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Abstract

This paper is part of the program launched in [4] to prove the finiteness part of
Hilbert’s 16th problem for quadratic system, which consists in proving that 121 graphics
have finite cyclicity among quadratic systems. We show that any pp-graphic through
a multiplicity 3 nilpotent singularity of elliptic type which does not surround a center
has finite cyclicity. Such graphics may have additional saddles and/or saddle-nodes.
Altogether we show the finite cyclicity of 15 graphics of [4]. In particular we prove the
finite cyclicity of a pp-graphic with an elliptic nilpotent singular point together with a
hyperbolic saddle with hyperbolicity # 1 which appears in generic 3-parameter families
of vector fields and hence belongs to the zoo of Kotova-Stanzo [11].

1 Introduction

This paper is part of a large attack on the finiteness part of Hilbert’s 16th problem
for quadratic fields which consists in proving the existence of a uniform bound for the
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number of limit cycles of a quadratic vector field
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In [4], the following theorem is proved:
Theorem 1.1. There exists a uniform bound for the number of limit cycles of a quadratic
vector field if and only if all limit periodic sets surrounding the origin inside the family

T =\x— + a122 + asxy + azy?
{ wy + ax 21y + asy 12)

§ = px + Ay + bia? + byxy + by
have finite cyclicity inside (1.2).

The complete list of 121 graphics was also given. The program is progressing well
and several papers have permitted to prove the finite cyclicity of nearly all elementary
graphics ([1], [2], and [5]). The paper of Dumortier, Roussarie and Sotomayor [7] is the
first study of a graphic with a nilpotent point. The ideas have been refined in Zhu and
Rousseau [15] and extended and have permitted to prove the finite cyclicity of several
graphics of codimension 3 or 4 passing through a nilpotent point of saddle or elliptic
type. The finite cyclicity theorems usually have genericity conditions on the regular
transition map along the graphic.

In this paper we apply the theorems and/or methods of [15] to all the pp-graphics
through a nilpotent singularity of elliptic type appearing in the list of [4]. In some cases
the finite cyclicity follows from a verification of the genericity conditions inside quadratic
systems while in others the proofs of [15] must be adapted to graphics which may have up
to three additional elementary singular points (one or two hyperbolic saddles and/or one
saddle-node). The proofs given in [15] are very complete. The applications to quadratic
systems require long calculations and checking of details. In the present paper we have
tried to keep the proofs to a minimum as long as they require no new ideas and are
copied on “classical” proofs of finite cyclicity for elementary graphics.

(a) A pp-graphic (b) Blow-up

Figure 1: pp-graphics with a nilpotent elliptic point having finite cyclicity

From the results of [15], we will also be able to prove the finite cyclicity of several
graphics in [4]: hp-graphics and hh-graphics with a nilpotent elliptic point and graphics
through a nilpotent saddle. As the calculations are quite long and some are subtle, these
will be treated in a forthcoming publication.



@
&

(a) (Hg)(Fg,) (Fg,) (b) (H7)(Ii7,) (I77,)

(s
B

(c) (H3)(15,) (I3,) (d) (Hi)(Ig,) (I,

(
(S

(e) (I35)(17,) (I17,) () (134)(Ts0) (I5)

©
@

(8) (135)(15,) (13,) (h) (T39) (Toa) (Tios)

Figure 2: The 15 pp-graphics for which we prove finite cyclicity (the finite cyclicity of (Ii,,)
is proved in [3])



2 Preliminaries

2.1 General finite cyclicity theorems

The following theorem is proved in [15]:

Theorem 2.1. A pp-graphic with a triple nilpotent elliptic point (Epp) of any codimen-
sion with 2 parabolic and 2 hyperbolic sectors (Fig. 1) has cyclicity < n (Cycl(Epp) <n)
if the regular transition map R calculated using normalizing coordinates has its n—th
derivative non-vanishing.

To check the hypothesis, we do not need to unfold the family. A simple blow-up
(z,y) = (rz,r?y) will be sufficient. As shown in Fig. 1b, we will take normalizing
coordinates near the two nodes on the blow-up circle. The map R is defined on sections
parallel to the coordinate axes defined in these charts.

2.2 Statement of the result
Theorem 2.2. All the 16 pp-graphics listed in Fig. 2 have finite cyclicity.

Remark 2.3. For the none pp-graphics graphics listed in Fig.2:
1. Graphics (Fg,), (I3,), (I3,) and (I3,) have finite cyclicity by [15].
2. Graphics (Ii;,) and (I1g,) are still open.
3. Graphics (I3,) and (I}y,) have finite cyclicity but the proof is not yet published.
4. The proof of the finite cyclicity of (I3,,) appears in [3].

2.3 Dulac map near a hyperbolic saddle in the plane

To prove the finite cyclicity results, we need the following statements about the Dulac
maps near a hyperbolic saddle.

Definition 2.4.

1. A singular point is elementary if it has at least one nonzero eigenvalue. It is
hyperbolic (resp. semi-hyperbolic) if the two eigenvalues are not on the imaginary
azis (resp. exactly one eigenvalue is zero).

A1

— where A\ <

2. The hyperbolicity ratio at a hyperbolic saddle is the ratio o =
0 < Ao are the two eigenvalues.

Let (X))xea, be a C family of vector fields defined in the neighborhood of a hy-
perbolic saddle at the origin. We also assume that the coordinate axes are the invariant
manifolds near the saddle point. By normal form theory, we can for any fixed k£ € N, up
to C*-equivalence write the family of vector fields X into some explicit normal form
(cf. [13], [10]). Let o(X) be the hyperbolicity ratio of X at the origin.

e If 0(0) is irrational, then, Vk € N, the family of vector fields Xy is C*-equivalent
to )
T =
. 2.1
{ y = —o(Ny 21)
for A\ in some neighborhood W of the origin in parameter space.
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Figure 3: Dulac map near a hyperbolic saddle in the plane

o If 0(0) = % € Q, (p,q) = 1. Then Vk € N, the family X is C*-equivalent to
T = x

N(k)
v = =g Ry 22

for A in some neighborhood W of the origin in parameter space. In particular,
ayp =0(0) — a(A).

Let $1 = {y = yo} and £y = {z = ¢} be two sections transverse to the vector field
X, (Fig. 3), where xg,yo > 0 constants. The flow of X induces a Dulac map D)y (., A):

D>\:§]1—>§]2

for all A € W.
The Dulac map is C* for z > 0. The following theorem of Mourtada ([12]) describes
its behavior near x = 0.

Proposition 2.5. (Mourtada) The Dulac map D) can be written as
Dy(z) = 2"V[e(N) + ¢ (x, M) (2.3)

where c(N) = L5, ¥(x,N) is C for (x,\) € (0,20] x W. Furthermore, v satisfies the
Zo
following property (13°):

(I°) : Vn eN, lir% x"g i}(:z, A) =0 uniformly for A€ W (2.4)
r— X
where
1. if o(0) ¢ Q, then ) =0;
2. if 0(0) = g, then we have the more precise expression (see [1]).
Let
27 —1 ifoq #0
= a 2.5
w(z, ) { —lnl:c if ap = 0. (25)



be the Ecalle-Roussarie compensator of the vector field X where ay(A\) = o(0) —
o(N). Then

Di(@)=a"M 14 Y Byau + dy(a,N) (2.6)
1<5<i<K (k)

where Yy, (z,\) is k—flat.
Consequently the map ¥ (x, A) in (2.3) has the form ¥(x,\) = o(z") for alln < 1.
Proposition 2.6. The C*—normal form for a family unfolding a saddle-node is
T = x?—¢
. 2.7
{ y = zy(1+ ax). (2.7)

The transition Dulac map from x = —xg to x = xg has the form

y = m(e)y (2.8)

where lim m(g) = +oo (resp. lin% m(e) = 0) for a repelling (resp attracting) saddle-node.
E—

E—>

The next proposition developed in [2] and [15] will be used to calculate the first and
second order derivatives of a regular transition map of a vector field.

Proposition 2.7. Consider the reqular transition map R for a vector field
&t = P(z,y)
. 2.9
y = Qz,9) (29)
between two arcs without contact ¥1 = {y = y1} and X9 = {y = y2}. The formulas are
simpler if we add the following hypotheses

e P(0,y) =0, so the transition is along the azis x = 0;
e Q(0,y) # 0 fory € (y1,2)-

Then
, y2 p!
R(0) = exp ( e 0,4) dy> , (2.10)
Y1 Q
" , v Py PQ; v P
R"(0) = R'(0) /y1 <Q(0,y) -2 Q2 (O,y)> exp ( 5 5(0,2) dz) dy. (2.11)

2.4 Normal forms near nilpotent singularities of multiplic-
ity 3

We present two normal forms: the classical one of Dumortier and Roussarie [6] which
allows the reader to understand our results with no translation needed and a second one
which has been proved to be particularly convenient in [15] and which is well adapted to
applications to quadratic systems since its principal part is quadratic instead of cubic.

A family containing a triple nilpotent singularity of elliptic type with two parabolic
sectors can be written as ([6])

T o=y (2.12)
g = =2+ Aoz + M+ y(\3 + ba + e9x® + 23h(x, \) + y2Q(x,y, \) '
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Figure 4: An elliptic nilpotent point

where b > 2v/2 (Fig. 4), A = ()\1,)\2,)\3,5\) are the parameters, Q(z,y,\) is C* in
(z,y, ) and of arbitrarily high order in (z,y, A).

For the purpose of studying the passages in the neighborhood of the nilpotent sin-
gularity, in [15] we developed a new normal form for the unfolding of the nilpotent
singularity of the saddle and elliptic type. For the elliptic case, we have

Theorem 2.8. The family (2.12) is C*°-equivalent to

{ X =Y+ o + aX?
V o=+ Y(us+ X +6X2+ X3 (X, 1) + Xha(X, ) + Y2Q(X, Y, )
(2.13)

where a € (0, %), €9 = aey, and p = (pu1, p2, U3, i) is the parameter, hi (X, n), ho(X, n) =
220+ O0(p) + O(X) and Q(X,Y, u) are C*™ and Q(X,Y, u) is of arbitrary high order in
(X, Y, ).

If a = %, the unfolding is of codimension 4, type 1, which corresponds to the case
b=2v2 (the two characteristic trajectories coalesce into one).

Remark 2.9. Ifey = 0, the 3-parameter unfolding (2.13) is not universal. In this case,
the codimension of the nilpotent singularity is at least 4.

2.5 Quadratic systems with a nilpotent singular point in
the finite plane

Theorem 2.10. A quadratic system with a nilpotent singular point of multiplicity 3 at
the origin and an anti-saddle in the upper half-plane is linearly equivalent to

{:ic = y+ax?®+ cry —y? (2.14)

Yy = xy.
where a # 0 and ¢ € R.

Proof. By Jordan normal form theorem, we can write the quadratic system with a triple
nilpotent singular point of saddle or elliptic type at the origin in the form

{ i1 =y a4+ by + ayl

. 2.15
o= eimy + fiyd (2.15)
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where aje; # 0.
By a linear transformation

rr = ém - %yz
o= éyz
system (2.15) is equivalent to

{ Eo Yo + a3 + bazays + 2y’ (2.16)
U2 = T2Yo. '

Adding an additional singular point on the y-axis, we should have co # 0. This
singular point is an anti-saddle if co < 0. By rescaling we get (2.14). It follows from
Theorem 2.10 that for a € (0, %), the nilpotent point at the origin is elliptic. ]

One can verify that for (2.14) with a € (0, %), if 0 < ¢ < 2y/1 — a, we have (H}), if
c = 2y/1—a, we have (H3). We will use (2.14) to prove the finite cyclicity for (Hg).

2.6 Quadratic systems with a nilpotent singular point at
infinity

Theorem 2.11. A quadratic system with a triple singularity point of elliptic type at
mfinity and a finite singular point of focus or center type can be brought to the form

S _ 2
{x = dr—y+ Az (2.17)

y = x+yy+axy

with A < 1. For the graphics of Fig.2(c)-(h) we will have 3 < A < 1. Moreover,
1. The system has an invariant line y = —1 if v = 0.

2. The value of “a” in the corresponding normal form (2.13) is a =1 — A. For the
graphics of Fig.2(c)-(h), 0 < a < %

Proof. We can suppose that the nilpotent singular point at infinity is located on the
y-axis and the other singular point at infinity on the x-axis. Then the system can be
brought to the form

{ i = 6107 + o1y + 0207 + Sn1xy (2.18)

U = Y07+ 71y + 7112y + Yo2y>

For the finite singular point to be an anti-saddle, we should have d19701 — do1710 > O.
T

Localizing the system (2.18) at the singular point at infinity on y-axis by v = =

%, we then have

{ v = (611 — Y02)v + S012 + (620 — y11)v% + (610 — Y01)v2 — V10022
z

2.19
= Z(_’YO2 — Y172 — Y11V — ’ylovz) ( )

The singular point (0,0) of system (2.19) is nilpotent, we should have d11 = 92 = 0.
The point is triple if v11(d20 — 711) # 0. By a rescaling and still using the original
coordinates (z,y), we obtain the system (2.17)

Note that to bring (2.19) to the form (2.14), we take X = —v, Y = 2. O
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For system (2.17) with A € (3,1) and v = 0, if 0 < § < 2V/A, we have (H§), if
§ = 2v/A, we have (H3,). To make the calculation easier, we will use an equivalent for
of (2.17) to prove the finite cyclicity of (H3,).

In the following discussions, we will use P to denote the intervals of the parameters
a and A in each case. PP is defined in Tab.1.

in the finite plane | at infinity
Elliptic type ac(0,3) A€ (3,1)

Table 1: The definition of the interval IP in each case

2.7 Blow-up of the family (normal form)

We are interested in the family for ¢ € P where a can depend on parameters and
(x,y, p) in a neighborhood U x A of (0,0,0). Taking A as a sphere, we make the change
of parameters

pm o= vVim
pe = Vs (2.20)
B3 = Vi3

where fi = (ji1, fig, i3) € S? and v € (0,19). Adding to the system (2.13) the equation
v =0, we have

T = y+ v+ ax?
= V¥m +y[1/ﬁ3 + 2+ egx® + 2%hy (v, V1) (2.21)
+atha(z, vi) +y*Q(z, y, vii)
v = 0.
We then make the weighted blow-up

r = rT
y = r’y (2.22)
v o= T1p

where 7 > 0 and (z,7, p) € S%. B
Note that for each fi, the foliation given by {v = rp = const} is preserved by X, OE

e For {rp = v} with v > 0, the leaf is a regular manifold of dimension 2.

e For {rp =0}, we get a stratified set in the critical locus. As shown in Fig. 5, there
are two strata of 2-dimensional manifolds:

— Fp ~ St x RT the blow-up of the fibre u = 0,
— Dp={a>+7 +p*=1, p>0}.
On Fﬁ = {p =0}, (2.22) is just the common blow-up of the nilpotent point:

r = rT
i 2.23
{27 (229
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Figure 6: Common blow-up of the nilpotent singularity

and by the blow-up (2.23), we get a vector field with four singular points P; (i =
1,2,3,4). P, and P, are nodes, P3 and P, are hyperbolic saddles (Fig. 6).
The four points P; on the circle 22 + y? = 1, » = p = 0 are studied in the charts
T = +1, while the upper part of the sphere r = 0, p > 0 is studied in the chart p = 1.
In [15] we find the list of the phase portraits of (2.21) on this half sphere for the
different values of ;. Together with the regular part of the graphics this gives us the list
of limit periodic sets for which finite cyclicity must be proved. These appear in Table. 2.

’ graphic Eppl ‘ graphic Epp2 graphic Epp3

Table 2: Limit periodic sets of pp-type for the graphic with an elliptic point
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2.8 Dulac maps near P, and P,

To prove the finite cyclicity results in [15] we have proved results about the two different
types of Dulac maps near the points P; (resp. P») and Ps (resp. Pj). For the purpose
of proving the finite cyclicity of pp-graphics, we only need the first type of Dulac maps
near P; and Ps.

Although after blow-up we deal with a 3-dimensional vector field, because of the
invariant foliation, we can consider the Dulac maps to be 1-dimensional maps. The
first type is similar to the passage near a saddle-node while the second is similar to the
passage near a hyperbolic saddle.

The eigenvalues at P; and P, appear in Tab. 2.8. Due to the special form of the
family, the vector fields at each point P; and P» are linear in r and p after dividing by
a C'* positive function. We study P;. The study near P» is similar. Let

1—2a

oi(a) = —

r P Y
P |—a| a|—(1-2a)
Pyl a|—-al| (1-2a)

Table 3: The eigenvalues at P, and P

Near P, the system is of the form

= —r
_, (2.24)
= —01(a)7 + flap) (7. . 7)

X(a,p)

<SE . 3

where

f(a,ﬂ) (Ta P g)

= o1(a)j + —UT20020 4yleartiispt 20— (rrp i 24 o (1) + 5 Qs (1p,.)

a+g+izp?
(2.25)

and the parameters (a, ) € P x S%.

Proposition 2.12. Consider the family X,y in the form of (2.24) with parameters
(a,ji) € PxS?. ThenV(ag, i) € P xS? and Vk € N, there exists Py C P, a neighborhood
of ag, N(k) € N and a C*—transformation

\Il(a,ﬁ) : (Tv P g) - (Ta P ¢(a,ﬁ) (Ta P g))
where
w(a,ﬁ)(ra Paﬂ) = gj+0(|(r, Ps g)|) (226)

such that ¥(a, 1) € Py x S?, the map VY(a,p) transforms X (q gy into one of the following
normal forms:

o Ifoi(ag) ¢ Q

_ ro=-r
Xap P =+p (2.27)
Z) - _5-1(6%;&7 V)y-



ro=-r

- po= p

X(a,ﬂ) ‘ 1 N(k) ‘ (2.28)
j = 5[—p+ > aigila, i, V)(p”yq)’]y

i=0
where v =1rp > 0 and
o1 (CL, , V) =01 (a’) - O[o(a, 1, V)
N(k)
aolasin) = 3 (2.20)
i=1
al(a/’ﬂ7 V) =pP— 51(a7ﬂa V)q
where 7;(a, 1), a; and K are smooth functions defined for (a, i) € Py x S2.

Proof. The proof [15] is a straightforward application of normal form theory. O

Y

M

O

Figure 7: The first type Dulac map

We consider the first type Dulac map (Fig. 2.8):
A(a,ﬁ) = (d,D) X —1II

where ¥ = {r = ro} and Il = {p = po} are sections in the normal form coordinates, ry
and pg are positive constants.

To simplify the notation, for all the maps and vector fields, we will drop the index
(a, ). For example, the Dulac map A(v, g1) means A, (v, 91)-

If we parameterize the sections ¥ and II by (v,y) with the obvious relation p = =
on X and r = plo on II, then we have

Theorem 2.13. For any ag € P and i € S?, consider the family X = )N((a’ﬁ) with
eigenvalues —1,1,01(ap) in normal form (2.27) or (2.28). Then VY, € R, there exist
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Py C P, a neighborhood of ag, and v1 > 0 such that Yv € (0,v1) and (a,ii,y) € Py X
S? x [0,Yp], the Dulac map A(v,y) = (d(v,y), D(v,y)) has the form

dlv,y) =v

D(v,y) = (50)01 [y + qb(u,w(y%, —a1),y) (2.30)

where vg = ropg > 0 a constant and

If o1(a0) ¢Q, ¢ =0;

If o1(ap) = % €Q, p,ge N and (p,q) =1, then g{)(u,w(%, —a1),y) is C* and
¢ =0 It (Z, —a1)in )
80 = O(WPwi(£, —an)In )

1) 1)
(2.31)
where ( )
_ | qoi(a,v a1 >0
p= { » a <0, (2.32)

Also all the partial derivatives with respect to the parameters (a, i) are of order

O(l/ﬁwq(i, —ai)ln 1)

140} o
Remark 2.14.

1. As the first component of A is the identity we only write the second component.
We will do the same with the other transition maps.

2. Theorem 2.13 gives the inverse of the Dulac map lls — 3o near Ps.

3. Essentially Theorem 2.13 ensures that the Dulac map behaves under derivation
and composition with C* maps as in the simple case where a(0) ¢ Q. Whenever
there is no additional difficulty in the case a(0) € Q compared to the case a(0) ¢ Q
and the ideas are very similar to [15] we will present the proof in the simple case
a(0) ¢ Q, so as to enlighten the ideas.

Remark 2.15. In this paper, all the graphics through a nilpotent point are studied inside
the global blown-up families with several parameters:

e case of a nilpotent point in the finite plane a € P, i = (fiy, iz, fiz) € V C S%,v > 0;
e case of a nilpotent point at infinity A € P, i = (fix, iz) €V C St,v > 0.

We will simply denote all the parameters described above which relate to a graphic by
A. When we study the cyclicity of a graphic, we take a section ¥ (sections ¥ and
Y9) in the normal form coordinates in a neighborhood of a singular point, and we study
the number of small zeros of the displacement map for the parameter A in some subset
(cone) of P x S? x [0,v) for v > 0 sufficiently small.

Consider the transition map T} along the passage from P; to P (in fact its second
component). Let V; be the subset of parameters in which the pp-graphics Eppi exists
(1=1,2,3). By Prop. 6.2 in [15], there exists vy > 0 such that for any k € N, if A € V3
(resp. A € V3) all the derivatives of Ty (resp. Ty ') are sufficiently small. For A € Vi,
Ty (71) is C*, and the transition has a “funnelling effect”, i.e. T) is almost affine.

13



Figure 8: The transition map along the pp-passage: “funnelling effect”.

Theorem 2.16. [15] There exists g > 0 such that for any k € N, ag € (0,3), there
exist Ag C (0, %), a neighborhood of ag such that for ¥(a, i) € Ag x V3, T} is sufficiently
small; while for (a,i1) € A x Va, (Tx-1)" is sufficiently small. For any (a,ii) € Ay x V4
and v > 0 sufficiently small, Ty is C*, and

o) = Z%zi@\)ﬁ + Oy (2.33)

where

Y20 = man(v)(£) "7+ mrh(1 = mun ()w(, a1) + O ((£)7 w2 (%, ~a0)

Y21 = mi21(v )+O(( JPwi(L, —ap)In VO)
Y12i =O<1/ﬁ(1+[72]) gHl=i= Q[l 2]( —ap) In —)

i3

where m120(0) = 0 and mq21(0) = exp(@)

3 The finite cyclicity of the pp-graphics

In the proof of the finite cyclicity, we will always use * to denote a positive constant.

3.1 Finite cyclicity of the codimension 3 graphic with an
elliptic nilpotent point with pp-transition together with a
hyperbolic saddle

Note that this graphic should figure in the zoo of Kotova-Stanzo in the generic case
where the singular point has hyperbolicity ratio # 1 [11].

Theorem 3.1. Consider a gmphic with pp-transition through a nilpotent elliptic point
of multiplicity 3 for which a # 3 5 in (2.13) and a hyperbolic saddle. If the hyperbolic
saddle has hyperbolicity ratio o # 1, then the graphic has finite cyclicity at most 2.

Proof. As shown in Tab. 2, to prove the graphic has finite cyclicity, we have to prove
that all the limit periodic sets Eppl, Epp2 and Epp3 have finite cyclicity. We limit
ourself to the case o > 1.

14



Figure 9: Graphic through a nilpotent elliptic point and a hyperbolic saddle

Let T : 31 — 35 be the transition map in the neighborhood of the nilpotent point
as defined in Theorem 2.16. Let V; be the subset of parameters in which the pp-graphics
Eppi exists (i = 1,2,3).

In the neighborhood of the hyperbolic saddle, take sections ¥3 and ¥, using the
normal form coordinates. By Prop. 2.5, the Dulac map D : ¥3 — ¥, has the form

D(z,A) = 27N (1 + p(z,\)) (3.1)

where ¢(z, \) € (I5°).
For the graphics Eppl and Epp3, consider the displacement map defined from X3 to

221
L: 33— 3

L=TyoTioD-T;*" (3.2)

where T : ¥y — ¥1 and T5 : Y9 — Y3 are the regular transition maps using normal
form coordinates on each section. By the chain rule,

L= o3~ (1 + gz, N) — (Ty 1)

The second term is bounded away from 0 while the first term is small which gives the
finite cyclicity of the graphic is at most 1.
For the graphic Epp2, we consider the displacement map defined from X3 to Xy:

L: ¥3—3

L=TioD-Ty'oTy" (3:3)

Then a straightforward calculation gives that
L@, A) = iin1o(A) + i (N2 N1+ 6(a, )] = [mao(V) +m2(Nz(1+0@))]  (34)

where 1M1 (Xg)ma2(Ao) # 0, ¢ € (I5°) and ma(Ng) is very small.
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The first derivative of L(x, \) gives

L, 0) = (A (\)a? V-1 (1 + i (z, A)) —e(W[1 + O()] (3.5)

where ¢y (x,\) € (I§°). Let Ly(z,\) = ILJ;%()J‘:)) Then by (3.5), L'(z, \) = 0 is equivalent
to Ly1(z,A) = 0. Since

L(2,\) = mi(\)o(\) (o) — 1).7;00)-2(1 + do(a, /\)) £0

where ¢o(z,\) € (Ig°), so L(x,\) = 0 has at most 2 small positive roots which gives
that the graphic has cyclicity at most 2. (A standard checking ensures that the case
o(A) = 2 causes no problem.) O

Corollary 3.2. The graphics (I3;), (I3,) and (I3;) have cyclicity < 2.

Proof. This follows immediately from Theorem 3.1 since the graphics occur in family
(2.17) with A # % and the additional hyperbolic saddle at infinity has hyperbolicity
ratioaz%;ﬁlor%. O

3.2 Finite cyclicity of the hemicycles (H}) and (Hj)

In order to prove the finite cyclicity of the hemicycles (H¢) and (Hj), we will need to
prove that some regular transition in these hemicycles has a nonzero second derivative.
This is the purpose of the following lemma.

Figure 10: Transition maps related to the quadratic system (2.14)

Lemma 3.3. Consider the quadratic system (2.14) with a € (0, %), Fig. 10. The graphic
(H}) occurs for ¢ —4(1 — a) < 0. We work under this hypothesis.

1. Take sections ¥; = {x = —Xo}, 1 = {x = —xo}, X2 = {x = 2z} and &, =
{zx = Xo}, where 0 < xg < X constants. Let Ry : ¥; — 31 = {x = —x0} and
Ry : X9 — X, be the two regular transformations along the invariant line y = 0.
Then " .

1y) = ()Y,
Roly) = (32)e

o

(3.6)
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2. Let (v,w) = (7, %) Then system (2.14) at infinity becomes

v = (a—1)v*+ecv—14w
w o= —vw.

(3.7)

Let ug > 0 small, II; = {v = —uio} and IT, = {v = uio} Then the transformation

map
R3 : HT I Hl

is C'° and if we write

Rs(w) = Boo1 (uo)w + ﬁoog(uo)w2 + O(w3).

then
Boo1(uo) = eXp(—Cz(W) + 057{60),( -
exp(—3com)|exp(com) — 1 2(ky—k1+1)
Booz(uo) = — (2k; — 2)(1 — a)g Ug o [1 4+ O(uo)]
where 3_4 5
— 4a
= e <)
1 1
k2 = 2%1 —o € (3:1)
a
2(ky — k1 +1) = -4 € (0,2)
g = V4l —a)—c?
c
Cy =

(1—a)\/4(1 —a) — ¢?

(3.8)

(3.10)

Proof. The proof for the first part is straightforward. We now prove the second part.
Note that for system (3.7), the w—axis is invariant, also with 0 < ¢ < 24/1 — a, there
holds ¥ |y—0= (a — 1)v? + cv — 1 < 0. Hence R3 is a C°° map which can be written as

(3.8). By Prop. 2.7, a straightforward calculation gives

1

“ug vdv
Foor —exp(/l (1—a)?—cv+1 )

“o

2(1—a)—cug

—2(1—a)—cu0]> |:(1—a)+cuo+u(2]}k2

— arctan (=) —cu

= exp (—02 [ arctan g Tuo

= exp(—com) + O(uo)

and

9 e </” vdv )
vV ex
L P 1 (I—a)?2—cv+1

wo ug

Booz(uo) = —5001(u0)/ ) (T —a)? — ot 1 dv

wo

1 2(1—a)v—c
2u3 2 (140 o) exp(~257) / 2 2oexp (cp arctan(1522=) do

(1=a)*2 1 (I=a)?—cv+1)k
ug

where k1, ko, ¢1 and ¢y are given by (3.10).
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Note that
/ulo 2v exp <62 arctan(z(l+?”_c)) .
1

v
s (1 —a)v? —cv+ 1)k _ exp(3com) — exp(—3cam)

lim =
ug—0 2k11—2 (2k1 — 2)(1 — a)kl
Uo
Therefore by (3.12), we have (3.9). O

Theorem 3.4. The hemicycle (H¢) has finite cyclicity.

Proof. The hemicycle (H¢) occurs in (2.14) with 0 < ¢ < 24/1 — a. After the blow-up
of the family, take sections Y1 and Y, in the normal form coordinates at the entrance
and exit parabolic sectors in the neighborhood of P; and P; respectively (Fig. 11). To
prove that (H¢) has finite cyclicity, we first study the transition map

R:%¥y — 3 (3.13)

along the equator. We are going to prove in detail that the second component Ry (Ao, §2)
is nonlinear in gs.

Figure 11: The hemicycle (H})

(1). Normal forms and Dulac maps at infinity
As shown in Fig. 11, let P, be the saddle point at infinity in the direction of the

positive z—axis. Using coordinates (z,,u,) = (%, 4), we have
11.71 = u(l—a-—cu, —i—2ug — Up2y) (3.14)
2, = —z(a+cup —us +urzy)

Hence P, is a hyperbolic saddle of hyperbolicity ratio o, = 2. For a € (0, %), we
have 0 < o, < 1. Dividing system (3.14) by 1 — a — cu, + u? — u,z, (positive in the
neighborhood of P,), a normalizing change of coordinates can be taken of the form
(up, 2r) = (ur, ¥p(up, Z,) where

\I’r(ura Zr) = dn u?")ZT’ + dT‘Q(uT)ZE + UTO(ZE) (3 15)
[ .

+O(up)]Z, + O(ur)O(Z7).
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Take two sections ¥, = {Z, = Zy} and II, = {u, = wup} in the normal form
coordinates. By [12], for the Dulac map D, : ¥, — II,., we have

DT(UT‘) = ugT (Ar + ¢r(ur)) (3.16)
where A, > 0 constant, also ¢, € (I§°).

To study P, the singular point at infinity in the direction of the negative x-axis,

we use coordinates (z,1;) = (—2,—%). The study is obtained from that of P, by

T’ T
(tr, 2r) — (—uy, —21), yielding a normalizing change of coordinates of the form

(ul, Zl) = (ul, \Ill(ul,zl)) = dll(ul)zl + dlg(ul)z? + UZO(Z?)

Taking two sections II; = {w; = ug}, ¥y = {Z; = Zy} in the normal form coordinates,
the Dulac map D; : II; — X; can be written as

Di(Zy) = Z]' (A1 + hi(Zy)) (3.17)
where o; = U% > 1, A; > 0 constant, also ¢; € (I5°).

(2). Decomposition of the map R
The transition map R defined in (3.13) can be calculated by the decomposition

R:RloDlORooDTORQ (318)

where R; and Ry are the regular transition maps in the first part of Lemma 3.3 and Ry
is the map Rj3 in the second part of Lemma 3.3 seen in different coordinates allowing the
compositions. Then a straightforward calculation from (3.16), (3.17) and (3.18) gives

R(§) = B+ Boi ™ + o(5't77) (3.19)
where )
61 = R{l(O)R’Q(O)(ATRg(O))EAZ >0 1 (3.20)
By = —Ry(0)(RH(0))7 L (Ry(0)) 7 T RY(0) A Ar 7. '

20,

(3). Calculation of R{j(0) to show R(§) is nonlinear
It follows from (3.19) and (3.20) that to show R(7) is nonlinear, it suffice to prove

RY(0) £0.
To do this, we introduce the coordinates (v,w) = (7, i) and make the following

decomposition
Ry:=V,0P30R30®, 0, (3.21)

where we denote ¥,.(Z,) = U, (ug, Z,) and similarly ¥;(z;) = ¥;(uo, 2;), and

- L —_1
@{ P qnz{ Y=y (3.22)
- - v

Ur

are the coordinate changes between the charts.
It follows from (3.21),(3.22) and (3.8) that

Ro(Z,) = Bor1 Zr + P2 Z2 + O(Z2)
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where

Boi(uo) = dp1(uo)dp(uo)Boor
= e “"+ O(up),

Boz(uo) = Boordir(uo)dra(uo) + diz(uo)d? (uo)By1 + uidgl(uo)du(uo)ﬁooz

0
1 exp(—3cam)lexp(com) — 1] o(ky—ki+1)

i O(UOHO?,(UO)_”O G- “o 1+ Owo)]
— el O =1 G L4 0(w)] + Ou),
Since 5 .
kg — k) +1= f:a € (~1,1),

so (o2 # 0. i.e., R has the form in (3.19) with By # 0.

(4). Cyclicity of (HE)
Note that all steps of the proof of Theorem 2.1 work with this form of the transition
in (3.19), yielding Cycl(H}) < 2. O

Theorem 3.5. The hemicycle (H3) has finite cyclicity.

Proof. For the hemicycle (H3), we have to prove that all the three limit periodic sets
have finite cyclicity. The proof is similar to that of the (H}) in the above theorem.

Figure 12: The hemicycle (H)

As shown in Fig. 12, take sections in the normal form coordinates in the neighborhood
of the two hyperbolic saddles at infinity respectively.
We consider the transition map

L: il—>21
L=DioTyoTy—T; oDy oTy!

where T}, is the pp-transition through the nilpotent elliptic point, and as show in Fig. 12,
the connections in T, T3 and T4 are fixed while the connection 77 can be broken. Note
that 0(0) = 152 < 1 where 0(0) is the hyperbolicity ratio of the left hyperbolic saddle
point at infinity. A straightforward calculation gives that

L(g,N) = 7N [mi(\) +ma(\)g + O(5%)]

— [mo(N) +mi (NN + ma(\)72 N + o(52 V)] (3.23)
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where ma(\) = *828T2 and mq(\) is bounded and bounded away from zero.
Differentiating of L(g, A) with respect to ¢ yields

LA = gV oN)mi(N) + (1+o(N)m2(N)g + O(F?) ]A

—g" N e ()mi (M) + 20(\)m ()\) 7™ + o(77V)] (3:24)

For Epp2, m1()) is very large, hence L'(g,A) > 0 for § > 0 small and A small. For
Epp3, m1(A) is very small, hence L'(7,\) < 0 for § > 0 small and A small. Therefore
Epp2 and Epp3 have cyclicity at most 1.

We now consider the case of Eppl. Let

Li(§,\) = g 7ML (g, \).

Then the number of small roots of L(g, A) = 0 is at most 1 plus the number of roots of
Li(g,A) =0. Since 0 < o(\) < 1, so

L4, 3) = =20(N)ma (N7 (14 0(57N) ) + (1 + o(A)ma(X) + 0(5) # 0

which gives that the number of small positive roots of L(g,A) = 0 is at most 2, i.e.
Cycl(Hg) < 2, if we show that ma(Ag) # 0.

Let us now show that ms(0) # 0. The graphic occurs inside the family (2.17) with
v = 0. By Theorem 2.11, the invariant line y = —1 is part of the hemicycle. The
transition map 77 : Y9 — 3 along the invariant line then can be decomposed as

Ty = & 0Ty o &5 (U, \) (3.25)

where ®; and ®5 are the normalizing coordinates changes on the sections 3; and 3o
respectively and U is the normalizing coordinate (see below). Let the sections ¥; (i =
1,2) be given by z = zy with zp > 0 small, then

Tg:{x:—zlo}—>{xzzlo}

is the regular transition map along the invariant line y = —1 for the system (2.17) with
62 —4A <.

Note that for system (2.17), if we move the invariant line § = —1 to y = 0 by making
the transformation

then system (2.17) becomes

{

System (3.26) is exactly the system (3.7) if we take A =1 — a and 6 = —c. Hence the
calculation of the transition map along the invariant line § = 0 can be done as before.
We need also consider the normalizing changes of coordinates. For that purpose we
transform (3.26) by means of (u, z) = (£, 1). This yields the system

—6F+ g —1— Az?
—24).

&>
|

(3.26)

<.
|

(3.27)

o = (A—1u+duz —uz —uz?
2 = Az+62%+ 2% —u2
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In order to bring to normalizing coordinates we divide the system by A+ 6z + 2% — uz?.

Hence normalizing coordinates can be taken as
U, 7Z) = (1 + O(2)u + O(2)0(u?), z) )

As in part (3) in Theorem 3.4, we can conclude that m = ma(Ag) # 0. O

3.3 Finite cyclicity of a graphic with a nilpotent elliptic
point, a saddle and a saddle-node

Theorem 3.6. A graphic with a pp-transition through a nilpotent elliptic point together
with an attracting saddle node and a repelling hyperbolic saddle (with hyperbolicity ratio
o < 1) has finite cyclicity < 2 provided that the saddle is located on the side of the
parabolic sector of the saddle-node (Fig. 13).

Figure 13: Graphic with a pp-transition, hyperbolic saddle and a saddle node

Proof. We take two sections X7 and II; located at the entrance and the exit of the
saddle and other sections as in Fig. 13. Let

R1ZH1—>22
Ry : Il — 33
R5ZH3—>21

be the regular transition maps. The map from 3 — II3 has the form (for a
irrational)

v Ry A(M(N)R3 2 (V7' 9))

where M (X) is 1 (resp. large, small) for Eppl (resp. Epp2, Epp3) and R3 ), R4 are
regular transitions, hence diffeomorphisms such that Rg’ y and Rﬁl’ y are bounded and
bounded away from O.

We consider the displacement map

Vi 11 — X4,
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Here again we write the proof for a irrational which implies o(0) irrational but we
explain what is the non trivial adaptation for the case o(0) = % The displacement map
has the form

W(y) = R\ <V_0—1R47)\ (M()\)Rg,)\ (l/a1 RZ,\(m()\)RL)\(y))))) — yﬁ (3.28)

where the R; \ are regular transitions satisfying R} ,(y) # 0 and m(A) — 0 as A — 0.

Then 1
Vi(y) = m(A\) M (N Ry \Ry \ R \ R\ R\ — ye o

1
3.29
o) (3.29)
We divide a neighborhood of 0 in parameter space in two cones. In the first cone
where M(A)m(A) > %, then Vy(y) > 0 for small y yielding cyclicity < 1. Note that this
cone contains the values of parameter A corresponding to Eppl and Epp3.
In the second cone where M (A)m(A) < 1 then zeros of V] (y) are zeros of

Wi(y) = o(A)M(A)m(A) —
Ry Ry Ry \ R B

(3.30)

Then for o(0) # %

1 1

Wi@) = |- o 1] 702 [M()\) +O(MM\)m(M\)O(x) + O(m(/\))O(:c)] (3.31)

where M () # 0. Then W (x) is nonzero for small nonzero y.

In the particular case o(0) = L we apply the same argument but we replace the

2
function Wy (y) by the function

N[

1
pom L

/ / / / /
Ry \Ry \Rs \Ry Ry

(3.32)

Corollary 3.7. The graphic (I2,) has finite cyclicity.

Proof. The graphic (I3,) occurs inside the family (2.17) with 3 < A < 1 and the
hyperbolicity ratio is % < 1. The finite cyclicity of (IZ,) follows from Theorem 3.6. [J

3.4 Finite cyclicity of a graphic with a nilpotent elliptic
point and a saddle-node

Theorem 3.8. A graphic with a nilpotent elliptic point of multiplicity 3, a pp-transition,
and a saddle-node with central transition has finite cyclicity if the reqular transition from
the nilpotent point to the node sector of the saddle-node is nonlinear.

Proof. The graphics Eppl and Epp3 have cyclicity 1 as the first return map P satisfies
P’(0) < 1. We now consider the case of Epp2. As shown in Fig. 14, we take sections ¥;

23



Figure 14: Graphic through a nilpotent elliptic point and a saddle-node

and II; (i = 1,2) in normal form coordinates in the neighborhood of the elliptic point
and the saddle-node respectively. Let

R1 . H1 — 22

R2 : HQ — 21
be the regular transition maps. By assumption there exists NV such that the transition
map R; can be written as

N

Ri(y,A) =>_mi(v, Ny’ +OyN*) (3.33)
i=0
where my (0, \) # 0.
We will consider the displacement map V : II; — 5. As in the proof of Theo-
rem 3.6, the transition map through the blown-up sphere has the form

Ro(@), )\) =yp 9 R4,)\ (M()\)Rg’)\(llglg})). (3.34)

where M (M) is large. It follows from Proposition 2.6 that the central transition map
through the saddle-node has the form (2.8) with the constant m(\) small.
The displacement map V now reads

Vg, A) = Ri(y,\) —m ' (NRy" o Ry (y, N

— Ru(y,\) —m— (VR;! <u—mR;§ (M()\)_lR;}\(z/Uly))> o B39)
Then
V) = Byl = O (g0 ) R 0 ) -
= Bl - M) R (RN (R (R
Let
Wiy, ) = Ry, ) St M), (3.37)

1 (5 0 ) g (5
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It follows from Theorem 2.16, (3.33) and (3.34) that W=D (3, X) # 0 as all the higher
order derivatives of Ry and Ry are small for small y because of the funnelling effect.
This gives that the cyclicity of the graphic is at most N. O

Since we will have to deal with family of graphics of the same type, we state the
following important principle which will be used to deal with all the families of graphics.

Theorem 3.9. Analytic extension principle to prove a regular transition map
is nonlinear:

The transition map must be calculated in normalizing coordinates on sections parallel to
the azes.

1. For the points P; we deal with 3-dimensional hyperbolic saddles with two eigen-
values of the same sign and for which the planes r = 0 and p = 0 are invariant.
Using Poincaré theorem stating that it is possible to bring a node to normal form
via an analytic change of coordinates it is possible to choose normalizing coordi-
nates which are analytic in the coordinate plane where the singular point has a node
behavior. Our section is then analytic and parameterized by an analytic coordinate
inside that plane (details in [15]).

2. Using the sectorial normalizing theorem for a saddle-node it is possible to show that
there exist a normalizing change of coordinates which is analytic in the node sector
for the zero value of the parameters. Then the section parallel to the stable (un-
stable) manifold in the node sector is analytic for the zero value of the parameters
and parameterized by an analytic coordinate (details in [3]).

Then the principle says: if a reqular transition appears for a graphic in a family of
graphics and if the two sections on which it is defined are analytic and parameterized
by analytic coordinates, then, if the transition is nonlinear in one point, it is nonlinear
everywhere.

It is usually easy to prove the nonlinearity of the transition near one of the boundary
graphics of the family.

By the above Analytic extension principle and the finite cyclicity results obtained
above, we immediately have

Corollary 3.10. The gmphics (F61a)7 (L%a)? (I’%a)7 (181(1)7 (191(1) and (1110(1) have ﬁnite
cyclicity.

Proof. Since the pp-transition through the nilpotent elliptic point is almost affine, to

prove the finite cyclicity of these graphics we only need to verify that the corresponding

“external” map is nonlinear.

L. (FL,) and (I3,)

In the proof of Theorem 3.4 we show that the map R along the hemicycle (H¢)
is nonlinear of order 2, therefore by Theorem 3.9, the corresponding transition for
each of the graphic in the family (F{,) is nonlinear too.
The nonlinearity of the corresponding map for (I2,) comes from the proof of The-
orem 3.5 for the hemicycle (H3) and the fact that the regular transition map along
the invariant line is nonlinear of order 2.
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2. (I’%a)7 (181a>7 (I91a) and (Ill()a)
These graphics occur in family (2.17) with A # % and the additional hyperbolic
saddle at infinity has hyperbolicity ratio o = ﬁ # 1. Thus the corresponding
maps for the boundary graphics (1), (12,), (I35) and (I3,) are nonlinear respec-
tively.

O]

Remark 3.11. In [3], Dumortier, Ilyashenko and Rousseau proved that the graphic
(I,) has finite cyclicity.

3.5 Finite cyclicity of the hemicycles (H?) and (H3))

Consider the hemicycle (H2). As shown in Fig. 15, take the transversal sections IT and
IIp in the neighborhood of the saddle point at infinity and the attracting saddle-node

on the equator. Let
R370 . Hg — HO

be the regular transition map in the normalizing coordinates.
Theorem 3.12. If R3,(0) # 0, then the hemicycle (H3) has finite cyclicity < 2.

Proof. We write the proof in the case a € P irrational. Then the hyperbolicity ratios of
the two saddle points at infinity on the right (resp. left) are o, = 1% (resp oy = a%)
with ¢,(0) < 1 irrational.

Figure 15: The transition maps of hemicycle (H?) in proving its finite cyclicity

As shown in Fig. 15, let R; ) (resp. Rz )) be the regular transitions along the z-axis
on the left (resp. right). We can suppose that the transition R4 ) along the equator
to the left of the saddle-node is the identity (see [9]). Let Rs x be the transition along
the equator on the right side of the saddle-node. In particular Rz (0) = 0. The Dulac
maps D; and Dy have the form of (2.3) in Proposition 2.5 with ¢; = 0. If we denote
the central transition map of the saddle-node by Dy and write it as in (2.8) with the
coefficient mq(A) — 0, then, the transition 39 — ¥; along the equator can be written

as
R)\(y) =DioRyyoDyoRszyoDs

= [m1(N)Raa((Rea(y))7)] .
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Let Sy be the inverse of the transition map T\ defined in (2.33). Consider the
displacement map V) : o — ¥ given by

Va(y) = Ra(y) — Ry ' o Sy o Ry 5 (y)-

The first derivative of Ry is small for small y and the first derivative of S) is nonzero
(resp. small, large) for Eppl (resp. Epp2, Epp3). Hence for limit periodic sets of type
Eppl or Epp3, the displacement map has a nonzero derivative, yielding cyclicity < 1.

For Epp2, it follows from (2.33) that we can rewrite the map Sy(y1) (we will apply
this with y; = R;}\(y)) as

S)\(yl) =y 7% <Eo + TTLQ()\)VUlyl <1 + O(|(V01,THQ()\))DO(y1)>),
with ma(A) — 0 as A — 0. Hence

S5 (y1) = ma(A) (14 O(|(v7*, ma(A))O(y1)) = ma(N) (1 + ¢(y1,N))

where ¥(y1, A) = O(v7*ma()\)). Moreover for y; = R;i(y) we will have

1+ Qb(yb )\) =1+ ¢1(y7 )‘)7

where again 91 (y, A) = O(v7 ma(A)).
Let

Wily) =

\(y) ma(N) (3.38)
1+ o ) (R (B L) )

= ao(\) + a1 (\)y" M + 0(y)

where a1(A\) = R ,(0) is bounded and bounded away from 0 for small z and X as R3
is nonzero (see Lemmas 3.14 and 3.15 below). Hence WJ(y) is large for small y and A,
yielding that (H3) has cyclicity at most 2. O

We will postpone the proof that R3¢ after the proof of the finite cyclicity of (H3,).
The difference between (H3) and (Hj3,) is that the transition map along the invariant
line is not fixed in (H3,) while the transition along the equator was fixed in (H3). As
shown in Fig. 16, let

Rig:%1 — 3

be the regular transition map from the saddle point to the attracting saddle-node in the
normalizing coordinates. Similar to the case of (H2), we will show that it is sufficient
to prove that R ;(0) # 0. This will be proved in Lemma 3.15.

Theorem 3.13. The hemicycle (H3y) has finite cyclicity < 2 if R{,(0) # 0.
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Figure 16: The transition maps for the hemicycle (H;,)

Proof. Again, we write the proof in the case A € P irrational. As shown in Fig. 16, we
take two sections ¥ and Y9 near the hyperbolic saddles at infinity using the normalizing
coordinates. Then we consider the displacement map

Va(y) = Ba(y) — Ga(y) : 31 — 3o (3.39)

where R) is the transition from ¥ to Yo along the invariant line, GG is the transition
map along the equator (which is the composition of two regular transitions along the
equator and the transition map Sy through the nilpotent elliptic point) composed with
the two Dulac maps near the hyperbolic saddles at infinity.

A straightforward calculation gives

Rx(y) = €0 + mi(N) [y + May® + O(y*)] (3.40)

where m1(A) — 0 and M>(0) = =R, (0).

For the transition map G, note that the transition map T through the nilpotent
elliptic point is almost linear since it also satisfies T)(0) = 0. So, we can write the
inverse of the transition map 7T as

Sx(y1) = ma(Ny1 (1 + O(|(v7,m2(N))O(y1)) = ma(Ny1 (1 + (y1, ),

with ma(A) nonzero (resp. small, large) for Eppl (resp. Epp2, Epp3). Therefore, we
can write the transition map G as

Gi(y) = m2(A)y(1 + Moy + O(:y”‘”)) (3.41)
where 0, = 125 > 1 and 12 (\) = *ma(N).
Using the expression of (3.40) and (3.41) in (3.39), we have
V/( _ PAY S r o or 140,
$(y) = mi(A)[1+ 2May + O(y*)] — ia(N) |1 4 0, May” + O(y'T77) |. (3.42)

Hence for the limit periodic sets of type Eppl and Epp3, V(y) # 0 for y and A small,
yielding cyclicity < 1.
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For the limit periodic set of type Epp2, ma(A\) = *meo(A) is small. Let

Waly) = Vi) _om()) 4oy +0(y)
M )L+ 2May + O(2)] ra(N) 1+ 2May + O(y?)
Then ml(/\) ) )
Wi(y) = Ty 14 2Moy + O(y*) + O(y7") (3.43)

where My = «R/, (0). Therefore for y and A sufficiently small
Wi(y) = 2Mz + O(y) + O(y™ ).
Hence (H3,) has cyclicity at most 2 if My = R}, (0) # 0. O
Next we show the the nonlinearity of the two transition maps in the above two
theorems.

It follows from the results in Section 2.6 that the hemicycle (H3,) occurs in the
family

Lo 2
{ZE = y+ Az -|-2\/Za:+1, (3.44)
y =y
with 3 < A < 1, while (H2) occurs in the family
L 2 — 2
{z = iy—l—aw +2v1 —a xy — y°, (3.45)

with a € (0, % If we calculate the regular transition map Rsy for (H2) using system
(3.45) by relocating system through z = 2, y = i, we have system
{ v o= w4 (a— 1D+ V1—av—1,

W = vw.

(3.46)

A further change v — —v can bring (3.46) to exactly system (3.44). Hence the calcula-
tion of R3 is the same as the calculating for R o using system (3.44), yielding

Lemma 3.14. The condition R3,(0) # 0 is satisfied for (H2) if and only if Ry ((0) #0
for (H3y).
Note that system (3.44) has a saddle-node at (——=,0). To make the calculations

\/77
easier, we first translate the saddle-node to the origin. Then a rescaling

z— —AVAz, y— —A%y, t»—»—\/lzt

yields

T = +x2,
{ . §(1+B:c) (3.47)

<
I

where B = 4 € (1,2).

For system (3.47), we have a hemicycle (Fig. 17). As shown in the figure, let ¥; and
Y9 be two sections parameterized by the normalized coordinates in the neighborhood
of the repelling saddle-node and hyperbolic saddle at infinity respectively. One can see
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o > Q

Figure 17: The transition map 7" for system (3.47) in Lemma 3.15

that to show R{ ((0) # 0 for (H7,) using system (3.44), it is equivalent to show that the
transition map

T:31 — Y9
in the normalizing coordinates satisfies 7" (0) # 0.
Lemma 3.15. The transition map T has a nonzero second derivative, i.e., T"(0) # 0.

Proof. Let us call (X,Y) (resp. (U, Z)) the normalizing coordinates at (1, the origin
(resp. @2, the point at infinity). The regular transition map R can be written as a
composition of the following 6 maps:

1) The map T from {X = X3} to {x = x¢} in the (X,Y) coordinates, where
(X1,0) and (z0,0) represent the same point with (X,Y’) and (z,y) coordinates
respectively. Both sections are parameterized by Y. Hence T7(0) = 1.

2) The map T» which is the change of coordinates from Y to y on {x = z¢}. Then
Tr(Y) = a1Y + a2V 4+ O(Y?) (3.48)

where a1 > 0.
3) The map T3(y) which is the transition from {z = x¢} (xo small ) to {z = Xo}
(Xo large) in (z,y) coordinates.

4) The map Ty which is the transition from the coordinate y to the coordinate
u= 3 on {z = Xo}. Then Ty is linear: Tu(y) = & = Zoy with Zy = X%) (the
section {z = X} becomes {z = Zy} in the (u,2) = (£, 1) coordinates.

5) The change of coordinate T from u to U on {z = Zp}. Then
Ts(u) = byu + bou’® + O(u?) (3.49)

where by > 0.

6) The map Tg from the image of {z = Zp} in (U, Z) coordinates to {Z = Z;}
where (0, Zy) and (0, Z1) represent the same point written respectively in (u, z)
and (U, Z) coordinates. Then T((0) = 1.
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Hence
T=Tg0T50T40T30T50T].

A straightforward calculation from (3.48), (3.49) and (3.50) gives

b
7'(0) = [T 7700) = 22730
(0) 1211 (0) = % T50)
and
2 TV(0 2a1b
T7(0) = T/(0) [T{’(O) 20 TEO) L 2ebe g alblon?i(mTé’(oﬂ -
al Tg(O) bl

Now we calculate all the terms appearing in 7”(0) in (3.52).
i). Calculation of 75(0) and 7% (0).
Applying Proposition 2.7 to system (3.47), we have

Xo 1 4 Bz X0\ 2 11
T5(0) = ex (/ d:z:> = <> ex < - )
3( ) P - 72 70 p o XO

T4 (0) Xo rx\B 1 1\ —(1+Bz)
T4(0) /x x0 Xexp Ty x xt o

and

0
1

0
= —23:636% / (B:cB_3 + :cB_4) e~ sdz.
zo

ii). Calculations at Q2

The system located at Qs in (u,z) = (£ 1

x

@ = (B—1)u+uz—u’z,
2 = —z(1+uz).

) coordinates has the form

(3.50)

(3.51)

(3.52)

(3.53)

(3.54)

(3.55)

To bring system (3.55) to normal form, we first divided the system by 1+ wuz, then

z = —z.

{u = (B—-1u+uz— (B - 1u?z+O(|(u, 2)[*)

So the normalizing change of coordinates have the form

B 1

u=U-UZ—-—=——U*Z+-UZ*+0((U,2)Y), =
B -2 2

yielding

U=u+uz-+

B -2 2
So on Z = Zjy, the change of coordinate T5 can be written as

Ts(u) = [L+ Zo + O(Z5)Ju+ [5—

Then we have

b1:1+Zo+O(Zg), by = ZO—FO(ZS).

B -2
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1
uwlz — Zuz? + O(|(u, 2)|Y), Z =z

Zo + O(Z3)|u® + O(u).

(3.56)

(3.57)



Hence b B
2 2
= = Z Z3).
b, B-2 0+ 0(Z5)

Also Tg = identity.
iii) Normal form at the origin Q;

We diagonalize the normal form by means of 1 = x + y. Then

i1 = z14+(2-B)niy+ (1- B)y?,
Yy = y+ By?+ Bayy.

(3.58)

(3.59)

We divide system (3.59) by 1+ Bx; + By. One can verify that the normalizing

change of coordinate of the form

1-B
X=z1— 2By ——y*+0((z1,9)?), Y=y

2
transforms system (3.59) into a normal form
X = X2
Y = Y(1+BX).

Hence in the new coordinates, the section x = x¢ has the equation

X =m(Y) =0+ Y (=14 O(xp) + O(Y?).
In particular, h(0) = zo, h}(0) = —1.
It follows from (3.61) that we have

h1(Y) Ti(Y)
/ 1+Bx, _ / dy.

2
0 x Y

A straightforward calculation yields

Ti(y) = Y — (ﬁ) + wl(%)Y? +0(Y?).
Hence
T(0) =1, T{(0) = —2(E + iQ)
i) Ty
AsY =y we have
ar =1, ar» = 0.

(3.60)

(3.61)

(3.62)

(3.63)

(3.64)

(3.65)

Let us take Zy = xp and Xy = % and let zg > 0 sufficiently small. Note that
1 < B < 2, it follows from substitution of (3.51), (3.53), (3.54), (3.58), (3.64) and (3.65)

into (3.52) and a straightforward calculation gives

2B X B 1
T”(O> = :U(l) 2 ero (1 + O(x(])) |:—2<(E0 + x%)
1

1

zo

1 x 1 B
—2x5 e *(BzB73 + xB_4)e_%dx + 222728 <B2 + O(x0)>]

1
2 70
= xp73Bew [—2/ O(B:nB_?’+xB_4)e_alzd:L‘+O(wg_B)]
xo
< 0.

where since 1 < B<2,wehave 0 <2—-B <land -2< B -3< —1.
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3.6 Finite cyclicity of (I%,) and (I%,)
Theorem 3.16. The graphics (I3,,) and (I%,) have finite cyclicity.

Proof. Let us consider (I%;,) and the sections as defined in Fig. 15.

Figure 18: The transition maps for (I%))

We consider the displacement map V : X9 — X given by Vi (y) = Ra(y) — Sx(y)
as in Theorem. 3.12. As before we write the proof in the case a(0) irrational. For the
passage near the saddle-node at infinity we can suppose that the normal form is taken so
that the equator coincides with one coordinate axis. Then we can scale the normalizing
coordinates so that the graphic cuts a section II transversal to the equator at a height
1 (Fig.18). The transition Ry (y) : ¥o — II can be taken as

Rox(y) =1+ T1)\(y)

where 7' 9(0) = 0 and 77 ,(0) > 0.
We can choose the normalizing coordinates so that Rj3 is a linear map. Then the
displacement map has the form

V) = Bua((mO)(1+ Tia )7 ) = Sy(w). (3.67)

Let

1

§=m)(1+Tialy) "

Then 1 o

Vi) = Ria@m) @ (14 Tia) ™ Taw) - S (3.68)

For limit periodic sets of type Eppl (resp. Epp3) V{(y) is nonzero (resp. large) yielding
cyclicity <1 as o(\) < 1.

For limit periodic set of type Epp2 we have S (y) = *ma(A\)(14+O(v7)O(y)), where
* is a nonzero constant. Let
V/
Wi(y) = — iE) . (3.69)
(m1(N) "™ (14 O(¥*1)O(y))
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Then
/ "o =5 2557~V 2
Wiy) = RL)\(?J)ml()\)"( )(1 +T1,>\(y))1 7 17 ) (y)
SRR @)1+ Tua) 7T, (0)
R\ @)L+ Tip(y) 7™ T, (y)
+O(v71).

The first and fourth terms are small as well as all their derivatives. Let us look at
the sum of the second and third terms. It is given by a nonzero function multiplied by:

Ka) =~ S 000 + (L Toal) T (3.10)

For A = 0 the equation Ky(y) = 0 can be integrated by quadratures. It is equivalent
1

to say that (1471 ,0(y))°™ is an affine map. Hence the proposition follows by finding a
nonzero derivative of W’(y) as soon as we show that K((y) has a nonlinear term, which

is equivalent to say that, at a finite order (1 + Tl,o(y))ﬁ differs from an affine map.

We can choose analytic coordinates on Y9 and II. By the analytic extension principle
it suffices to verify the condition for graphics very close to the hemicycle. There the
transition map is the composition of a regular map together with a Dulac map for which
o < 1 and a regular map with non-vanishing second derivative. This last property is
exactly the needed obstruction which guarantees that (1 + Tl,o(()))ﬁ differs from an
affine map.

Proving that the graphic (I 128(1) has finite cyclicity is completely similar. O
References
1] F. Dumortier, M. El. Morsalani and C. Rousseau, Hilbert’s 16th problem

for quadratic systems and cyclicity of elementary graphics. Nonlinearity 9
(1996), no. 5, 1209-1261.

2] F. Dumortier, A. Guzméan and C. Rousseau Finite cyclicity of elementary
graphics surrounding a focus or center in quadratic systems, to appear in
Qualitative Theory of Dynamical Systems.

3] F. Dumortier, Y. Ilyashenko and C. Rousseau, Normal forms near a saddle-
node and applications to finite cyclicity of graphics, Erg. Th. Dynam. Syst.
22 (2002), 783-818.

[4] F. Dumortier, R. Roussarie and C. Rousseau, Hilbert’s 16th problem for
quadratic vector fields. J. Differential Equations 110 (1994), no. 1, 86-133.

[5] F. Dumortier, R. Roussarie and C. Rousseau, Elementary graphics of cyclic-
ity 1 and 2. Nonlinearity 7 (1994), no. 3, 1001-1043.

[6] F. Dumortier, R. Roussarie and S. Sotomayor, Generic 3-parameter fam-
ilies of vector fields in the plane, unfoldings of saddle, focus and elliptic
singularities with nilpotent linear parts. Springer Lecture Notes in Mathe-
matics 1480 1-164 (1991).

[7] F. Dumortier, R. Roussarie and S. Sotomayor, Bifurcations of Cuspidal
Loops. Nonlinearity 10 (1997), no. 6, 1369-1408.

34



M. El Morsalani, Perturbations of graphics with semi-hyperbolic singulari-
ties, Bull. Sciences Mathématiques, Vol. 120, (1996), 337-366.

A. Guzmén and C. Rousseau, Genericity conditions for finite cyclicity of
elementary graphics. J. Differential Equations 155 (1999), no. 1, 44-72.

Y. llyashenko and S. Yakovenko, Finite-smooth normal forms of local fami-
lies of diffeomorphisms and vector fields. Russian Math. Surveys 46, (1991),
1-43.

A. Kotova and V. Stanzo, On few-parameter generic families of vector fields
on the two-dimensional sphere. Concerning the Hilbert 16th problem. 155—
201, Amer. Math. Soc. Transl. Ser. 2, 165, Amer. Math. Soc., Providence,
RI, 1995.

A. Mourtada, Cyclicité finie des polycycles hyperboliques de champs de
vecteurs du plan: mise sous forme mnormale. Bifurcations of planar vec-
tor fields (Luminy, 1989), 272-314, Lecture Notes in Math., 1455, Springer,
Berlin, 1990.

S. Sternberg, On the structure of local homeomorphisms of euclidean n-
space. II. Amer. J. Math. 80, (1958), 623-631.

F. Takens, Singularities of vector fields. Publ. Math. de 'THES 43, 47-100,
1974.

H. Zhu and C. Rousseau Finite cyclicity of graphics with a nilpotent sin-
gularity of saddle or elliptic type, J. Differential Equations, Vol. 178, No.2,
325-436. (2002)

35



