

(6.4) X, (x,y) = P-(x) % +y (1 + a(a)xk + R, (axy)) 8%/

on Vjis x 1'D (see Corollary 5.6). We will prove the remaining claims (1), (2) and (4)
for that foliation which, after possibly decreasing r,1’, p > 0, will still hold back in the
original coordinates. The proof will rely on the following straightforward estimate
which we give without proof :
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FIGURE 6.1. Some asymptotic paths in z-coordinate. The curve D indicates
where the y-component of the leaf reaches r'S'.

Lemma 6.6. Let x (t) := |y ()| in the following non-autonomous system.:
(6.5) () = exp(i6)P. (2(t))

(6.6) §(t) = exp0)y(t) (1+ Fe (2(0),y(1)) |

so that

(6.7) () = x()Re (exp(i6) (1+ R (e (1).y(1) ) -

(1) Assume that for some r,r' we have

(6.8) 0<a< Re (exp(m)a ¥ R(x,y))) <5
for any (x,y) € rD x v'D. Then for any t <0 :
(6.9) x(0)e” < x(t) < x(0)e”*

(2) It is possible to find r,r’ small enough so that a and (B are as close to cosf as we wish,
independently on €.

(1) First we build the path in z-coordinate (the function z is defined in Lemma 4.7)

and we refer to the notations given in Figure 6.1. We define t. := x|l¢|| " as in
Definition 4.15.

o If 7 := 2 (T) belongs to the part of the strip which can be linked to Im (z) = —o0
in a straight line of slope § we define

z(t) = zZ+te?
for t < 0.

e If Z belongs to the disk ¢t.D we choose a path ¢t — z (t) avoiding the central hole
By and reaching z_ on the boundary of the disk. The path consists of horizontal
line(s) and possibly an arc of the circle of fixed radius y = Ar~*. We then link
z_ to —oo with a straight line as before.

e Otherwise we link Z to some point z, of the circle ¢.S! with a straight line of
slope 60, then proceed as above starting from z,.

We call v the path t — z (t) corresponding to the path in z-coordinate build just
above. We need to show the existence of v/ > 0 such that v can be lifted into the
foliation for all (7,7) € V]ie x r"D. According to the previous lemma, if |z (¢)| > t. or if
z (t) belongs to a horizontal line then t — |y (¢)| is decreasing, so that these parts of
~v can be lifted in Vjis x r'D as soon as § € r'D. In all the other cases the paths used
are of bounded length, independently of c. Hence using finitely many flow-boxes we
derive the existence of r”’ > 0 satisfying the expected property.



ANALYTICAL MODULI FOR UNFOLDINGS OF SADDLE-NODE VECTOR-FIELDS 33

pn

(a) in z-coordinate (b) lifted in the leaf

FIGURE 6.2. An asymptotic cycle (k = 1).

(2) The claim is proved through the Lemma 6.6.

(3) This comes from Theorem 5.2.

(4) So far we have proved that F' is connected. We now show that it is simply
connected. In fact we prove a slightly stronger result :

Proposition 6.7. There exists r > 0 independent of small € such that:
(1) The leaf of ff& passing through (Z,7) is the graph of a holomorphic function x € Qz 5 —
]:’l,:s,f,ﬂ () and Qz 3 C Vjie is simply connected. Let Q@ = Uz zyep; .+ Qzg < {(@,9)} C

VJE XVfE. Then there exists a holomorphic function Kfe : Q — C such that Kfs(m,f, y) =
Kj ez y(@) -

(2) The closure of Qz 5 is also simply connected.

(3) The closure D of [Kfs (., 7,7)] - (r'S1) is a (connected) real analytic curve which separates
V]iE into two connected components, and cuts the boundary BV]iE in exactly two points (see
Figure 4.11(a) and Figure 6.3). One connected component of VJiE\D accumulates on ;.
while the other accumulates on xj 5. Besides D — {x;,} asr’ — 0.

Proof. The proof is done as in Proposition 4.21(3), using the estimates of Lemma 6.6. Indeed the
only obstruction to the analytic continuation of a leaf is the constraint |y (x)| < r’ because the
foliation is transverse to the lines {x = cst}. O

Because ()z 3 is simply connected the endpoint of a candidate asymptotic cycle v of
ffe must be a singular point. The leaf cannot accumulate on p; ; so that v (£00) = p; 5.
In that case 7 is asymptotically homologous to its endpoint as the closure of (5 is
simply connected. Thus the sectorial foliation is simply connected. |

6.4. Asymptotic homology over the intersections of sectors.

Definition 6.8. We show below that the intersections of different Vfa correspond to sectors V; _,
Vi, and Vﬁ o(j)e 88 in the case of squid sectors (Lemma 4.17). Each p in such an intersection yields
an asymptotic path :

o v (p)=7.(0)—.(p)ifpeV;..

o v (p) =711 (P) — 7. (p) ifpe VP

V] o) =0 (D) =5y ) D EVY
This path links the corresponding node-type singular points within the foliation induced on V;' LU

View Viia UV or VUV

e »(j).c: We call it the canonical asymptotic path associated to p.
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(a) v C Vj'. is homologous to its endpoints (b) v9 C Vj(‘],s is homologous to its endpoints

FIGURE 6.3. The asymptotic cycle v* =75 _ (p) is not trivial in VJ‘-; UV; . when
p € V; .. We recall that the z-coordinate is a k-sheeted covering of C minus the
black disks so that V°. and V. may not actually belong to the same sheet. In
particular the two endpoints of v* may correspond to different points p;fn of node
type.

Proposition 6.9. Under the same hypothesis as Theorem 6.4 the following assertions hold.

(1) For k > 1 the intersections V+ ﬁV_ splits into one or two connected components, namely
Vi. (and possibly VJ o(j).e zf e # 0 and both sectors are adherent to the same singular
points pj., and pj,s ). Similarly the intersections V; N Vi i1, Splits into VY. (and possibly

ng+l,o(j+1) . if € # 0 and both sectors are adherent to the same singular points p;, and
pj.s)- Also VJ () V <NV e ifo(j) #4,5+1.

In the case k =1 the mtersectwn of the two sectors splits into two or three components.
(2) The foliation induced by Z. over Vi, or V] o(j)e is trivial. Moreover the canonical asymp-
totic path through a point p lying in one of those sectors is asymptotically homologous to
the node-type singular point.
(3) The foliation induced by Z. over V7, t1,e UV is asymptotically trivial.
(4) If p € V; \Sje then 73 (p) is not homologous to a constant path. Any other asymptotic

path in the same leaf over V .UV, not homologous to a constant path, is homologous to

e’
7; (p) in V+ UV, (up to Teversmg of orientation) and has same endpoints.

(5) InS;. U {pj,s} any asymptotic path is homologous to {p;n}.

Proof. This proof is mainly graphical. We refer to Figure 6.3.
(1) According to Proposition 6.7 each leaf is a graph over a domain  (the complement of the
hatched area in Figure 6.3) and this domain looks like a half-strip or a strip in z-coordinate. Hence

Vie Vi and VJ o(j).e A€ connected. The remaining claims are easy from Lemma 4.17.
(2)- (5) are immediate. O

7. COHOMOLOGICAL EQUATIONS

In order to work out the moduli of classification, we need to describe precisely the
global obstructions to solve equations of the form

(7.1) X. F. = G.

where G. is given. We’ll explain why it is so in the oncoming Section 8. Such equations
are called cohomological equations. A natural intuitive solution is given by F, = f Ge,
where the integral is taken along trajectories of the vector field. In order to make
this formal we need to choose well a base point. A natural base point is the point of
node type. As it is reached in infinite time we need to define the notion of asymptotic
integrals.
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Definition 7.1. Let Q be an open set of C2 and consider a 1-form w with coefficients meromorphic
on a neighborhood of the closure of . Consider an asymptotic path v which avoids the poles of
w (except maybe at its end-points). We define the asymptotic integral of w along ~ as

(7.2) L o= j’ V.

Definition 7.2. Let A := (A:)_cypuqoy = (Vji’E)EEWU{O}

ated to a good sector W in e-space and to a boundary sector of rD (i.e. A is one of the 2k families
(st)sewu{o})' We define the algebra Oy (A, W) of all functions (z,y,¢) — Ge (x,y) holomorphic

and bounded on |J_cy Vfa x {e} with continuous extension to the closure and such that Gy be
holomorphic on Ajg.

Theorem 7.3. Let 7, := , let A= ( o E)seWu{o}

a good sector. We suppose that for each e € W the singular points of node and saddle type in st
are given by pjn = (€5,0) and p; s = (x;,0) respectively. Consider a function G € Oy (A, W)
with

be a family of canonical sectors associ-

be a family of canonical sectors where W is

Ge=0(P:(2))+0(y).
(1) Forpe Vfg define

(7.3) FE(p) = / G. .
v;..(P)

J.€

where 7;’[5 (p) is constructed in Theorem 6.4. This asymptotic integral is absolutely conver-
gent for all e € W U {0}.
(2) Fach function Fjj; defined in (7.3) is holomorphic on Vfa and satisfies

(7.4) X.-F. = G..

(3) The function extends continuously to Vfg U{ps,pn} x r'D. In that case the function y —
Fjj; (xg,y), with # € {n, s}, is holomorphic and

(7.5) |F5 (wg,y) — Fi ()| < Alw -z

for some A > 0 independent of (x,y) € Vj’5 and €.

(4) The function (z,y,€) — F ~ (z,v) belongs to Op (A, W).

(5) If v is an asymptotic path wzthm V with same endpoints and orientation as 'y] (p) and
lying in the same leaf, then FjE f G ..

(6) Any other bounded holomorphzc solutwn F e Oy (A W) of (7.1) differs from Fjj; by the

addition of a function f : e — f (), f € Op (A, W), which corresponds to the freedom in
the choice of Fjj; (pn)-

Definition 7.4. A function Fjj; constructed above will be called a sectorial solution to the
equation X, - F = G.

The proof of this theorem is done in Section 7.2. The basic idea behind this result
can nonetheless be shown very simply : it is the foliated equivalent of the fundamental
theorem of calculus.

Lemma 7.5. Let Q C V. be a domain and F be a holomorphic function on Q. Let T be a
meromorphic 1-form on Q such that 7 (X.) =1, and let v : [0,1] — Q be a tangent path avoiding
the poles of 7. Then

(7.6) Fy(1)) - F(v(0) = / (X. F)r

Proof. We set G := X, - F which is holomorphic on €2 and use the relation :

(7.7) LGT = /[0,11 (v'G)(v'r) -
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Since v/ (t) = ¢ (t) Xc o v (t) we deduce v* (1) = cdt and ey* X, = %; in particular

o (6) = cbrX) (F)= g (Fon) .

=
X
S~
Q
\‘
I
—
|
g
e
o
2
=
=
Py

O

7.1. Global equations and solutions. We discuss, for fixed ¢, the case where G comes
from a global function G. € O(V.), that is A, == V. = U; (V;:E UV]T&) and G = ijfa =
Ge|,+ . First let us describe how the sectorial solutions Fjie glue :

J,€ )

Corollary 7.6. Let G. € O(V,) such that G. = O (P.) + O(y). The sectorial solutions F]-":H’E

and F;_to X. - F' = G: coincide on V}'.. The solutions FJ-J; and F_,

S g
. _ coincide on V3
a(4),e 4

J:o(j)e”

g + -
Proof. Assume p € Vj’a(j)’a. Then V;. and Vo_(j)

The concatenation ’y;fa(p) - fy;(j)_s(p) yields an asymptotic cycle 77 (p) through p;, which is

. share the same node point pjfn = Do(j)m’

asymptotically homologous to {p; } according to Proposition 6.9. Item (5) of Theorem 7.3 yields
the conclusion. The same argument applies when p € V7' O

Hence the obstructions to obtain global holomorphic solutions F' € O (V) lie solely
in the intersections V; ..

Corollary 7.7. Let G, € O (V,) such that G. = O (P:) + O(y). Let pfn be the point of node type
associated to Vjis We have that Pin = pj++1,n- The asymptotic path v; . (p) links the point Pjyn to
the point p;rn Let I (j) be the value of the integral:

1) = / G.r. .
75 . (p)

where the integration is done on canonical asymptotic paths given by Definition 6.8.
There exists a holomorphic function F € O(V.) such that X. - F = G. if, and only if the
following two conditions are satisfied:

o the value of I (j) does not depend on the choice of p in a fized sector Vi..
e Forallm>1andall j,j+1,...,5+m such that p; ,, = pﬁmm we have

(7.9) I(j)+---+I(j+m)=0.

Remark 7.8. As will be seen in the last section the second condition is redundant as the graph
whose edges are the 77 . linking distinct points of node type actually is a tree.

Proof. This derives from the construction of the F fa in (7.3). Firstly the conditions are clearly
necessary by continuity of /' and Lemma 7.5. Indeed for all p € V7 _ there exists two node-type

singular points p;,, and pjfn, not necessarily distinct, linked by ~; . (p). Hence :

(7.10) 1() = F@),) = F (),

which in turn implies (7.9).
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Let us now look at the converse: since V. is connected we can build the unique sectorial solutions
given by

Foe (pa,n) =0

F (o) = 1(0)+Fy. (o)

Fi.(pin) = Fo.(pin)

Ffo(pf,) = I(G)+F. (P,
Fj;l,s(p;+1,n) = FjJ,re (pj,n)

The conditions precisely ensure that all F’ jj; glue together in a uniform F. and that the F; (p]in)
are well defined. O

7.2. Proof of Theorem 7.3.

7.2.1. Preliminaries.
Without loss of generality we can straighten the sectorial center manifold, since
Sje = O (P:) as stated in Remark 5.3. We drop all indices j and + and write

0
(7.11) X (z,y) = Xi”(xvy)erQRs(w,y)afy

e (p) (t) = (z (t),y (t)). This path is solution to the differential system
&(t) = exp(if)F: (x(t))
B(0) = exp()y(t) (1+a(e)e (0 +y (1) R (). u(1))

as soon as |z (t)| < Vk||c||. It satisfies the same system with § = 0 when |z (t)| < ¥r for
some fixed ¥ < 1 independent on small ¢.
The following proposition is the key to the uniformity with respect to ¢.

Proposition 7.9. There exists a constant C > 0 independent of ¢ € W such that

0
[ ineoid < e -l

—o0
for any asymptotic path t — x (t) landing at x,, built in Section 6.3. The same estimate is true if
we replace x,, by x5 provided that we integrate |P:| between 0 and +oo.

Proof. Notice that |P- (z (t))] = |& (¢)| most of the time, so what we try to achieve here is to bound
the growth of the length of spirals. We will rely on the following trivial computation :

Lemma 7.10. TakeT € C. We consider a logarithmic spiralt < 0+ z (t) = Te* with Re (\) > 0.
Then

0 |Z|
/_Oo|m(t)\dt = By

Let us first explain the strategy of the proof. It is done by induction on the number k£ + 1 of
singular points enclosed in rD. We make essential use of the conic structure of ¥y by applying the
change of coordinate z — & := z||e||”" which transforms P. (z) into ||¢]|" ™" P (&) with ||Z|| = 1.
Then we show that we can isolate the singularities inside small disks D (Z;,7), each one containing
at most k singular points, where 7 is independent of & with ||e|| = 1. Notice that if € belongs to a

good sector and m singular points are contained in a disk
A =D (%;,n)

then the m-dimensional multi-parameter associated to the m singular points contained within A
also belongs to a good sector of this m-dimensional parameter space. (The multi-parameter is
formed of the coefficients of the normalization of the monic polynomial of degree m vanishing at
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the singular points, the normalization being done via a translation so that the sum of the singular
points vanishes.) Hence we will be able to apply the recursion hypothesis in each A. The last step
consists in providing the estimate outside the disks, which is not difficult.

We consider
(7.13) Q= Uo<j<iD (Z5,7)

the union of disks centered at z; and of a given radius 7 > 0. We claim that there exists 7 small
enough and independent on € such that €, has at least two connected components. If indeed it
were not true we could find a decreasing sequence (1), — 0 and a sequence (&), such that all
roots of P, would be contained in a domain of diameter at most 2 (k + 1) n. Since {¢€ : ||€]| = 1}
is compact there exists a point of accumulation ., for which the polynomial P:_ has one root of
multiplicity £+ 1. This necessarily means €., = 0 and is impossible. We have thus isolated in each
connected component of {2,, at most k singular points.
We assume that Z is bound to remain within some (D with ¢ > k + 1.

We first deal with the case £ = 1, which contains all the ingredients for the general case.
Consider the disk A, = D (Zon,n) containing the singular point Z,, := %o, of node type. This
singularity is either hyperbolic or a node, in which case the vector field eiePE% is linearizable on

the whole disk. Moreover |Z,| = 1. Hence the conclusion of Lemma 7.10 with A := € P.(%,)
holds :

0
| Ew-ald < 0 -

with B independent on €, as soon as & (0) € A,. This type of inequality is robust under ana-
lytic changes of variables. We have Re (\) > |P.(Z,)|sinéd = 2sind|Z,| = 2sind according to
Lemma 4.5. Therefore :

0 0
/ |P: (2 (1) dt < 2<[ | () — & dt
(B _

sin § 1 (0) = &nl -
The same argument applies for &, = —Z,, so when Z (0) € Q,\4,, :
+oo CB
P:(z(t)|dt < —-—12(0)— T4 .
| rGwla < s -

If 2(0) ¢ Q, then |z (0) —Z,| > 1 > 0 and the trajectory remains outside €2, only for a finite
interval of time [t_,¢;]. The lengths of all those trajectories are uniformly bounded by some
M = M (¢) > 0 for all £ € W with ||€]| = 1. We can thus write

ty M
| ol < a0 -5
and the same for Zs;. When ( is large enough the trajectories look like the trajectories of & =
22 (which are circles tangent at the origin to the real axis). Therefore M () < M'¢ with M’

M

independent on large ¢ and on €. To conclude, if we let By = B + 272”57 we obtain

0 - (B . -
[ rGwla < S -,

for all Z (0) € (D and all { > 0, for all £ € W with ||£]| = 1.
Back to the original coordinates we find :

0
[ n@la =R P r G @l < [EllSBy 0y

oo sin §
for all |z (0)] < ¢|le]|. By letting ¢ := r|le]| " we obtain C := rB.

We deal now briefly with the general case & > 1 in a similar way. Inside each component A of
,, we apply the recursion hypothesis since there are at most k singular points lying within A. The
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argument developed just above applies again to obtain the bound in (D\{,, then ¢ID. We finally
derive :

0 kekp
[ paona < ELEE 0,

for all z (0) € ¢ ||| D. The conclusion is reached by setting ¢ := 7 [|¢]| . O

7.2.2. Back to the proof of Theorem 7.3.
(1) We write . (Z,7) (t) = (z(t),y (¢)) for t <0. Lemma 6.6 yields

(7.14) ly()] < |y|e*

for some a > %cos& independent on small € € .
Assume that for e € W

(7.15) Ge (2,y) = P (z) go.e (%) + Y916 (7,9) -
There exists constants M7, M > 0, both independent on T and ¢, such that
(7.16) Ge (x(t),y ()] < My|P-(x ()] + Mage™ .

The integral ffoo G (z (u),y (u)) du is thus absolutely convergent according to Proposi-
tion 7.9. Since 7. (X.) =1 it follows that

0 0
(717) [ Gy = " [ Gty w)du
t t
for t <0, which completes the proof.

(2) From Proposition 6.7 the leaf passing through (z,y) is the graph of a holomorphic
function v — [ (v,y). Because of (7.17) the function p — F_ (p) is holomorphic. Besides

t=0

(7.18) X -F.(p) = (e_iejtew /75 G (z(u),l(z (u),7)) du)
= G(p)
as in Lemma 7.5.
(3) Let us consider a point p := (z,,7) and show that
dy
z} + yRe (xn,y)

)
(z,y)—p

7.19 li F; (x, = n
(719) m F@y) = [ et g

where g, . is defined in (7.15). The latter integral is holomorphic with respect to small
7 and can be rewritten (using (7.12))

; 0 e (X, y(t ~
(7.20) F(p) = ebe/_oo 1+a(5)5%#(;7(5/5%2)(%,@(t))y(t) dt

where (Z(t),7(t)) is the solution for ¢ < 0 to the system

e P(z)
1fga(€)i"’+§Rs (Z,9)
0~

ey

K-

(7.21)

<

with initial condition (Z,7).

We only need to prove that lim,_,, F:(z,y) = F: (z,,y) because F (z,,-) is holomor-
phic and the integral is additive with respect to the path of integration. There exists
two constants L;, Ls > 0 independent on ¢ such that :

G (z,y) =G (2n,y)| < Li|Pe(z)|+ L2yl .

Since as t — —oo the modulus |g(¢)| is exponentially flat of rate o close to 1 while
|Z (t) — x| is exponentially flat at an order tending toward 0 as ¢ gets smaller, we can
write |7 (t)| < L3 |P- (Z (t))]. Hence there exists some L depending only on r, v/, p such
that, for all ¢t <0,

G (Z(t),9(t) =Gz, g ()] < L|P(2())],
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y

X
Xn-
FIiGURE 7.1.
from which we deduce
0 0

(1.22) [ G0 -G <i [ nae)a

cL [T — 2,

sin § o

by Lemma 6.6 and Proposition 7.9. Hence F. extends continuously to {z,} x r'D and
we have moreover proved that
(7.23) |F. (Z,7) — Fe (zn,7)] < A|T—z,] .

We must now deal with the separatrix {z,} x »'D using much the same argument.
Consider an asymptotic path v linking the two singularities within V_ x {0} that is,
more precisely, 7 (c0) = p; and v (—0) = p,. The estimate (7.16) shows that the integral
fv GT. converges, therefore we claim that F. extends continuously on {z,} x r'D to

_ dy
7.24 F. (zg, = /GTE—&—/ < (s, .
(7.24) (@:,7) : o0n 7 T T @2 4 gk (o)

If 7 = 0 the result is trivial. For a given 7 # 0 we can choose T — z; sufficiently small so

that the path 4. (Z,7) crosses the real analytic set {|z — 2| = |y|} at some point § =7 (T)
(see Figure 7.1). Because of (7.14) we know that 7 is unique. Let s =73(Z) < 0 be such
that ¢ = (2 (3),9(s)). Obviously

(7.25) lim s = -—oo,
(7.26) lim 2(3) = z,.

Define t < 0 such that z (f) = @ (s) (f (resp. 5) is the time for (Z,7) to reach 7 in (7.12)
(resp. (7.21))). On the one hand

(7.27) [ G (x(t),y(t) —G(z(t),0)dt < L'ly(@)]a"te
2L
cosf [ (5) = 2|

whereas on the other hand
0 -3
[ 166050 -Gaaola < L[ [P+
5 0

< L/+OO|PE(£(t+s))dt

CL
< — |2 (8) — x4l -
~ sind [2(5) - |
From the fact that ¢ — |y (¢)| is exponentially increasing we infer Z (3) —z; = O (T — x5),
which ends the proof.
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(4) From (7.19) and (7.24) we deduce that y — ng (x#,y) belongs to O ({xx} x r'D, W).
Because of the estimate obtained in (3) we deduce that Fjj; belongs to O, (V»i W)

3e
(5) Let h be an asymptotic homology between v = h(—c0, ) and ~. (p) = h(+o0, )
within V.. Because we integrate the restriction of G to a leaf (a holomorphic surface)
we only need to prove that

lim Gr. = 0.
t—+oo R(-,t)
But this is obvious since the length of s — h(s,t) is bounded (thanks to the uniformity
of the convergence h(s,-) — h(+o0,-)) and G (h(s,t)) — 0 as t — +oo uniformly in s.

(6) Let F' be another solution. Then
(7.28) X.-(F-F) = 0.

Hence there must exist a bounded, holomorphic function (¢, h) — f (¢, k) such that, for
allpe V.:

(7.29) F(p)—F.(p) = f(s,H(p))

where H. is the canonical first integral (see Corollary 8.7). According to the same
corollary H. (V.) =C, so that h — f (¢,h) must be an entire function, thus constant.

8. THE SECTORIAL NORMALIZATION THEOREM

As this is the principal tool to the identification of moduli of analytic classifica-
tion for generic families unfolding a saddle-node of codimension k we start by some
generalities on this matter.

8.1. The principle of a modulus of analytic classification. The heart of the paper is
to identify complete moduli of analytic classification for generic families unfolding a
saddle-node of codimension k, under either

e orbital equivalence,

e or conjugacy.
The idea is the following: we start with two germs of prepared families Z. = U. X, and
Z! =U!X! and we want to decide whether they are orbitally equivalent or conjugate.
We know that the multi-parameter is canonical and that an equivalence or conjugacy
must preserve the parameter (up to the equivalence relation (3.18)). Applying a
rotation of order k£ to one of the families, we can suppose that the two families have
the same canonical multi-parameter and the same polynomial P.(z). We can then limit
ourselves to discuss orbital equivalence or conjugacy preserving the multi-parameter.

For that purpose we construct orbital equivalences or conjugacies with the model

family ZM = Q.XM over canonical sectors. The modulus is a measure of the obstruc-
tion to glue these in a global equivalence or conjugacy with the model. By composing
them, this provides equivalences or conjugacies between the two families over canoni-
cal sectors. These provide a global equivalence or conjugacy between the two families
precisely when the two families have equal moduli.

Solving the orbital equivalence problem of Z. with Z on a canonical sector is
the same as solving the conjugacy problem between X. and X under a change of
coordinates preserving the z-variable. Once the sectorial center manifold has been
straightened, this change of coordinates, ¥, will be taken as the flow <I>3A,75 of the
vector field

(8.1) Y i=y—

for some time N.(z,y) with N. analytic and we will have (@yf) (xXM) = X..

To solve the conjugacy problem we first solve the equivalence problem and then
consider the conjugacy problem between Q.X. and ZM. This will be done through
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a map V! = (I)%EXE’ i.e. the flow of Q. X, for some time 7. (z,y) given by an analytic
function 7.

Both maps N, (for Normal change of coordinates) and 7. (for Tangential change of
coordinates) will be obtained by solving cohomological equations. The justification of
this procedure comes from the following “fundamental” lemma, which can be proved
using Lie’s formal formula for the flow of a vector field :

t _ " n
(8.2) Pl = ZHX- Id
n>0

Lemma 8.1. [17] Let X and Y be germs at (0,0) of commuting, holomorphic vector fields. Con-
sider a function F € O (W), where W is a domain on which X and Y are holomorphic. Assume
that Y - F (p) # —1 for some D € W. Then the map ¢ defined by

(8.3) b (xy) = LY (zy)
1s a local change of coordinates near p satisfying :

X -F
C1+Y-F

By setting X = Y we deduce a useful sufficient condition (which is generically
necessary) for two vector fields inducing the same foliation to be conjugate.

(84) Pr(X) =

Corollary 8.2. Let X be a germ of a vector field with a singularity at (0,0) and U, V' two non-
vanishing holomorphic germs. If there exists a germ of holomorphic function T such that

11
. XT = =—=
(8.5) T

then the vectors fields UX and VX are (locally) analytically conjugate, the conjugacy being given
by L, namely (‘I’Ex)* (UX)=VX. In particular U (0,0) =V (0,0).
Proof. Tt follows from Lemma 8.1 applied with X,Y +— UX. The hypotheses of the lemma are

satisfied for p := (0,0) (indeed X (0,0) = 0). Moreover (8.5) is solvable only if % . m =
0.

8.2. Sectorial normalization. Let Z. be given in (3.5) and its restriction on
(8.6) Vie =V UV, .

On V;. we consider the change of coordinates (z,y) — ®;.(z,y) = (v,y — 5;.(z)) of
Corollary 5.6 and let

(8.7) Xj,s = (q)j,a>* Xe .
We call 7. = %f: the corresponding time-form. Then X;. has the form
(8.8) X; —P(x)3+( (1+a(€)xk—]§4 ( )))2

. J2,€ — € ax y 7,€ 7y ay Y

with R;.(z,y) = O(y).

The following proposition, and its extension in Theorem 8.5, gives a geometric proof
of the theorem of Hukuhara-Kimura-Matuda [4] (¢ = 0) together with its generalization
to unfoldings. For ¢ = 0 one can recover the summability property using the theorem
of Ramis-Sibuya and the fact that the first-integrals in the intersections V;, are flat
of order 1.

Proposition 8.3. Let ®, . be the change of coordinates (x,y) — (x,y — Sj ¢ (x)) which straightens
the sectorial separatriz (see Corollary 5.6).

(1) We consider X;. = XM — R, .Y over Vs given in (8.8), where Y is given in (8.1). Let
~ ’ +
Nfg be the solution ofXj,€~Nf€ =Rj. on V]{[E with Nfe (pjn) =0, and UV := q)g” od; ..
Then (TV)" XM = X..
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(2) Let T} . be the sectorial solution with T} . (pj.n) =0 of

1 1

UE QE
on Vj++1,s UV, and let T = ‘I)gfxa- Then (‘IIT)* (R:X:) = Z..

(3) Moreover the functions N fs and Tj . are bounded on st and have continuous extensions
to Vjiﬁ U({xjs, zjn} x1'D), and

(8.10) N} (pj#) = Tie (pjg) =0,
where # € {s,n}.

(4) The functions Nfa and Tji are uniformly bounded when € belongs to some good sector in

.

(89) Xs 'Tj,s =

+ *
1) We apply Lemma 8.1 to (8.7) with X = XM and Y = y2. Then @Nj’s XM =
5 oy Y 5

XM _R; .Y since (XEM - RLEY) ~ijf5 = R; .. The conclusion follows using Corollary 5.6.

(2) This is immediate from Corollary 8.2.
(3) and (4) are consequences of Theorem 7.3.

O

‘We summarize these results in the sectorial normalization Theorem 8.5 below. To
state it we require the notion of sectorial diffeomorphism.

8.2.1. Sectorial diffeomorphisms.

Definition 8.4. Recall that the squid sectors Vjie actually depend on an angle # and a width
wp > 0 (see Definition 4.15 and Figure 4.5).

(1) Lete € £0U{0} and # € {—, +, s,n, g} be given. Define Vfi (n) = Vjiﬂn]D). A germ of a
sectorial diffeomorphism over V;i is a (class of) map(s) \I/;.%E : f)J# . — C? holomorphic
and one-to-one on

(8.11) VI =V (rg) x r{)D

J,€
for ro,ry > 0 sufficiently small, satisfying:
(a) \Iffa extends to a homeomorphism \IJ;-%E defined on W := (Vji(ro) U {pj,s,]?j,n}) xroD,

fixing the singularities and such that \I/;i ({pj+} x D) C {pj+} x C for each * €
{s,n}.

. # (H# . ST . .
(b) The image v (Vj,e) of the squid sector V7_ is squeezed between two squid sectors:

Vi1 C \I/;-%E (f/;i) C VQ,
where
(8.12) Vo= Vii(re) x D, (=12,

have same angle § but with maybe different widths w, and r}.
(2) Let W C 3y be some good sector. A germ of a family of sectorial diffeomorphisms

. . . # . . #
is a family of canonical sectors V. together with a family (\Ilj’e)sewu{o} of germs of

sectorial diffeomorphisms for all values of e € W U {0} with |le]| < p for some p > 0 and
for which we can choose wy,re, 7}, £ € {0,1,2}, of (8.11) and (8.12) independent on &.

This implies that sectorial diffeomorphisms respect locally the fibered squid sectors,
e.g. neither crush them nor blow them away along the separatrices {p;.} x v'D. This
property is necessary to ensure that we are able to construct holomorphic conjugacies
on a full neighborhood of the singularities when the moduli of two vector fields coin-
cide. In practice we will consider a good covering of ¥; given by Theorem 4.12 and we
will construct germs of families of sectorial diffeomorphisms depending analytically
on ¢ on each open set of the covering.
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8.2.2. Sectorial normalization theorem.

Theorem 8.5. Let W C Xy be a good sector. There exists v,7’, p > 0 sufficiently small so that,
for any e € W U {0} with ||e|| < p and associated set of canonical sectors, the vector field Z. is
conjugate to its model ZM by a sectorial diffeomorphism ‘Ilji over Vfg. The change of coordinates
splits into an orbital part, namely

(8.13) U (zy) = (2, (y— S5 (2) exp (N (,9)))

transforming Q. XY into Q.X. composed with a tangential part, namely

g

Tj,e(z,1
(8.14) Ul (ey) =BG (@)
transforming Q. X, into U.X.. Both (ﬁ/fs’i)sewu{o} and (\Ilza)aewu{o} are families of sectorial

diffeomorphisms, over (V;,Ee)a and (V;H,e U V;E)E respectively.

Proof. The holomorphy of the changes of coordinates, their dependence on ¢ and the continuity

property for families of sectorial diffeomorphisms follow from Theorem 7.3 and Proposition 8.3.
For the sake of clarity we omit to write the upper and lower indices €, j7 and +. We prove

that U and U7 are sectorial diffeomorphisms. The easiest case is UV since it preserves the

x-coordinate. According to Theorem 7.3(3) we have

(8.15) IN (z,y) = Ny (y)| < Az —ay|

with A independent of e and Ny (y) := N (x4,y) for # € {s,n}. Hence, if we let ¥V = (Id, 1)
then

(8.16) [U1 (2,y) — 1 (w4, 9)|

IN

[y =85 (@) [N — Mo
A'ly=S; @]la = oy

Because y — 1 (z4,y) is a diffeomorphism for small ' > 0 independently of & small, v is
well-behaved near {z,} x r'D.

This allows to conclude that, for eventually smaller r, ' > 0, the image ¥V (V) is included,
and contains, some fibered squid sector as required. Here the width of the squid sector does not
change.

We now show that 1 is one-to-one, i.e. if 11 (x,y1) = ¥ (2, y2) then y; = yo. We have

AN

eN(@y2) _ oN(zy1)

(817) o1 (x,50) = 1 (2, 92)] = |y —y2l [V 4 (2 — 5 ()

> Ky —yof

with K > 0, since |y2 — S (z)| < 2r' can be made as small as we wish whereas eN(@1) remains far
from O.

Y2 — Y1

Let us now consider U7 := (¢, 1)) = @% «n (with another ¢;), and prove that it is a sectorial
diffeomorphism. Let us first deal with ¥y. We have
Te(x,
(8.18) do(ay) = og G (@)
= @i:“g’e) (z)

where T is continuous. Because 7% (p,,) = 0 we can assume that ’T’ is bounded by some arbitrary
small %r] if r is sufficiently small. Hence

exp(i6 exp(i0)t+T(x,y,e
(8.19) Yo (q) r;é ' (z) y) = URIOHT @) (4

P, Pe 5=

so the open set 9y (V') contains a squid sector V (r;) with some width wy — n and is contained in
some V' (ry) with some width wg +7. On the other hand ®f,_y_(z,y) = (f (z,y,t), g(x,y,t)) with

(8.20) g(z,y,t) = y+t((z—zn)(r—2,)0(1) +y0(1)) .

Here again we can conclude that ¢; is well behaved near {z4} x 7D so T (V) is included, and
contains, some fibered squid sector.
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It only remains to show that W7 is one-to-one. Since it is given by the flow of Q. X. it sends each
leaf of F= into itself. It is then sufficient to show that its restriction to each leaf £ is one-to-one.
Assume then that (z;,y;) € £ for j € {1,2} and that UT (z1,y1) = UT (29,y2); because L is the
graph of a function [ : Q — C (see Proposition 6.7) if we can show that x1 = x5 then y; = y».

There exists K > 0 independent of ¢ and of (x1,x2), such that we can find a path 7o linking
x1 to xo within Q with a length less than K |z1 — xa|. Let v := 1 o 7o be the lift of vy in £; the

application of Lemma 7.5 yields

(8:21) Yo (¥2,92) — Yo (z1,91) = /(Xs 1) Te
gl
= 0.
On the one hand, according to Lemma 8.1, Z. - W7 = (Q.X)oW¥” so that, according to Lemma 7.5,

Qsowopsoil)od
x

(8.22) 0 = vo (w2,92) — o (z1,91) 5

On the other hand, one can find a constant K; > 0 (independent of small £) such that

Qe 0o Pe oo
U. P.

because Q. () = Ue (pn) and T (p,) = 0. We derive

(8.23)

<x,y>—1\ < Ky (e —2al+ o))

(5:24) Jrds| < K [ Gl + ol + o) lds
¥ ¥
vy — x| < Ky (2r+70") K|z1 — 29|
which, if ;7" > 0 are sufficiently small necessarily means x1 = xa. O

8.3. Canonical first integral and spaces of leaves.

Definition 8.6. We use the map \I/;\)[E’i of Theorem 8.5 to define the canonical sectorial first
integral Hfs = H;‘i ) \I'fs’i of Z. over VF as in Section 4.2. For € € Y it is given by:

1

(8.25) HF (z,y) = (y - st(x)) exp (N];‘,:s (CC, X

je .’IJ—{EJ

u::]»

Corollary 8.7. For each h € C the level surface (H;;)_ (h) is connected and coincides with a
leaf of ffg. FEach leaf of ffe is reached in that way. For any domain W C Vji and any analytic
function F € O (W) such that X. - F = 0 (or, equivalently, F is constant on each leaf of .7:;;)
there exists a unique holomorphic function f € O (H]ie (W)) such that F = f o H]lLE

Proof. The first part follows immediately from Proposition 4.21 since Hfg =H JME o\IJ?fE’i and \Ilé\;’.jE
is one-to-one, sending X to X.. On the other hand if X, - F = 0 then Lemma 7.5 implies that
F is constant on any leaf of the foliation induced by Z. on W. Hence F' factors as f o H; i for

some function f : HjE (W) — C. However for any (Z,7) € W the restriction of Hi to a small
disk {Z} x {ly — 7| < 77} is invertible since X, is transverse to the lines {Z} x C. As a conclusion
f must be holomorphic at H fg (Z,7) since F is also holomorphic at (Z, 7). O

The next corollary is a direct consequence of Proposition 4.21 and the fact that \Ilji78
is a sectorial diffeomorphism :

Corollary 8.8. The space of leaves H;EE (Vfg) is biholomorphic to C. Moreover:

(1) The space of leaves Hj‘a (V;’)E) of the foliation induced by X. on V;_ is biholomorphic to
D. When ¢ is sufficiently small and belongs to a good sector, the size of the conformal disk
ijs (V]‘?,e) is bounded from below and does not vanish as € — 0.

(2) The spaces of leaves over VI, and Vfa(j) . are biholomorphic to C.

Except on Vi, we can choose the conformal coordinate on C so that O corresponds to the sectorial
separatrix.
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9. MODULUS UNDER ORBITAL EQUIVALENCE

Corollary 7.7 yields a necessary and sufficient condition for a family to be orbitally
equivalent to the model family through the existence of analytic center manifolds and
global solutions to the homological equations. We want to be more precise and to
quantify “how far” we are from the existence of solutions. For this we need a ‘“canonical
coordinate” on the space of leaves over the different sub-sectors to do the measure-
ment. This will allow to measure how the solutions compare in the different sectors
of the intersections VIE NV .- This canonical coordinate is provided by Corollary 8.8.

Definition 9.1. (1) The space of leaves over er is C. A coordinate parameterizing the leaves
over er is a first integral for the system over that domain. A first integral vanishing on
the center manifold is called a leaf-coordinate over Vjis

(2) The space of leaves over V; . is biholomorphic to D. A first integral vanishing on the center

manifold is called a leaf-coordinate over V5 _ if it extends to a leaf-coordinate over V; _.

Lemma 9.2.

(1) Given a leaf-coordinate over ij,to for e = 0, then for each good sector W C %, as in
Definition 4.13, the leaf-coordinate over V;'; can be chosen to depend analytically on € and
such that its limit for € — 0 is the chosen leaf-coordinate over Vfo.

(2) On Vio(j)78, Vi and Vfg, the only changes of leaf-coordinates are the linear maps. On

Vj'. they are the affine maps.

Proof. (1) The canonical first integral H jiﬁ (see Definition 8.6) is one leaf-coordinate which has the
required analytic dependence in €.

(2) For fixed ¢ any other leaf-coordinate on Vfa is the composition of H ;fa by an analytic
diffeomorphism ¢, as stated in Corollary 8.7. A possible choice for the leaf-coordinate is thus
pso H ]ig The only global diffeomorphisms of C are the affine maps. Moreover V]Z o(j)e is attached
to one point of saddle type. Its center manifold is unique and corresponds to the origin in the
leaf-coordinate. The same is true if the point is a saddle-node as we restrict to one of its saddle
sectors. Both spaces of leaves are C and the only global diffeomorphisms of C are the affine maps.
Those preserving the origin are the linear maps. ([

9.1. The first part of the orbital modulus.

Theorem 9.3. On any sector V], the change of leaf-coordinate from V;_ to V]‘-"H’E is an affine

map Y5%. 1If € belongs to some good sector W C ¥o then 57 depends analytically on € and its
continuous limit for € — 0 1s ¥5%. For a suitable choice of the leaf-coordinate one can choose
( joo’;)’ (O) —  2ima(e)/k

Proof. This follows simply from the fact that the change of leaf-coordinate is a global diffeo-
morphism of C. It depends analytically on € and has the right limit for € = 0 as soon as the
leaf-coordinate does. O

9.2. The cohomological equation over V;‘E uv;. and the second part of the orbital
modulus. Take ¢ € ¥y U {0}. Let

(9.1) Vie =VieUVie
On V; . we consider the change of coordinates (z,y) — @, .(z,y) = (z,y — S;(z)) and set

Xj.=(®;.), X.. Let R;. be defined on V. as in (8.8). Taking p € V;_ we consider

(9'2) Lj,s(p) = / Rj. e,
73, (P)

where 7; _(p) is defined in Definition 6.8.

Proposition 9.4. The function L; . in (9.2) is constant on each leaf of}"fg. In the leaf-coordinate
it is a holomorphic map ¢?,s: vanishing at the origin. On open sets where the leaf-coordinate is
analytic in € it depends analytically on . It has the limit L; o (qﬁ%o in the leaf-coordinate) when

e — 0.
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Definition 9.5. For a prepared family of vector fields X;. of the form ((2.2)) we consider the
functions L; . of (9.2) and the associated functions ¢} _ in the leaf-coordinate over Vs _.
For each value of ¢ € ¥y U {0} and each associated set of canonical sectors we have defined

a (2k + 1)-tuple N; = (a,wo,g, . ,w,‘f_lﬁ,(bg’s, .. -7‘152—1,5)- This (2k + 1)-tuple depends on a
choice of leaf-coordinates over the sectors Vfg. A different choice of leaf-coordinates over the same
canonical sectors yields to a different (2k + 1)-tuple N, = (a,ﬂgz, e 7@2071@58,57 . ,5271’5)
They are related by the equivalence relation

2 (cch) = ;. (h)

(9.3) N ~ N. <= (e € Cy) (V9) { ?:g(cgh) _ ¢2,s(h)'

In order to take into account that changes of coordinates and parameters of the form (3.30)
transform a prepared family into a prepared family we enlarge the equivalence relation (9.3). Let

— _ —00 —F 00 —-0 -0
Ng = (a’ wOE’ e 7¢k71,§’ ¢01§7 ey ¢k71,§)

ge = exp(—2mim(¢ — 1)/k)z,
a(e)=al(g)

?im,a(ct?h) = CEOwj,E(h)

?—i—m,e (Cﬁh) = (bj,é(h)'
Note that a 2k-tuple A, depends on a good sector W; in € space for which we can construct an

adequate set of squid sectors with fixed good angle 6. In order to emphasize this dependence we
will note

(9.4) N ~ Nz <= (3 € Cro) 3m € Z/k) (Vj, h,e)

i 00,i 0oy 0 0,i
N = (aﬂ/’o,s a--~a1/’k—1,e’¢0,sv--~v¢k—17a) :
Given a good covering {W;}1<;<4 of X in e-space we have d-tuples (NV7)1<i<q.

Theorem 9.6. Given a germ of prepared family X. of the form (5.6) a good covering {W;}1<i<d
of X in e-space, the d families of equivalence classes of 2k-tuples

i )0 ) 0,7 0,7
Ng = {(avwg,ogla"'711)]30_157¢0,2a"~7¢k1175)}/Nv

s a complete modulus of analytic classification for the prepared family X, under orbital equivalence.
Moreover N! can be chosen to depend analytically on € € W; and such that its limit for e — 0 is
a given Ny.

‘We postpone the proof of the theorem till Section 11.

Theorem 9.7. A complete modulus of analytic classification under orbital equivalence of a germ of
an analytic family of vector fields unfolding a saddle-node of codimension k is given by the modulus
of an associated prepared family.

Corollary 9.8. Let (Z.),

exists an equivalence of the form R, o WY where R,, is the rotation of angle 21% and a change
of parameter £, = exp(—2mim({ —1)/k)g,. The change of coordinates Y preserves the x-variable
and is a conjugacy between (Ry, (Xc))z and (Yg)g.

and (7§>g be two orbitally equivalent prepared families. Then there

This statement will result directly from the proof of Theorem 9.6 given further
below.

10. MODULUS UNDER CONJUGACY

Two families of vector fields can only be conjugate if they are orbitally equivalent.
The modulus of an analytic family under conjugacy is constructed by adding a time
part to the modulus (N;) of orbital equivalence.
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10.1. Time-part of the modulus. We consider the family Z. given in (3.5). Taking

p € V3. we construct 773 (p) and we consider

11
10.1 T, :/ ( _ >d7-5,
( ) s, (p) ) U. Q. Js

€

where 77 _(p) is introduced in Definition 6.8.

Proposition 10.1. The function T;c(p) in (10.1) depends only on the leaf. In the leaf-coordinate
it is a holomorphic map T} ..

Proof. This follows from Theorem 7.3 and Proposition 6.9. |

Definition 10.2. For the vector field Z. of the form (3.5) and ¢ in a good sector W; in parameter
space we consider the functions T} . of (10.1) and the associated functions 7 . in the leaf-coordinate
over V7 _. We build the functions ¢; . := T} . — T (0) as part of the time modulus of Z..

For each value of ¢ € W; U {0} and each associated set of canonical sectors we have defined a
(2k + 1)-tuple ‘ . ‘

,2752 = (CO,Ea R Ck.,sa 4(1)753 ceey Cllcfl,e) .

This (2k + 1)-tuple depends on a choice of a leaf-coordinate over the sectors V;‘E. A different
choice of leaf-coordinates over the same canonical sectors yields a different (2k + 1)-tuple T. =
(60_,5,...,6;@5, Z&E, e ,ZL_LE). If we also take into account the changes of coordinates and
parameters of the form (3.30) sending a prepared family to a prepared family and we let 7; =

(Coz, ..., Crz, zz),g, ... ,ZL_LE), we introduce the following equivalence relation
) i S , . ) C. 62i7rmj/k =C. =
(VLT ~ (N;, Tlg) &= N} ~ N. and for the same ¢! and m : ij’s ; 7
j+m,s(csh) = j,E(h) :

where the constants ¢ and m are the same as in (9.4).

Theorem 10.3. Given a prepared family Z. of the form (2.1) and a good covering {W;}1<i<a of
Yo in e-space, the d families of equivalence classes of (4k + 2)-tuples

i i 0,i 0,i ; .
(102) { (av ,(/)870515 DR} %ﬁi,ea (bO,fe) DR ¢ki1’57 CO,€7 DR Ck,Ea <(7)757 R} Cllq—l,a)aew } /~7
i

is a complete modulus of analytic classification for the family Z. under conjugacy. Moreover
(N;’T;) can be chosen to depend analytically on € € W; and such that the limit for e — 0 is a
chosen (No, To).

We postpone a more precise statement of the theorem and the proof till Section 11.

Theorem 10.4. A complete modulus of analytic classification under conjugacy of a germ of ana-
lytic family of vector fields unfolding a saddle-node of codimension k is given by the modulus of an
associated prepared family.

Corollary 10.5. Let (Z.). and (Zg)g be conjugate prepared families. Then there exists a conjugacy
of the form R,, o UY o WT where each (\I/f)e is an analytic family of diffeomorphisms, R, is

the rotation of angle 27 and e, = g exp(—2mim(¢ — 1)/k). The change of coordinates WY

preserves the x-variable and is an orbital equivalence between (R;, (X.))z and (Xz)z. The change
of coordinates WY is given by the flow of Z. where (z,y,€) — T. (z,y) is holomorphic near (0,0,0).

We postpone the proof of this result till the end of Section (11).

10.2. Global symmetries. Theorem (9.6) and Theorem (10.3) will ultimate rely on the
following classification of global symmetries, described as follows :

Proposition 10.6. Let W be a good sector. Any germ <X5)€€WU{O} of analytic family of symme-
tries of (ZE)EGWU{O} over (VE)EGWU{O}f bounded with respect to € € W, is entirely determined by

an integer m € Z/k and two maps o : € — a(g) and B : € — B (g) holomorphic and bounded on
W with continuous extension to W U {0}. We have

(10.3) Xe = X2 oxIoRm
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where R, is the rotation (z,y) — (eQi”%x,y), the map xN preserves the x-variable and comes

from a linear change of leaf-coordinate, and xI' = @g(j). The complex number « (g) represents
the linear change of leaf-coordinate induced by x in the sectorial spaces of leaves. For ¢ fized
the group of all possible (m,exp« (€)) is isomorphic to the group of changes of leaf-coordinate
preserving (J\fs,'fg) (the symmetry group of the invariants). Moreover :
(1) if there exists e € W U {0} such that one of the 3% is not linear then v = 0.
(2) if there exists e € W U {0} such that for all n € N5y one of the (b?-,a for some € is not of
the form h— f (h™) then a = 0.
(3) if all (ZS%E are of the form f; .(h™) for some fized mazrimal n > 1 then a = 2irL for some
fized q € Z/n independent on j.
(4) If all Y52 are linear and all ¢ . vanish, then o € C{e}.
The families of orbital symmetries of (F.). are of the same form with ( being some germ of a
holomorphic function at (0,0,0). For a fized € the group of all possible (m,exp « (€)) is isomorphic
to the symmetry group of N.

Proof. We endow each sectorial space of leaves over er with the sectorial canonical first-integral

Hjl; so that H;;LE =yj.oH; and H; = ijs exp( ?78 o H;re) on V. and V;_ respectively.

The symmetry x. (z,y) = (A (z,9), B (x,y)) induces a change of leaf-coordinate st : h —

+

h exp afa, for some Oz;-*ta € C, and a time scaling j-fe = @gjf. Since x. is a global map, the first
L + . +

observation is that all 3}, must be equal to the same 3 (¢) since &, (z,y) = (A (z,y),...). It

is also possible to show that exp afg = expa (g) depends only on e € W. The fact that « and

depend analytically on € € W is clear enough. As x. is bounded on W with continuous extension

to e = 0 it is also the case for a and .
For the same reason, namely because x. is a global object, the changes of leaf-coordinate XIE

(resp. X;e) must commute with 5 : h e?ma/kp 4 s (resp. 1/)?,5 : h— hexp ¢g,s (h)). Hence

(10.4) Ge(h) = ¢j.(hexpale))

(10.5) Se

We now discuss several cases:

seexpa(e) .

(i) If any of the %G is nonlinear then necessarily the same is true of ¥$% for ¢ # 0. Thus
expa(e) =1 and we can choose a () = 0.
(ii) If all ¥7p are linear but one 977 is nonlinear, then it is nonlinear for all values of £ on a dense

open subset of W. For these values of € we have « (¢) = 0. By analytic continuation this is the
case for all values of ¢ in W.
(iii) If for any n > 1 there exists j such that one ¢976 is not of the type ¢?7E(h) = f;(h™) for some

analytic germ of function f; and at least one value of ¢ then a () = 0.
(iv) If all qbg,s are of the type ¢276(h) = foe(h"™) with n > 1 and n is maximal with this property,

then the only symmetries are of the form o (g) = 2miZ.
(v) If all 932 are linear and all ¢} _ are zero then there is no constraint and a () € C.

Checking the remaining statements is straightforward. O

Corollary 10.7. (Z.)
is infinite for all .

s orbitally equivalent to (XEM)E if, and only if, the symmetry group of N

€

11. PROOFS OF THEOREMS 9.6 AND 10.3

Definition 11.1. Two germs of k-parameter analytic families of vector fields (Z.), (resp. (Zz).)
unfolding a saddle-node of codimension & at the origin for ¢ = 0 (resp. € = 0) are orbitally
equivalent if there exists a germ of analytic map

(1L.1) K=(9:%,8): (5,2,9) = (9(c), U(e, 2, 9),{(e, 2, 9))

fibered over the parameter space where
(1) g:e—&=g(e) is a germ of an analytic diffeomorphism preserving the origin;
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(2) there exists a representative ¥, (z,y) = ¥(e,z,y) which is an analytic diffeomorphism in
(e,2,y) on a small neighborhood of the origin in (g, x, y)-space;

(3) there exists a representative & (z,y) = &(g,x,y) depending analytically on (e,z,y) in a
small neighborhood of the origin in (g, z, y)-space with values in Co;

(4) the change of coordinates ¥, and time scaling &, is an equivalence between Z. and Zg(g)
over a ball of small radius r > 0 :

(11'2) 7g(5) ('Tvy) 25(6,.13,2/) ((\PE)* ZE) (x,y).
The families are conjugate if it is possible to choose K = (g, ¥, £) with £ = 1.

11.1. Proof of Theorem 9.6. If two families are orbitally equivalent under an equiv-
alence preserving the parameter modulo a rotation of order k then they have the
same modulus. Let K be indeed an orbital equivalence between two families (Z.),
and (75)5, which we can assume to be prepared. After possibly applying a rotation of
order k to one of the systems and changing the parameter accordingly we can assume
that the z-component of ¥ is tangent to the identity and that ¢ = Id. Let W C X
be a good sector with associated canonical sectors. Over Vf6 the map ¥ induces a

change of leaf-coordinate, given by linear and invertible maps h — h = cfeh. Hence
= (h) = @;CE (c;tsh) and ¢9_(h) = 625 (cfgh). Because all the (¥7%)'(c0) have been

J,€ 75y
normalized and all ¢;.(0) =0 for fixed ¢ all the cjjf8 agree, and the moduli coincide.

Conversely we consider two prepared families with same modulus. We can apply
a rotation of order k£ (and the corresponding change of parameter) and a change of
leaf-coordinate in the modulus so that the functions ¢;OEZ and (b?; be exactly the same
for the two families. We now look for an equivalence preserving the parameter. The
strategy is the following: we start by constructing an equivalence between the two
families on a good open covering {W;} of ¥, given in Definition 4.13 and we show the
existence of an equivalence depending analytically on € # 0 in each W, and continuously
on ¢ in W; near ¢ = 0. Using that the equivalences are bounded and the symmetries
of the system we correct to an equivalence depending analytically on e.

On each fixed open set W; we drop the upper index :. We can suppose that the

two families have the same representative of the modulus N, = N.. On each st we

. . . . + -+
get first integrals given by the canonical leaf-coordinates H;_ and H;_. Each first

integral yields a change of coordinates on st transforming X into X, of the form
\I}fs : (‘"E,y) = (l‘,:&) where

k
(11.3) j=H [[(z—x)".
j=0
Then
(114) \ije (:Evy) = (xv(y_Sj,E ((L’)) eXpNj;l,:a (xvy))

which is univalued on the sector. Similar changes of coordinates @i exist for X.. We
define an equivalence between the vectors fields X, and X. as

— —1
(11.5) v.i= (U)o

This change of coordinates is well defined as the two vector fields have the same

modulus. On the sectors V', the result follows from H;;LE = 52 o H;_ and (11.4).
On the sectors V;_ the result follows similarly from H; = ijs exp ( ?75 OH;,re)° On
the sectors VY .\
one first integral to the other are identical for the two families. Let us show that
they are completely determined by the ¢)_(0) and (¢/7%)(c0). Indeed, we look at the
decomposition rD = LJ?;Ol(VJ"fE UV, )U{zo,..., 2k} (see for instance Figure 4.9). Making
one turn in the positive (resp. negative) direction around each point z, of node (resp.
saddle) type yields a correspondence map k;. on the leaves which is analytic when

the result follows from the fact that the linear maps transforming
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written in a leaf-coordinate. If z; is of node type (resp. saddle type), then this map

is a composition of some of the linear maps with some of the ¢7 (resp. 1/}?75), where

0

e is defined as
,

5.e(h) = hexp(d5 . (h))

and is tangent to the identity. 1/)?75 is a correspondence map from V. to V;r . over
Vj.. The multiplier of the correspondence map k;. at the fixed point z, is given

by exp(f%i). On the other hand it is given by the product of the multipliers of
the linear maps together with those of the maps ( ?’E)/ (0) (resp. (¥52)(00)) arising

in the decomposition. This yields a system allowing to find the multipliers of the
linear maps. We need to show that this system has a unique solution. This comes
from the structure of gate sectors Vfa(j),a discussed in Lemma 4.9 and also studied by
Oudkerk [11]. Identifying a gate sector to a segment between two singular points, the
resulting graph of the gate sectors is a tree (an explanation follows below). Then we
start solving for the multipliers of the linear maps by the ends of the trees, where we
can find one multiplier at a time and move towards the inside of the graph, until all
multipliers are found.

Let us describe why the graph is a tree. The separating graph I' (the union of the
separatrices from infinity) allows to divide D’ = rD\T" into connected components, such
that the intersection of the closure of each connected component with rS' is exactly
8V]+€ U@V(;(j)ﬁ, which yielded the map o defined in (4.9). In each connected component
of D' it is possible draw a curve joining 8VJ+E to av;(j%g (Figure 4.3). This curve cuts
exactly one gate sector. If we were having a cycle of gate sectors some of these curves
would cut more than one gate sector.

A second argument to show that the graph is a tree is the following. The graph
of the gate sectors has k + 1 vertices and k edges. Moreover, from its construction,
it is easy to see that it is connected. Indeed two adjacent boundary sectors share
a singular point, so their respective attached gate sectors, each corresponding to an
edge, share a common vertex. If we have cycles in the graph, then necessarily the
number of edges should be at least as large as the number of vertices. Hence there
are no cycles.

It is of course possible to define a map ¥, as in (11.5) for any value of ¢ € ¥y U {0}.
Moreover for ¢ € W, it is possible to choose ¥’ depending analytically on ¢ # 0 in W,
and having the same limit ¥ for ¢ — 0. The last step of the proof is to build a global
V. depending analytically on ¢ on a full neighborhood of ¢ = 0 from the ¥’ defined
for ¢ € W;. The ideas are similar to those of the addendum of [8], namely to use the
symmetries of the system. Indeed on W; ;; = W; N Wy

-1

(11.6) Nigei= (V) oWl

is a symmetry of X. on a full neighborhood of the origin in (z,y)-space preserving
the z-variable. These symmetries have been described in Proposition 10.6. They are
given by analytic maps «; ;/(¢) corresponding to linear changes of leaf-coordinate, with
a;,7(0) = 0. By Proposition 10.6 «;; (c) = 0, which implies x; . = id, except in the
case where all ¥77 are linear and all ¢9,g = 0. (If these properties are true for some
W; then they are true for all the others good sectors of the covering). In the latter
case the center manifold y = S.(z) is a global analytic bounded map for ¢ € ¥j, hence
for all ¢ with ||¢|]| < p. The linear changes of leaf coordinates are induced by linear
changes y — cy in the y-coordinate over th/e model. Looking at the constructions of
the functions N? and N!' (resp. N. and N.) over sectors W; and W/, it is clear that
their values coincide on the separatrices. Indeed the value of N!(z;4,y), # € {s,n}, is
given by the integral of R;. on the segment [0,y] in {z =z, 4} (the horizontal part of
the integral from p; s to p,, vanishing, since inside the center manifold). Moreover,
on r = xj4, Rj(rj4,y) = Roc(rj4,y). Hence a;y(c) = 0, which implies that the
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equivalences ¥, . between X. and X, defined over the sectors W; glue into a global
bounded equivalence V. defined for ¢ € Xg.
Hence we have defined a global map Y. on ¥,. As it is bounded, it is possible to

extend it to a full neighborhood W of the origin in e-space. |

11.2. Proof of Theorem 10.3. The strategy is similar to that of Theorem 9.6.

For the direct part, if two families are conjugate then we can bring them to the
prepared form (3.5) with same X, and the two families have the form Z. = X.U. and
Z. = X.U. with same temporal normal form Q.X.. Then there exists a conjugacy
V. between these two forms which is a symmetry of the foliation. Proposition 10.6
describes those maps and we obtain the existence of a holomorphic map 7. such that

@gz conjugates Z. to Z.. According to Lemma 8.1 we have X, -T. = Ui — % and
according to Corollary 7.7 we obtain, for all p € V7 _,
1 1 1 1
(11.7) / <—+—) e = 1(j)
'Yj,s(p) UE Qa Qs UE

independently on p (we recall that 7. = %I is the time-form associated to X.). With

the notations of Proposition (10.1) this imsplies

Tje(h) = Tjo(h)+1())

in the leaf coordinate so that (;. — ij6 =0.

Conversely, let us suppose that two prepared families Z, and Z. have the same
modulus and same polynomial P.. >From Theorem 9.6 we know that the two families
are orbitally equivalent and (after possibly applying a rotation of order k and the
corresponding change of parameter) that the equivalence preserves the parameter, so
we can suppose that they have the form Z. = U.X. and Z. = U.X.. We look for a
conjugacy of the form @52 x. Where 7. is holomorphic over V. and satisfies

1 1
(11.8) X T. 0T

As before we consider a good open covering {W;}i1<;<q of ¥y and we construct
analytic functions 7' depending analytically on ¢ over W; and having the same limit
when ¢ — 0 inside W;. For a fixed leaf-coordinate over Vfa we have (. = Zj’s so that,
for any p € V; _,

11
(11.9) / ( - ) e =1(j)
vi.o) \Ue Uk

where I (j) is constant. Applying once more Corollary 7.7, while using the fact that
the graph of gate sectors is a tree, gives the existence of T7.

The last step is to build from the T’ a global 7. depending analytically on ¢ € .

We proceed as in Theorem 9.6 and correct CI)ZEE by composing with a symmetry x;. of
Z. over W;. As described in Proposition 10.6 any family of symmetries over W; N W,/
which does not exchange leaves are given by analytic maps ¢ — j; » (¢) with 3;,(0) = 0.
‘We want to find functions 3; such that 3, ;; = 3; — 3;;. Of course this is the first Cousin
problem, which is solvable since Y, is a Stein manifold but this is not sufficient as
we need to show that the 3; are bounded. So we proceed as follows. On each sector
W; we have constructed a family of functions 7! defined on 7D x r'D and conjugating
Z. and Z, for ¢ € W;. Hence these functions differ from a constant Bii (¢) for each
e € W; N Wy on W; N W;. This constant is calculated for instance as T7(0,0) — 7% (0,0).
We let j3;(g) :=T:(0,0). Defining

T. =T — Bi(e),
yields the required map 7. so that q’% conjugates Z. with Z.. O
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W

FIGURE 12.1. Interpretation of the orbital invariants in terms of the global dy-
namics around singular points. The linear transformations L; are the changes
of leaf-coordinates over the gate sectors. The direction of the arrows yield their
direction. For instance L; is the change from the leaf-coordinate on ‘/E)Ts to the

one on V.
;

11.3. Proof of Corollaries 9.8 and 10.5. Since (Z.)_ and (Zz)_ are conjugate they have
the same moduli, thus are orbitally equivalent. >From the proof of Theorem 9.6 we
get ¥V and R,,, while the proof of Theorem 10.3 done just above provides us with
ol =L, 0

12. PERSPECTIVES, APPLICATIONS AND QUESTIONS

12.1. Reading the dynamics from the modulus. The modulus allows to read the dy-
namics of the system. A first case was presented in Example 5.5. This example was
not finished. Indeed we gave sufficient conditions for the stable manifold of (z3,0) to
coincide with the weak invariant manifold of (x(,0), but they were not necessary. We
now can give the necessary and sufficient condition.

We also discuss other cases coming from Figure 12.1 which is the Figure 5.1 of

i iti . S +

Example 5.5. We introduce the transition maps: w?’a : V. — Vj . defined over V;_ by
(12.1) 2. (h) := hexp(¢] _(h)).
Note that the 7% (resp. ¢ ) are transition maps when we move in the anticlockwise
(resp. clockwise) direction. A hidden motivation for this choice is that it is the
direction for which the dynamics of the holonomy is going forward: the iterates of a
point under the holonomy map move in that direction ([13]). We locate the area of
action of each transition map in Figure 12.1.

Example 12.1. End of Example 5.5. We introduce the Lavaurs maps L; (see Figure 12.1). These
maps are the changes of leaf-coordinates over the gate sectors.

(5): To give a necessary and sufficient condition for the stable manifold of (z3,0) to coincide
with the weak invariant manifold of (zg,0) we need to characterize the weak invariant
manifold of (z,0). It is the only leaf which is not ramified at the point. Hence it is
the fixed point of the first return map of leaves when one makes a positive turn around
(20,0). We choose to start this return map in a sector where the stable manifold of (x3,0)
corresponds to the zero leaf-coordinate.

So the necessary condition is given for instance by :

Ll O’lpg’oe OL2 O’ll}?i:(()) =0.
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(6): We can for instance read the dynamics of (z9,0) for the particular values of the param-
eters for which it is a saddle point (the ratio of eigenvalues is in R<g). Then the return
map for leaves if given by :

0 0
k’278 = wO,a e} LO o 1[}175 e} L1~

In particular (x2, 0) is orbitally linearizable if and only if ks ¢ is linearizable. The parametric
resurgence phenomenon described in [13] also appears here. Indeed, let us recall that
(19.)'(0) = 1 which comes from the fact that ¢9_(0) = 0. For instance let &, be a
sequence of values of € such that lime, = 0, Lo and L; are fixed and k5 _(0) = exp(27iL).
If

koo =00 Loot] oLy

is non-linearizable then so is the case for ks ., as soon as n is sufficiently large. The non-
linearizability of k2 ¢ can be seen from the non vanishing of a coefficient of the normal
form. In the particular case where k5 _(0) = 1, this is the case as soon as k3 o is nonlinear.

12.2. Extending the discussion beyond ;. We have made an extensive description
of the family Z. for the values of ¢ in ¥j. Such a description can also be made for
the other values of ¢ and the paper of Douady and Sentenac [2] already contains the
necessary adjustments. Indeed here, when ¢ € 3 the sectors are constructed as strips
in z-space. When ¢ ¢ ¥, and some of the singular points are saddle-nodes such a
decomposition is 2k sectors still exist, but some of the strips in z-plane are replaced
by half-spaces. Each sector is again adherent to two points, one of saddle type and
one of node type, using the remark that a saddle-node can be of saddle type or of
node type when restricted to a domain over a sector. The center manifold theorem
(Theorem 5.2) is still valid in this context and we get k center manifolds on k sectors
attached to sectors ana of the boundary |z| = r. The construction of asymptotic paths
(Theorem 6.4) can be performed in full generality. Similarly Theorem 7.3, where we
solve cohomological equations on sectors, remains true for all values of «.

In our discussion we have worked with a finite open covering W = {W;} of £y. In
this way we have avoided discussing the stratification of the complement of ¥,. The
W, are constructed as cones on open sets in the sphere {||¢|| = p}. A subset of W is
necessary to cover the neighborhood of a value ¢y ¢ Y. The spatial organization of
these sectors around ¢ is an interesting question for a future work. For instance, if ¢
is a regular point of a stratum of codimension 1, then the intersection of these sectors
with a section transverse to the stratum gives an open covering of the section minus
€0.

12.3. The link with the holonomy of the strong separatrix. In [14] the modulus of ana-
lytic equivalence under orbital equivalence of a generic 1-parameter family unfolding a
planar vector field with a resonant saddle is given in terms of the modulus of analytic
equivalence of the family of holonomy maps corresponding to one separatrix. Then
a time part is added to the modulus to give a modulus of analytic equivalence under
conjugacy. The approach of [14] could obviously have been extended to the case of
the saddle-node. We have preferred a geometric approach, based on the asymptotic
homology of the leaves, as it is the fact that the space of leaves over the canonical
sectors is C which yields that the maps ¢7 of the modulus are affine maps.

If we consider a section y = 1 of the strong separatrix, then it can be proved as
in [13] that all leaves over a canonical sector er intersect y = 1 and that different
points of intersection belong to the same orbit of the holonomy map. So we have a
correspondence between the space of leaves over the canonical sectors and the orbit
spaces of the holonomy maps. Hence two germs of generic families of vector fields
with a saddle-node of codimension k£ at the origin and same formal parameter are
orbitally equivalent if and only if the families of unfoldings of the holonomies of their
strong separatrices are conjugate. The same is true for conjugacy if we add to the
holonomies the times needed to compute them by following the flow of the vector
field.
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12.4. Questions and directions for future research.

(1) The most important question coming from our work is to identify the modulus
space, both for the problem of orbital equivalence and for the problem of
conjugacy. The dependence on ¢ of the components of the moduli is a highly

non trivial question. In an upcoming paper with Reinhard Schifke we propose
to prove that in the case £ = 1 the moduli gbg:;, o’ and ¢ represent i-sums of

formal power series > A, (h)e™ with A, holomorphic, as was earlier suspected.
For a given value of k, this requires in particular to describe the relationships
between the different N (resp. (N!,77)) on all intersections W; N W of two
good sectors in e-space.

(2) As for the time part of the modulus, the problem addressed is whether it is
possible to “unfold” a result of [16] (an adaptation of Ramis-Sibuya theorem)
stating that, given k functions holomorphic on the space of leaves of the canon-
ical sectors V7, it is possible to find a holomorphic function G¢ such that the
obstructions to solve 7, - Fy = Gy are precisely the given functions.

ACKNOWLEDGEMENTS

We are very grateful to Colin Christopher and Adrien Douady for lengthy discus-
sions on the preparation part.

REFERENCES

[1] C. Christopher, P. Mardesi¢ and C. Rousseau, “Normalizability, synchronicity and relative exactness for vector
fields in C2”, Journal of Dynamical and Control Systems, 10 (2004), 501-525.

[2] A. Douady and P. Sentenac, “Champs de vecteurs polynomiaux sur C”, prépublication, Paris 2005.

[3] A. A. Glutsyuk, “Confluence of singular points and nonlinear Stokes phenomenon”, Trans. Moscow Math. Soc.,
62 (2001), 49-95.

[4] M. Hukuhara, T. Kimura and T. Matuda, “Equations différentielles ordinaires du premier ordre dans le champ
complexe”, Pub. Math. Soc. Japan, vol.7, (1961).

[5] Y. Ilyashenko, “Nonlinear Stokes phenomena”, in Nonlinear Stokes phenomena, Y. Ilyashenko editor, Advances
in Soviet Mathematics, vol. 14, Amer. Math. Soc., Providence, RI, (1993), 1-55.

[6] Y. Ilyashenko and S. Yakovenko, “Stokes phenomena in smooth classification problems”, in Nonlinear Stokes
phenomena, Y. Ilyashenko editor, Advances in Soviet Mathematics, vol. 14, Amer. Math. Soc., Providence, RI,
(1993), 235-287.

[7] V. Kostov, “Versal deformations of differential forms of degree a on the line”, Functional Anal. Appl. 18 (1984),
335-337.

[8] P. Mardesi¢, R. Roussarie and C. Rousseau, “Modulus of analytic classification for unfoldings of generic parabolic
diffeomorphisms”, Moscow Mathematical Journal, 4 (2004), 455-502.

[9] J. Martinet and J.-P. Ramis, Problémes de modules pour des équations différentielles non linéaires du premier
ordre, Publ. Math., Inst. Hautes Etud. Sci. 55 (1982), 63-164.

[10] Y. I. Meshcheryakova and S. M. Voronin, “Analytic classification of typical degenerate elementary singular
points of the germs of holomorphic vector fields on the complex plane, Izvestiya V.U.Z. Mat. 46 (2002), 11-14.

[11] R. Oudkerk, “The parabolic implosion for fo(z) = z + 2“7 + O (2¥+2)”, thesis, University of Warwick, (1999).

[12] C. Rousseau, “Normal forms, bifurcations and finiteness properties of vector fields”, in Normal forms, bifurca-
tions and finiteness properties of vector fields, NATO Sci. Ser. II Math. Phys. Chem., 137, Kluwer Acad. Publ.,
Dordrecht, 2004, 431-470.

[13] C. Rousseau, “Modulus of orbital analytic classification for a family unfolding a saddle-node”, Moscow Mathe-
matical Journal 5 (2005). 243-267.

[14] C. Rousseau and C. Christopher, “Modulus of analytic classification for the generic unfolding of a codimension
one resonant diffeomorphism or resonant saddle”, to appear in Annales de I'Institut Fourier (2004).

[15] L. Teyssier, “Equation homologique et cycles asymptotiques d’une singularité nceud-col”, Bulletin des Sciences
Mathématiques, vol. 128, 3 (2004), 167-187.

[16] L. Teyssier, “Analytical classification of singular saddle-node vector fields”, Journal of Dynamical and Control
Systems, vol. 10, 4 (2004), 577-605.

[17] L. Teyssier, "Equation homologique et classification analytique des germes de champs de vecteurs holomorphes
de type noeud-col", thesis, Université de Rennes, #2869 (2003).

[18] S. M. Voronin and A. A. Grintchy, “An analytic classification of saddle resonant singular points of holomorphic
vector fields in the complex plane”, Journal of Dynamical and Control Systems, 2 (1996), 21-53.

[19] J.-C. Yoccoz, “Théoréme de Siegel, nombres de Bruno et polynémes quadratiques”, Astérisque, 231 (1995),
3-88.

document



