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Abstract

In this paper we consider germs of one-parameter generic families of resonant analytic
diffeomorphims and we give a complete modulus of analytic classification by means of the
unfolding of the Ecalle modulus. We describe the parametric resurgence phenomenon. We
apply this to give a complete modulus of orbital analytic classification for the unfolding of
a generic resonant saddle of a two-dimensional vector field by means of the unfolding of its
holonomy map. Here again the modulus is an unfolding of the Martinet-Ramis modulus
of the resonant saddle. When the saddle passes through the resonance we observe a
“transcritical bifurcation”: the dynamics in the neighborhood of the saddle is governed
by different parts of the unfolding of the modulus on each side of the bifurcation. We
then include the time dependence and give a complete modulus of analytic conjugacy for
the unfolding of a generic resonant saddle.

1 Introduction

This paper is part of a general program to study the dynamics of a germ of analytic diffeo-
morphism with a fixed point at the origin:

f(z) = oz + o(2), Ao # 0. (1.1)

The behaviour is known for the different values of A\g and we want to “glue” these different
behaviours in a global picture with A9 as a parameter. Indeed it is known that:

1. For |Ag| # 1 then f is linearizable in the neighborhood of the origin, i.e. there exists a
change of coordinate Z = z + o(z) = h(z) such that

hofoh ™ (Z)=XZ. (1.2)

2. For Ao = exp(2mia) with o € R\ Q then the diffeomorphism is formally linearizable,
i.e. there exists a formal change of coordinate

Z=h(z)=z+ Zanz” (1.3)

such that (1.2) is satisfied at the formal level. We distinguish the two cases:
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e If v is diophantian (badly approximated by rational numbers) then the change of
coordinate (1.3) is indeed analytic.

e If o is Liouvillian (well approximated by rational numbers) then the change of
coordinate (1.3) is generically divergent [11] (in the measure theoretic sense).

3. If \g = exp(2m’§) and the diffeomorphism is formally linearizable then it is analytically
linearizable [2].

4. In the general case of \g = exp(2miL) there are obstructions to linearizability at the
level of the finite jet of f(z). The geometric meaning of these obstructions correspond
to the birth of periodic orbits of period g as Ao bifurcates from exp(2m’§). These orbits
are called “materializations of resonances” by Arnold [1], Ilyashenko and Pyartli [12].
It was conjectured that their presence would be the obstruction to linearization when
perturbing Ag to A of the form exp(2mic) with a Liouvillian irrational number. The
works of Yoccoz [27] and Pérez-Marco [19] have shown that, although this happens quite
often and in particular for the quadratic map, there are other types of nonlinearities
which obstruct linearizability. In this paper we focus on the case \g = exp(27ri§) and
f non linearizable with nonzero first resonant monomial.

As two non linearizable resonant diffeomorphisms of the form (1.1) are conjugate if and
only if their g-th iterates are conjugate [10], we limit ourselves to the study of their g-th
iterates which have, in suitable coordinates, the form

9(2) = (=) = 2 + K9 o(hat), (14)

The integer k is a first formal invariant. In this paper we limit ourselves to the generic case
k = 1. As the diffeomorphism g is not linearizable we look for a nonlinear (more complex)
“normal form”. There exists a formal change of coordinates (1.3) which conjugates g with
the time-one map of the flow of the vector field

21t
1+ az? 9z’

(1.5)

where a € C is an analytic invariant.

e If the series (1.3) is convergent and h is analytic then we say that the diffeomorphism
(1.1) is normalizable. If (1.1) with fixed Ao depends on a finite number of analytic
parameters then, for each fixed k, this is satisfied for an analytic subset of the parameter
space [7]. Again it is a very exceptional phenomenon.

e In the generic case the normalizing series (1.3) is divergent and the modulus of analytic
classification is a functional one. Why? Let us limit ourselves to the case k = 1. Then,
when we perturb A\g from its initial value, the diffeomorphism has a fixed point and a
periodic orbit of period ¢. If we perturb A\g to A in the Poincaré domain (i.e. |A| # 1)
then both the fixed point and the periodic orbit are linearizable. In the neighborhoods
of the fixed and periodic points it is possible to find changes of coordinates transforming
the family g, to the “model family” unfolding (1.5) namely the time-one map of the
flow of the vector field

z(z17—¢€) O

1+a(e)z? 9z (16)



Resonant diffeomorphisms 3

but the changes of coordinates to the model family in the neighborhood of the origin and
in the neighborhood of the periodic points are not compatible. This was conjectured
by Arnold and proved by Martinet [15] and Glutsyuk [8] in the case \g = 1 and we
extend it here to the case A\g = exp(2m’§). What happens if we perturb Ag to A in
the Siegel direction (JA| = 1)7 The case \g = 1 is treated in [14]. There it was shown
that the dynamics near the two fixed points can be obtained from the unfolding of the
Ecalle-Voronin functional modulus (°,°), where ¥° and > are germs of analytic
diffeomorphisms at the origin and at co. The non normalizability of (1.1) is expressed by
the nonlinearity of at least one of 1% and 1)°>°. Moreover the paper shows the existence
of the parametric resurgence phenomenon: the nonlinearities of ¢/° or 1> control the
nonlinearizability of one of the fixed points for sequences of resonant parameter values
converging to Ag = 1.

In this paper we extend to the case Ay = exp(2m’§) the results of [14] for A\g = 1. The mod-

ulus of (1.1) is described in the literature by Ecalle [7], Martinet-Ramis [17] and Ilyashenko
[10] in slightly different ways. We work here with the description given by Ilyashenko [10]
and we make the link with the presentation of Martinet-Ramis in Section 4.5. The modulus
is given by a 2-tuple

(09, 4°) (1.7)

of germs of analytic functions at the origin and at infinity respectively, which we extend to a
2q-tuple of germs of analytic functions

(¢?7_,,7¢27w?0’,_,7¢30), (1'8)

where o is the permutation of {1,...,¢} generated by j — j + p (mod ¢) and

1#27(33(111) = exp <%> vy <eXp <—%> w) : (1.9)

We show that a complete modulus of analytic classification for a generic 1-parameter un-
folding of (1.1) is given by an unfolding of (1.7), which we can identify with an unfolding
of (1.8) which still satisfies (1.9). This unfolding can be taken continuous in the parameter
over appropriate sectors of parameter space. From this unfolding one can study the dynam-
ics near the bifurcating fixed and periodic points. In particular the parametric resurgence
phenomenon again occurs.

We then apply these results to the generic 1-parameter unfolding of a vector field in the
neighborhood of a generic resonant hyperbolic saddle. (A hyperbolic saddle is generic if the
first resonant monomial of the orbital normal form is nonzero and a 1-parameter unfolding
is generic if the derivative with respect to the parameter of the quotient of eigenvalues is
nonzero.) We consider both orbital equivalence and conjugacy. We first show that a complete
modulus for orbital analytic classification is given by the modulus of analytic classification
of the unfolding of any of its holonomy maps (there is one for each separatrix). A complete
modulus of classification of vector fields with a resonant hyperbolic saddle has been given
by Voronin and Grintchy [26]. This modulus is composed of two parts: the first part is the
Ecalle-Voronin modulus of the holonomy and the second part, the time-part, is composed by
a pair of germs of analytic functions at the origin and at infinity respectively. We show that
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a complete modulus of analytic classification under conjugacy between two germs of generic
families of vector fields unfolding germs of vector fields with a generic resonant saddle is given
by the unfolding of the Voronin-Grintchy modulus.

The point of view taken throughout the paper is to compare the family of diffeomor-
phisms (vector fields) with the model family which would be the family expected if we had
convergence of the normalizing changes of coordinates.

The paper is organized in the following way. In Section 2 we “prepare the family” of
diffeomorphisms so as to change the initial parameter to the “canonical parameter” which
is in particular an analytic invariant. In Section 3 we construct Fatou coordinates bringing
the family of diffeomorphisms to the model family. In Section 4 we describe the modulus
of analytic classification for a generic family of analytic diffeomorphisms. In Section 5 we
describe the parametric resurgence phenomenon. In Section 6 we describe the modulus of
orbital analytic classification of a generic family unfolding a generic resonant saddle. In
Section 7 we describe the “transcritical bifurcation” phenomenon which is natural in this
context. Finally in Section 8 we give the modulus of analytic conjugacy of a generic family
unfolding a generic resonant saddle. We end up with questions for future research.

2 Preparation of the family

We consider a germ of resonant generic diffeomorphism of the form

2imp
297
folz) =e i 2+ %zq“ +o(27+D). (2.1)

Then f{ has a fixed point at the origin of multiplicity ¢ + 1, which corresponds for fy to the
coalescence of a fixed point with a periodic orbit of period ¢: the fixed point and periodic
orbit bifurcate in a generic unfolding. Because we can always localize the fixed point at the
origin, bring the family in normal form up to order g + 1 and rescale, then a germ of generic
unfolding can be taken of the form

2imp
2im q
fe(z) = (eTp —a)z+ Y o(z911) (2.2)
with « a small parameter. In the particular case ¢ = 1 this means that we study the

transcritical bifurcation since the generic unfolding of a double fixed point has been studied
n [14] (the transcritical bifurcation means that we limit ourselves to unfoldings preserving
the origin). We can limit ourselves to consider the conjugacy problem for the ¢-th iterate
ge = f& of f.. This will be proved in Lemma 4.13 below.

It is easier to work with the ¢-th iterate gy = f{ (resp. ge = fd) of fo (vesp. fc) because
go has multiplier equal to 1 at the origin. If we replace a by € given by

2mip

(I—¢)=(e 7 —a), (2.3)

27
which yields € = qupa + o(«) we can write g as

9e(2) = 2(1 =€) + (14 0(€)) 27! + 0(27H1). (2.4)
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Proposition 2.1 There exists an analytic change of variable (z,€) — (Z,€) tangent to the
identity and fibered over the parameter space bringing the family (2.4) to the prepared form

Ge(2) = 24 2(39 — &)[1 + B(&) + A(6)2% + 2(37 — &)(1 + h(&, 2))), (2.5)

with fized points Zyg = 0 and z;, j = 1,...,q with 2;1 = 1, in which the multiplier \g =
1 —€é(1+ B(€)) of the fixed point Zy = 0 satisfies

Ao = exp(—é). (2.6)
In particular the parameter € is an analytic invariant for ge. We call it the canonical pa-

rameter. Let \i,...\q be the multipliers of the fized points z; where 2? = €. The formal
parameter

1 1
£) = —— 2.
0=y i, (27)

depends analytically on € and hence on €. It is an analytic invariant of ge. (As Xo,...\q are
all close to 1 there is no problem in choosing the In \; close to zero in a continuous way.)

PROOF. The equation of fixed points for g yields z = 0 and (1 + O(€))z? — € + o(z9) = 0.
We make the change of coordinate £ = z(1 4+ O(€)) + o(z) so that the fixed points become
29 = €. In the Z-coordinate this yields for g.:

Ge(2) = 24+ 2(27 — e)h(Z,€) (2.8)

with h(Z,€) = 14 co(e) + O(2). Using a rescaling in (2, €) — (1 4+ co(€)) 92, (1 + co(e) " He)
we can of course suppose that h(Z,€) = 1+ O(Z). Using the Weierstrass division theorem we
write

h(2,€) = 1= ¢;(e)2) + (27 — e)k(%,€) (2.9)
j=1

We will show in Lemma 2.2 below that c¢i(e) = --- = ¢4—1(€) = 0, which yields that the
multipliers of the fixed points 27 = € are exactly 1 + ge(1 + c4(€)e).

Unfortunately in general € is not an analytic invariant in (2.8). To achieve this we need
to make a scaling (Z,€) = (2(1 + b(€))"/9, (1 + b(e)) in (2.8) transforming g into g: so that

ge(0) =1 g( ) = exp(—¢) (2.10)

S 1+b(e

The condition (2.10) (and (2.6)) will be satisfied for b(e) satisfying b(0) = 0 by the implicit
theorem.

The formal parameter a(€) defined in (2.7) is analytic for € # 0. As it is bounded at € = 0
it is analytic. O

Lemma 2.2 In (2.9) we have

ci(€) =---=cq-1(€) =0. (2.11)
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PROOF. The proof uses that g.(2) is the g-th iterate of f. (where f. is f. in -coordinate)

so the multipliers A; of the fixed points 2; = e?™/4¢1/4 are all the same. This yields the
2mijk

system of equations Y {_; /¢, = S 070 F/cpe 2. Hence the ¢¥/9¢;, are solutions of a

homogeneous system of linear equations with matrix

27 4mi 2(g—1)mi

ea —1 ead —1 ... e «d -1
4mi 87i. 4(g—1)7i
ead —1 ea —1 ... e «a -1
M = ) ) ) . (2.12)
2(qg—1)mi 4(q—1)mi 2(q—1)%mi
e d —1 e «a -1 ... e 4 -1

We divide each column by its first coefficient. Then, starting from the last row, we subtract
from each row the row immediately above. This yields a Vandermonde determinant which is
nonzero. U

As in [14] we want to compare the prepared family g; in (2.5) with the “model family”
which is the time-one map of the vector field

(3-8 9

T+ a(@z 02 (2.13)

where a(€) is defined as in (2.7). The vector field (2.13) has singular points Zp = 0, Z1,... %,
with respective eigenvalues

- q€

- = j=1,...,q. 2.14
1o €, %7 ]_—|—a,(€)g7 J ’ 4 ( )

As po and pgt + 23:1 ,u;l = a(€) are analytic invariants of (2.13) which also depend ana-
lytically on € it follows that € and a(€) are analytic invariants of (2.13). The multipliers of
the time-one map of (2.13) are A\; = e/, i.e. there are precisely the multipliers of the fixed

points of ge.

Definition 2.3 A family (2.2) to which we have applied the change of coordinate and pa-
rameter of Proposition 2.1 is called prepared. We use the same term for the corresponding

gsszq-

Remark 2.4 This gives the geometric interpretation of the formal invariant a(0): indeed
a(€) measures a shift between the fixed points and the periodic points through (2.7) and a(0)
is the limit shift.

3 The construction of Fatou coordinates

From now on we will limit ourselves to a prepared family f.(z) such that

9(z) = f&(z) = z2+2(z7—€)[1+ B(e) + A(e)2? + z(27 — €)(1 + h(e, 2))]

= 2t 2(f - (14 kel2)), (3:1)
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with kc(2) = O([e, 2|) and B(e) = U=20=9) _ 1

€

Fatou coordinates are changes of coordinates which transform the family (3.1) to the
associated “model family” which is the time-one map of the vector field

z2(z1—¢€) O

1+a(e)z? 9z (32)

where a(e) is chosen so that the multipliers of the periodic points z1, ..., 2z, of g. are given
by \j = exp(u;) = exp(%{i(e)).
We give the construction with little details as it is quite standard and very similar to [14].

3.1 The two charts

We want to study the dynamics of the germ of family g.(z). So we will study its dynamics
on any sufficiently small neighborhood of the origin in z-coordinate which we can choose of
the form U = {z, |z| < r} with r € (0, 1) for all sufficiently small values of the parameter € in
a small ball V' = {¢; |e| < p}. We limit ourselves to values of ¢ sufficiently small so that the
fixed points of g. remain inside U. For this it suffices to take

ra

_ 3.3
p<5 (3.3)

a condition which will be assumed throughout the paper.

We will not be able to give a uniform treatment for all € € V' and we will need to cover
V with two sectors, each of opening 27 — 26 with ¢ € (0, 5), but we are essentially interested
to 0 arbitrarily small. The parameter § € (0, §) is chosen at the beginning and kept fixed for
all the treatment. The size of the neighborhoods U and V' defined above (for V' we will need
a stronger condition than (3.3)) depends on 6. We will be able to give a uniform treatment
of g. over the two following two sectors of V:

Vs+ = {eeV]argee (

—T 44,3 — )}
2 703
Vs = {ecV]argee (5 +96 (3-4)

S

3.2 The lifted diffeomorphism

We first introduce a change of coordinate which nearly rectifies the family g, to the translation
by 1 and sends the fixed points to infinity. Let

Ts(Z) = Z + B. (3.5)

We will in particular consider 75,y (Z) with

2mi ¢
a(e):{oqe eig (36)

We introduce the change of coordinate pe : S¢ — CP!\ {0, 21,. .., z,} given by

()" ero

()" o



8 C. Rousseau & C. Christopher

where S, is the Riemann surface of the function

(2=)" ez

(3.8)
Z1/a e=0.
Figure 1: The domain of Z in the case ¢ = 2
It is the composition of the map
- Tz €70
¢=5(2) = { e T (39
—2 e=0,

which is periodic of period «(e) and which we may consider as defined over S, with the map
z = (', On a strip of width a(e) if € # 0 the image of each sheet of S, by p. covers CP\ {0, ¢}
once. Hence p. covers CP \ {0, e} once. Its (multivalued) inverse is given by:

1 z9—¢
=1 0
Zzpél(z)z{qe Il “ io (3.10)

_q7

which is the composition of z — ( = z? with the multivalued map

éln% e#0

o (3.11)

Z=p"(C) = { .
S
For € # 0 it is univalued when the image is restricted to a strip of width a(e). We can lift
the map Ty to Se.
The image of U \ {0, 21,...,z,} under p_* is
Uc.= 5.\ UjezB; (3.12)
where By is the component of p_!(C \ U) which contains the origin and B; = T é(e)(Bg) =
Tia(e)(Bo). By is called the fundamental hole. It is a g-covering of a neighborhood of the
origin.
We lift the function ge(z) to a function G((Z) commuting with T},(c)-

Proposition 3.1 The function G, is a small perturbation of the translation Z — Z 4+ 1 in
the C-topology. More precisely, there exists K > 0 such that, for v > 0 sufficiently small
and condition (3.3),

|G(Z) - Z — 1] < K. (3.13)

\GL(Z) — 1] < Kr?Tt, (3.14)
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PROOF. The function G¢(Z) can be written

G(2) = g (435)

(1= 14+ 0, (1)z7(27—€)T ! (1+ke)]

1

= = In 29[14(27—€)(1+k.)]4

gt (M ek 315
= Z+ qe In 1+Z§:f (?)(que)j(1+ke)j ( |

1 () (7= L (14ke)
— Z+éln 1+e= [11+](zqfe)(1+’fe)]q >

= Z+1+0(z¢),

since ke(z) = O(z, €).
o1 () (1= (1+ke)!

Let R.(Z) = Tir—o(yr - Lhen
Ciz% =1t —l—leRe) dff (2) ;%' (3.16)
The result follows as % is bounded for small (z,¢) and
5—; - fjliz = 2(27 = €) = O(|2|""" + |ez]). (3.17)
g
From now on we suppose
e Condition (3.3);
e 7 is sufficiently small so that if we define
M(r) := K, (3.18)
then 5
M(r) < e (3.19)

e 1 is sufficiently small so that the estimates of Proposition 3.1 are satisfied.

3.3 Translation domains

The Fatou coordinates are defined on maximal domains in Z-space called translation domains.

Definition 3.2 A line £ C U, is called an admissible line if £ and G¢(€) are disjoint and the
strip Ce(¢) between ¢ and G(¢) is included in U.. The strip C¢(¢) is called an admissible strip.

Lemma 3.3 There exists 0y(r) defined by

tanfy(r) = 2M(r) < (3.20)

N >

such that if the angle 0(¢) of the line with the horizontal axis satisfies
Oo(r) < 0(0) <7 —0y(r) (3.21)
then G¢({) is located to the right of £.
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PROOF. Let 0, be the angle of the horizontal line through Z with the line through Z and
tangent to the circle centered in Z+1 of radius M (r) = Kr. Then |sinf;| = M(r) < |tan6;|.
We need sin fly > |sin6|. We let tanfy = 2M (r) < 3. As § < T < 2 then tan 6y < 1 yielding
that 6y < §. Hence cos )y > % yielding that sin 6y = 2M (r) cos 6y > V2M (r) > /2| sin 01].

The condition tan 8y = g is easier to manipulate than a condition on sin 6. O
The translation domains are the saturation of admissible strips under iterations of G.

Definition 3.4 Let £ be an admissible line for G.. The translation domain associated with
{ is the set

Q) ={ZcU|InecZG Z)eC(t) and Yjel0,n]CZ G (Z)ecU.} (3.22)
(Forn <0, [0,n]={j€Zin<j<0.)
Proposition 3.5 1. The domain Qc(¢) is a simply connected open subset of U..

2. C.(O)\ ¢ is a fundamental domain for G, restricted to Q.(€) : each Ge-orbit in Q.({)
has one and only one point in this subset.

3. If U is another admissible line, then ' C Q(¢) if and only if £ C Q.(¢'). This de-
fines an equivalence relation among the admissible lines for G., each equivalence class
corresponding to a different translation domain.

Definition 3.6 A Lavaurs translation domain (Figure 2) is a domain associated with an ad-
missible line passing between the fundamental hole and one of its two adjacent holes (notation

Q7)-

Figure 2: A fundamental domain C’E(E) associated to an admissible line ¢ and the Lavaurs
translation domain it generates (the figure is drawn for ¢ = 2)

Remark 3.7 It is also possible to define Glutsyuk translation domains associated with ad-
missible lines parallel to the line of holes. The projection of the corresponding admissible
strips are fundamental domains having the shape of annuli (tori once quotiented by gc). But
Glutsyuk translations domains do not exist for all values of € and this is why we have prefered
the other approach.

Proposition 3.8 Let us suppose that r, p, & and 0y satisfy the following conditions

| >

p <1 tanOy(r, p) = 2M(r) < —, (3.23)
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and r < % is sufficiently small so that

o2

7 <
" 16

(3.24)
Then for Vs (resp. Vs_) to each admissible line for some ey with argey = w/2 (resp.
argeg = —m/2) is associated a unique family of Lavaurs translation domains associated with
admissible lines depending continuously on € (see Figure 3 for the case of Vs ).

O O

OO/ OO
=

Figure 3: A continuous family of admissible lines and strips for e € Vs (for the sake of
simplicity we have not drawn the ramification of S¢ at the holes)

PROOF. Let us take the case of V5. The worst cases are the extreme cases when arg(e) =
—5 + 06 and arg(e) = 37“ — 0. Let us discuss the second case. The slope of the line joining the
holes is tan . The radius of the holes is bounded by

€ 1 e/rt 2
ﬁ) <= (3.25)

1
I (1 - — ST
gel —e/rd —~ qre

qe

since —In(1 — k) < ﬁ and p < % Hence the vertical distance between the top of one
ball and the bottom of the next one is greater than |a|sind — (;%. We want to pass a strip

admissible line with slope |tanfy(r)| = 2M(r) < 3. Its maximum vertical size is less than
(1 + M(r))tanfp(r) < 3(1 4+ M(r))d < & since M(r) < § < 1. The horizontal distance
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between the center of two balls is || cosd, and the largest horizontal distance between two
points of the different balls is less than |a|cosd + (;%. Hence it suffices to have

|| sing — 2. —§

5 P
- < . 3.26
2 || cos 0 + (;% (3.26)
As sind — %coscs > % (see comment below) it suffices to have
1) 4 2
a2 > a1+ =), 3.27
RN R ( qrq) (320
which is satisfied if we have
o 5 - 4
al—— =
42 art (3.28)

) 40 2
|Oé|m > %>5(1+qﬁ>
As |a| = (21—7;, the first inequality is satisfied under condition (3.24). The second is satisfied
for 24 < 5 which is automatically satisfied for r < %
Let m(d) = sind — gcosé — 2%. Then m(0) = 0, m'(0) > 0 and m”(§) > 0 yielding that
m/(6) > 0 for all 6 € [0,7/2]. Hence m(d) > 0 for 6 € (0,7/2]. O

3.4 Existence of Fatou coordinates

Theorem 3.9 Let Q. = Q(¢) be any translation domain and Zy(e) € Q..

1. There exists a holomorphic diffeomorphism ®. : Q. — C, such that
(I)s(Ge(Z)) - (I)G(Z) +1, (329)
for Z € Qe NG (Q.). Moreover

I Im(®(2)) = + .
L m(®c(Z)) = oo (3.30)

2. If @1 ¢ and Oy are two solutions of (3.29), then there exists A € C such that @2 (Z) =
A+ & (Z2). In particular if Zyo(e) € Qc(£) there exists a unique holomorphic diffeo-
morphism ®. satisfying (3.29) together with ®(Zy(e)) = 0.

PROOF. The proof is exactly the same as in [14] as it relies only on (3.13), (3.14) and (3.19).
We put it here for the sake of completeness. The technique we use is identical to that of
Shishikura [23], as adapted in [14]. It consists in constructing a quasi-conformal conjugacy
of G, to the translation by 1 and then using Ahlfors-Bers theorem to transform it into a
conformal conjugacy.

All along the proof we do not mention the e-dependence. Let ¢ be an admissible line in the
translation domain Q, C (¢) the corresponding strip and let Z; be any point of £. Points of £
can be written as Z; +Ye®, Y € R, where 0 = 0(¢) € (6, ™ — ) is the angle of £ with R. We
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recall that 0y(r) < 0(£) < 7 — 0p(r). We define h; : Co = {(X,Y) e R?2|0< X <1} — C(¢)
by:

hi(X,Y)=(1—X)(Z1 +Ye?) + XG(Z, + YeY). (3.31)
Then , ‘
Po = G(Z1+Ye?)—(Z1+Ye?)
& _ XeiOGI (Z Y 0 0 1—X (332)
= ((Z1+Ye") + e )-
Using the estimates (3.13) and (3.14), these formulas imply that
8h1 (9/11 i0 . 6
- = — =¢ < < -. .
5 1+u(X,Y), 5y = ¢ +v(X,Y), with |u|, |v| < M(r) < 1 (3.33)
Let pp, = %‘Zi % be the dilatation coefficient field of h1. One has
h 1 - h 1 ,
% =5l +u+t i(e’ +v)] and % =gl +u- i(e? + ). (3.34)
When u,v =0, i.e. when G, = T}, pup, reduces to u° = % = li—i(j(s)isnee and
1 1
o] = < 3.35
] V1+tan2 + |tang| — 1+ 4M(r) (3:35)
as [tanf| > tanfy = 2M (r). From (3.34) one can write
. —1 .
0 U — 1w U+ w
= 1+ —— : . 3.36
i = H < +1—z‘ew> 1—ie +u—iv (3-36)
Let us remark that |1 - ieie‘ > /2. Then, from (3.36) one deduces (M = M (r))
limilloo = Sup{lpn, (2)] | z € Co}
< (Q+AM)TH1 - M)TH ML= M) (3.37)

2
1— % <1,
for 1 — 4M > 0 which is satisfied for § < 1. So hj is a quasi-conformal mapping on the strip
Cy and satisfies h ' (G<(Z)) = hy1(Z) +1 for Z € £ when M(r, p) is small enough. Moreover,
i = pp, is a Beltrami field on Cp. (This just means that p is defined by a L*°-function with
a norm strictly less than 1). One can also write that u = hjuo, where pg is the standard
Beltrami field on C (defined by the function 0).

We extend p to all of C by means of the translation 73: the extended u is periodic of
period 1, is in L>°(C) and has a L>®-norm: ||¢||cc = ||fthy|loc < 1 (1 may have discontinuities
along the lines {Re Z = c¢| ¢ € Z}). Then this extended p is a Beltrami field on C.

The universal covering

w = E(W) = exp(—2miW) (3.38)

from C to C* induces a holomorphic diffeomorphism from C/T} to C*. As p is invariant by T3
the map F induces a Beltrami field i on C* with the same norm : p = E*(f1). Considering the
Riemann sphere S? as C*U{0, oo}, one can extend ji on S? by, for instance, fi(0) = ji(oo) = 0.
Then fi defines a Beltrami field on the Riemann sphere.
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By Ahlfors-Bers measurable mapping theorem there exists a unique quasi-conformal map-
ping hy : S? — S2? such that hiug = ji, and hy(0) = 0,ha(c0) = 00,ho(1) = 1. As
0,1 € E~Y(1), this map lifts to a quasi-conformal map hs : C — C sending 0 to 0 and 1
to 1. Indeed, one can lift hy into a map hg such that hs(0) = 0. The circle in S? which turns
one time around 0 or oo lifts into the line segment [0, 1] in C. This means that he(1) = 1. We
have also that Im(ha(X +1iY)) — oo when Y — +oo.

The most important property of hs is that it commutes with 7. To see this, consider
the homeomorphism Hy = hg o 17 o hy L. It induces the identity on S? and must then be
a power of the deck transformation 77 of the universal covering map E : i.e. Hy = 17 for
some n € Z. Now Hy(0) = hy 0 T1(0) = he(1) = 1. This forces n = 1 and then Hy = T, i.e
thTl :Tlohg.

We define ¢ : é(ﬁ) — Cby ¢ = hgohl_1 and extend it by T to a mapping ¢ : C — C which
is quasi-conformal and preserves the standard conformal structure. Hence it is conformal.
For Z € ¢ one has Ty o ¢(Z) = ¢ o G.(Z). Then ¢ extends to a map ® of @ into C by
®(Z) = po G(Z) —n where n € Z is such that G*(Z) € C(¢). This map & is a holomorphic
diffeomorphism which verifies: ® o G, = T} o .

The property (3.30) follows from the definition of h; and the fact that Im(ha(X +1iY)) —
+o00 when Y — +o0.

If ®; ., 1 =1,2, satisfy (3.29), let x1, = (1)2,€O(¢1,€)71 and xo2,. = <I>17€o(<I>27€)*1. Both x;.
satisfy xj (W +1) = x;j.(W)+1 and this relation allows to extend them to global functions
on C. Moreover X2, o X1, is the identity over a strip of width 1, hence everywhere on C. It
follows that ®5 . o @1_2 is a translation. O

Definition 3.10 A function ®. constructed in Theorem 3.9 is called a Fatou coordinate

associated with the translation domain Q.. The base point of a Fatou coordinate is the point
Zo(e) = 2.1(0).

3.5 Dependence on the parameters of Fatou coordinates

Theorem 3.11 Let g be a prepared family (3.1) and G the lifted unfolding. Let § > 0 and
ro, po be given sufficiently small and let v, p be chosen so that the conclusions of Proposition 3.1
hold. Let Q. be a family of translation domains for € in one of the sectors Vs constructed
by means of an admissible line depending continuously on €.

1. The family (Qe)gevM s continuous in the following sense. Let us consider

Q+ = Ueev; . ({e} x Qo) c C? (3.39)
Then Q4 1s an open subset of Vs 1 x C. Moreover Necy; , Qe # 0.

2. Let Zy(€) € Q. depend holomorphically on € (including at € = 0) and let ®¢ be the Fatou
coordinate defined on Q. for e € V5 and normalized by ®.(Zy(€)) = 0.
Let 4 : Q1 — C defined by ®4(e,Z) = ®(Z). The function ® is holomorphic in
Int(Q) (i.e. for e #0), and continuous in Q.

PROOF. The proof is as in [14]. O

Definition 3.12 The function &+ : Q@+ — C of Theorem 3.11 is called a global Fatou
coordinate associated to the sector Vs 4.
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4 The modulus of analytic classification

Before defining the modulus it is necessary to understand better the geometry of the domain of
definition of (3.7) and (3.10). When € = 0, Sy is the standard Riemann surface of the function
714 obtained by glueing together ¢ sheets along cuts from 0 to co. Fatou coordinates are
defined on translation domains which belong to the complement of a ¢-sheeted neighborhood
of 0. If we consider an admissible line located in a sheet on one side of the hole and the
translation domain it generates, then for ¢ > 2 this domain intersects exactly two translation
domains associated to admissible lines located on the other side of the hole By (see Figure 4).
Moreover each of the two intersections is simply connected yielding that a comparison of the

Figure 4: Four admissible lines and one translation domain (here g = 3)

two Fatou coordinates is possible only in a domain containing a half-plane. When € # 0 we
have a similar picture but repeated at each of the holes. Remember that the whole surface
looks like Figure 1.

So, for the sector V5 (resp. Vj_), we consider 2¢q global Fatou coordinates <I>;% 4 (resp.
@jjff) generated by admissible lines Z;-'f 1 (€) (resp. E;‘ff(e)), j =1,...q, located respectively

between By and either By or B_; on the different sheets and generating admissible strips C‘Jie "
(resp. C'jie_) The lines are chosen so that no positive iterates of points of a fundamental
domain generated by a line £; | ever enters a fundamental domain generated by a line E;f 4. So
lines £; _ and E}f 4+ (resp. £, and EI?) pass through By and B_ (resp. By and By). (For the
index j we work (mod ¢).) They generate translation domains Qfa 4. Their indices are chosen
so that the translation domains of Ejf 4 (€) and £ 4 (€) (resp. E;FH, +(€) and £, (€)) intersect
and contain an “upper domain” (resp. “lower domain”), i.e. a domain whose intersection with
CA'ji , contains an upper end (resp. lower end) of the cylinder CA']-i, 1 /Ge. We give ourselves 2¢q
base points Zfi(e) located in the different translation domains and depending analytically
on €. This gives us, for each sector Vs 1, 2¢ global Fatou coordinates @;;7 , associated to each

of the 2¢ admissible lines Eji’i(e) and base points Zfi(e), ji=1,...,q.

We define
{\Ij(;id: = j_,E,:t °© (Q);:E’:t)_l (41)
Wer =Pes0 (P07

j=1,...,q, where we identify (I)«_;—H,e,i = (I)Ie,i'
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Whenever possible we will drop the lower indices 4 referring to the sectors.

Proposition 4.1 Here we drop the lower indices &+ in the \I/?foi

1. Each map \P?:O commutes with the translation by 1: \Ilg]:o oy =Tio0 \Ifgfo Hence \IJJ“;
(resp. \II‘;,E) induces a mapping \lei (resp. ‘ilg-)@) defined on an open set of @;E(Q;E N
Qj)/Z (resp. (P;_—l—l,e(Qj_,e N Qj+176)/Z) of the cylinder C/Z with values in C/Z.

2. Using the exponential function W +— w = E(W) = exp(—2inrW), we can identify C/Z
with the sphere minus two points : CP'\ {0,00}. The upper end of the cylinder C/Z,
corresponds to co € CP! and the lower end to 0. Conjugating \11976 (resp. \I’ﬁ) with this

map yields an analytic map Qb;-{e (resp. 7,/};’2) defined in the neighborhood of 0 (resp. o)

on CP!: ,
0,00 o . 0,00
%‘,5 (w) = exp <—227T‘I/j76 (—% log(w)>> , (4.2)
where
2.(0) =0, 52(00) = 0. (4.3)

T
S},E

(b) e € Vs, 1, arge =7/2 (c) e€ Vs, arge = —m/2

Figure 5: The maps ;. for different values of €

3. The functions w;-)”:i depend analytically on € # 0 in Vs and are continuous in € at
e=0.

PROOF. The proof is identical to that made in [14]. O

We now need to exploit that g. = f*. This will yield that only ‘11(1)600 are independent and

the other \Il;.)fo, j > 1 are conjugate to them by translations.

Normalized set of Fatou coordinates. Fatou coordinates are uniquely determined by the
base points. By Proposition 4.1 (1) the maps \I/?SE(W) —W can be expanded as Fourier series
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0,00
et for e € Vs

Figure 6: The crescents and maps v

with constant terms A?foi. It is possible to choose the base points of the Fatou coordinates
in Theorem 3.9 (2) so that all A?:zoi = A% for some constants AY> independent of j and of

the sector Vs 1 or Vs and such that A? = —AX (see for instance details in [10] for the case
e = 0 and also Lemma 4.2 below). A set of Fatou coordinates ®F  j=1,...q, such that the

]76’
corresponding transition maps \Ilgfo, 7 =1,...,q, have this property, is called a normalized
set of Fatou coordinates.

Lemma 4.2 We consider a normalized set of Fatou coordinates. Then A? = —A>® = ria/q
. . 0,00 .
and the derivatives of (L satisfy

(¥7.)'(0) = exp(27°a/q) (4.4)
(¥52) (00) = exp(2m?a/q).
PROOF. The proof of the lemma will follow from the proof of (2) in Proposition 5.2. O

Proposition 4.3 We consider a map g. as in (3.1), being the q-th iterate of a map fc as in
(2.2), the corresponding lifted diffeomorphism Ge and a normalized set of Fatou coordinates
on either Vs or Vs _.
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Figure 7: The crescents and maps wg-)”zi for e € Vs _

1. Let o defined by o(j) = j + p (mod q) be the shift which represents the iterates of
exp(2mi/q) under multiplication by exp(2mip/q). Then

‘Pg’(‘}-ci,e(W) =WIX(W —1/q) +1/q. (4.5)
1[12’&3’76(10) = exp (—%) w;-]fo <exp (?) w> . (4.6)

3. Once @fe is chosen the other Fatou coordinates can be taken such that
Py Fe=Tuo o (4.7)

PROOF. The map f. commutes with g. = f&. Hence F. = p_! o f. o p. commutes with G..
We deduce that:

(I):I:

a(j)e o F)(Ge(2)). (4.8)
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Then @iﬁ(j) .o Fe is a Fatou coordinate on a translation domain containing E;-—L(e). Hence there
exists Ceij such that

+ +
L) 0 Fe =T 0 O (4.9)
Using (4.1) we get

) e (4.10)
(W) = ‘I’?,e(W - C:,_j+1) +Cg;

As the set of Fatou coordinates are normalized we get C’;; = C..
Moreover, using F = G, we get @fq(j) oG (W) = @fe(W) +qCc = CIJiEq(J.) (W) +1. As
ol(j) = j we get Cc = 1/q. O

Definition 4.4 Let Diff’ (resp. Diff>*) be the set of germs of diffeomorphisms of CP' defined
in the neighborhood of 0 (resp. oo) and fixing 0 (resp. o).

1. We consider the set of 2-tuples of diffeomorphisms (1/$°, ) € (Diff** x Diff’) having
equal first derivatives at their distinguished point:

(¥1)'(0) = (¥°)'(c0)-
We define an equivalence relation on it by
o —oo0 —0 « —0,00 _ ,00
W) ~ (B, 0y) = Fe e € 9y (w) = ¢ ¥ (ew).  (411)
Let M be the quotient space.

2. We identify M with the set of 2¢-tuples of diffeomorphims ¢ = (1$°, 9%, 950,49, . .. (i wg)
00,0 .
where the ;™" satisty

w;c(’;(;(w) = exp (—%) 1/1;0’0 <exp (%) w> . (4.12)

In particular all 11);0’0 have the same derivative at their respective distinguished point.

Corollary 4.5 For a prepared family G = {ge}tecv with V = V5 UV5_ of the form (3.1) we
have two applications
mg+: Vs+ — M, € — mg +(€), (4.13)

where mg 4 (€) is the equivalence class of (Y75 4, w?,eyi) (which is the same as that of Ve + =
(wi)?s,:bw?,e,:t?‘"’¢g,oe,:t’¢8,67:t))' This equivalence class depends only on G and not of the
choice of the base points.

Remark 4.6 The two maps mg + do not coincide on the intersection Vs, N Vs _. Indeed
for € € V54 (resp. € € V5 ;) the point 0 and oo of the spheres correspond respectively to the
fixed point zp = 0 of g. and the fixed points z1,...,24 of g (resp. the fixed points z1,..., 2,
of g and the fixed point zg = 0 of g.). A neighborhood of them on the spheres corresponds
to a sectorial neighborhood of the corresponding fixed points of g..
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Definition 4.7 Two germs of analytic families f. and f. of diffeomorphisms with a fixed
point at the origin are conjugate if there exists a germ of analytic diffeomorphism H (e, z) =
(k(e), h(e, z)) fibered over the parameter space such that

heo fo = 7k(e) o he (4.14)

where he(z) = h(e, z).

Theorem 4.8 We consider two prepared families F = {f.} and F = {f.} of the form
(2.2) and the families of their q-th iterates G = {g.} and G = {g.} of the form (3.1). We
choose common sectors Vs 1 on which the previous analysis applies. Then the two families
are conjugate if and only if mg + = mg -

PROOF. It is clear that two anlytically conjugate families g. and g, have the same invariant.
Indeed in Proposition 2.1 we showed that the canonical parameter is an analytic invariant,
so the conjugacy is over the identity and it suffices to compare the two families for a given
¢ € V* corresponding to some € € V. From a conjugacy between g. and g, we construct an
equivalence between the Fatou coordinates, etc., which will yield equality of the moduli. We
postpone the proof of the converse since it uses the notion of Lavaurs phase which will be
discussed in the next section.

Theorem 4.8 can be generalized to families not in prepared form.

Definition 4.9 The 2-tuple mg = (mg 4, mg,—) of Corollary 4.5 is called the modulus of the
prepared family F (and of the prepared family G).

Theorem 4.10 To any I-parameter analytic family H = {hy,} which is a generic unfolding

2
of a generic resonant fized point (i.e. gzgg # 0) we associate a prepared analytic family

F = {fe} and its q-th iterate G = {g.}. We call my the modulus mg of G. Then

1. myy is well defined.

2. Two families H and H are analytically conjugate if and only if they have the same
formal invariant a(0) for € = 0 and my = mgz;. Hence a(0) together with my is a
complete invariant of analytic classification under conjugacy.

PRrROOF. The passage from a family to its prepared form is analytic in the parameter. More-
over the parameter of the prepared family is uniquely defined and canonical as it is an analytic
invariant. The conjugacy between two prepared families is constructed as in Theorem 4.8.
Composing it with the changes of coordinate and parameter bringing the families to their
prepared forms yields a conjugacy between the initial families. O

4.1 The Lavaurs phase

Definition 4.11 1. For Vs, the ¢ Lavaurs translations are the maps

Lijer =@, 0T ga(e) © (¢;€7+)—1 Q5 — Q. (4.15)
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2. For V5 _, the ¢ Lavaurs translations are the maps
— -1 —
Lje - = cI);‘i_+1,e,— 0T ga(e) © ((I)j,e,—) : Qj,— - Q;—-H,—' (4.16)

Proposition 4.12 The maps Lj.+ commute with W — W + 1. Hence they induce au-
tomorphisms of C/Z. By conjugating with W +— w = E(W) = exp(—2itW) they yield
diffeomorphisms of CP' preserving 0 and oo, hence linear maps lje+ defined by

lex(w) = vjz(e)w. (4.17)
So the map Lj. + is a translation W +— W + 7; 1 (€) where
vj+(€) = exp(—2im ;4 (€)). (4.18)

The v;+ depend only of a and e when we have a normalized set of Fatou coordinates and are
calculated below in (5.6).

PROOF. The proof is completely straightforward. See for instance [14]. O

4.2 Proof of Theorems 4.8 and 4.10

END OF PROOF OF THEOREM 4.8. Here we prove the converse, i.e. two prepared families
with same modulus are analytically conjugate. The proof is in three steps. Considering two
prepared families G = {g. = f¢} and G = {g. = f} which have the same modulus (and
hence the same canonical parameter €) we first construct for each e a conjugacy between g,
and g.. Using our global Fatou coordinates this will in fact yield conjugacies h¢ + for € € Vi 1,
each depending analytically on € # 0 and continuously on € near ¢ = 0. We have shown that
it yields a conjugacy between f. and f.. We finally show that it is possible to construct a
conjugacy which depends analytically of €. This will be shown in Theorem 4.15 below.
Because the families have the same modulus we can consider that on each sector V4
they have a common set of translations domains jS,a 4 and the same transition functions

\I/;)S_LO = @?f defined on the corresponding intersections. We first consider a conjugacy H, 4+
defined on the union of the translation domains Q1+ = U?:l(ng U@ +). Then we check
that the composition he+ = pe o He 4 © p-! yields a conjugacy over U. The map H, 4 is

defined as
+

D ) lodf ZeQr
HQi(Z) — (7]_7672‘:)_1 o ’];5,i Q'&Qi (419)
(Pjes) 0P ZEQ; 4
The map H, + is well defined because the two families have the same modulus. We need to
show that he+ = peo He 4 o p;l is well defined over U. For this we need to show that H, +
commutes with the translation Tg, (), where a is given in (3.6). For the rest of the proof we

do not write the dependence in e. We write the proof for Vs and do not write the index
. o : —+
referring to it in the functions <I>ji, ;" and \Il?’oo.

{\Il;)o o LJH’ = q)]_ o T—qa o ((I)j:)_l (420)

TJOO oLjy=®; 0T 4q0(®; )"
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We will show in Proposition 5.2 below that L;.+ depends only on the modulus, and hence
that Lj,e,i = Lj,e,i- So

(®;) 1o P 0T 4o = (@) ' oU®oLjod;
— (B V1T T -
(®;)7 oW; o Ljtod; (4.21)
= (@) 0®; 0T o0 (&, )Lod;
= Tyao(®;) 1 od;.
Similarly, using that
LjyoW)=®FoT 40 (0 )", (4.22)
we get
=\ _ =\ _
(B;) todf 0T 4o = (B)) toLjoWodl,

=1 T =0
= (o) O_ﬁj,+ oW o (I);r+1
T gao(®;11) o ®]

- 1
T_gao (®;) " o®].

(4.23)

The last line follows as H, 4 is well defined. The diffeomorphism H, 1 induces an analytic
equivalence h. between the two diffeomorphims g. and g, except at the fixed points. Since
the equivalence is bounded it can be extended at the fixed points. The domain of h. contains
a ball of radius r independent of .

The proof on Vj _ is analogous.

The last step of the proof is to show that it is possible to choose h. depending analytically
on €. This will be done in Theorem 4.15 below. O

q
€*

Lemma 4.13 Let g. = f¢ and g. = f
conjugate.

If gc and G, are conjugate then f. and f. are

ProoOF. Here agaiE we drop the lower indices referring to the sectors Vs 4. Let F and F. be
the lifts of f. and f.. From (4.7) we get

— + -1 +
F. = (@(;(j)) oTyq0 (I)ji (4.24)
= = 1 _ .
F6 - ((I)O_(])) OTl/q @] (I)j .

The map H, defined in (4.19) which is a conjugacy between G. and G. clearly induces a
conjugacy between F. and F.. H, induces a map he which conjugates f. and f.. O

Remark 4.14 Because of the analytic character of the maps wﬁ’i, in order to show that

two families are analytically equivalent it suffices to show that they have the same mg ; (e)
or the same mg __(¢), or even the same mg (€) for € in an open subsector of V; 1 with vertex
at the origin.
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4.3 Symmetries of families unfolding a resonant fixed point

In this section we discuss briefly the symmetries of prepared families g of the form (3.1) as
a tool to prove:

Theorem 4.15 If there exist conjugacies he+ for € € V54 between two prepared families ge
and g, as in (3.1), depending analytically on € # 0 and continuously on € near € = 0, then
the two families g and g, are analytically conjugate.

Definition 4.16 1. The group of symmetries of gy is the commutator of gy inside the
group of germs of analytic diffeomorphisms tangent to the identity at the origin.

2. Similarly, given g, defined on a neighborhood containing its fixed points, we will call
symmetry of g. any analytic diffeomorphism on the same neighborhood which commutes
with it.

The continuous symmetries of g. unfold the symmetries of gg. So we first recall these.

Proposition 4.17 [10] Depending on the modulus (¢?,07 Y1) we get the following cases:

1) If go is generic, i.e. 9, or > does not commute with any linear map, then the
g g 1,0 1,0 )
symmetry group of go is the group of iterates {gg|n € Z}.

(2) If go is not embedable and m € N is mazimum so that there exists ky satisfying go = kg*
with ko tangent to the identity (i.e. ¥9q(w) = w&lo(w™) and Y75 (w) = wEH(W™)
and one of them is nonlinear), then the symmetry group of go is the group of iterates
{ki|n € Z}.

(3) If go is embedable, i.e. @b?,o and Y75 are linear and go is conjugate by mq to the time-
one map vl of the flow of the vector field v given in (1.5) then all symmetries of go are
conjugate by mq to the time-t maps v of the flow of v fort € C.

Proposition 4.18 We consider a prepared family g. unfolding go.

(1) If go is generic i.e. 1/1?70 or Y% does not commute with any linear map, then, for
sufficiently small €, any symmetry of ge is of the form g for n € Z. In particular if
Ye 18 a symmetry of g. depending continuously on € in a sector, and such that o = id,
then . = id.

(2) If go is not embedable and m € N is maximum so that there exists ko satisfying go = ki
with ko tangent to the identity (i.e. w?vo(w) = wf%o(wm) and P75 (w) = wéH(w™) and
one of them is nonlinear) and if . is a symmetry of ge depending continuously on € in
a sector such that vo = id, then v, = id.

(8) If go is embedable, then one of the following cases occurs:

(a) If ve is a symmetry of ge depending continuously on € in a sector, and such that
Yo = id, then v = id.
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(b) For all € the map g. is embedable, i.e. conjugate to the time-one map of the flow v}
of the vector field (1.6) under m. and its continuous symmetries are conjugate by
me to the time-t(e) maps v of the flow of v for a continuous function t(e) with
values in C. The map t(e) is unique as soon as it unfolds the identity, in which
case it makes sense to call the corresponding symmetry the t(e)-th iterate gi(e) of

Ge-

PrROOF. A symmetry sends orbits to orbits. For € # 0 the orbit structure is completely
determined by the quotient of a sphere (CP!) by the return maps in the neighborhood of 0
and co. So a symmetry is given by a diffeomorphism of the sphere preserving 0 and oo (i.e.
a linear map) which commutes with the return maps.

(1) This case occurs as soon as one of ¢(1],0 and ¢7% is nonlinear and both are not of the form

(1)70(10) = w‘f?,o(wm) and 7% (w) = wéiH(w™) for some m > 1. This can be seen on a
finite jet. (Indeed if w%o(w) = > a;w" and Po(w) =325, b;w' this occurs as soon
as there exists m,n > 1 with (m,n) = 1 such that a,, # 0 or b, # 0 and simultaneously
am # 0 or by, # 0.) Then the same property is true for 1/)976 and 7% for e sufficiently
small. So all symmetries 7. of g are of the form ¢ with n € Z. If a family ~. depends
continuously on € then n needs to be constant and n = 0 is the only possibility if we

add the condition that lim._,g h. = id.

(2) is similar. Note that the discrete symmetries may or may not be preserved in the
unfolded family. Continuous families of symmetries will be given by some ! for a fixed
n € Z where k¢ = g, d/m and k. is continuous in e.

3)

(a) The first case occurs as soon as one of w?’e or ¥7 is nonlinear. Indeed suppose that

Y (w) = ar(e)w + as(e)w® + o(w®) with as # 0. As a,(e) depends analytically

on € # 0 it is nonzero on an open dense subset on which we can apply the same
argument as in (1) or (2) since the only possible symmetries are discrete.

(b) Let us look at an individual symmetry H, of v,, given by the time-t(¢) map of its
flow. Then H!(0) = exp(—et(e)) and H/(z;) = exp (qst(d). Different times #(e)

1+ae
and 7(€) yield the same symmetry H, if and only if there exists k, k" € Z such
that T'(e) = t(e) — 7(e) = —@ = W. The only continuous solution 7'(¢)

satisfying T'(0) =0is T' = 0.

PrOOF OF THEOREM 4.15. The idea of the proof is the following: on each of the sectors
Vs, + we have constructed diffeomorphisms h. + between g. and g, which depend analytically
on € # 0 and continuously on € near ¢ = 0. To get the conclusion it suffices to prove that
it is possible to choose the h¢+ so that they coincide on the intersections of Vj.. Indeed
Ye = (he—) 7! 0 he 4 is a symmetry of g.. Moreover . depends analytically on € # 0 and has
a continuous limit at € = 0. It is of course possible to adjust the h.+ so that ho = ho,—.
Then ~p = id. In cases (1), (2) and (3)(a) of Proposition 4.18 it follows that 7. = id.
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So we only need to discuss case (3)(b). Let Aix(e) = hi (0). We define on Vs the
symmetries ¢ + of g. which have the property that 7/ 1 (0) = (A+(€))~*. Indeed g is conjugate
by ke+ to the time one map of the flow of v given in (1.6). Each symmetry .+ of g is
conjugate by k. + to the time ¢ map v! of the flow of v.. As v!(0) = exp(—et) we must choose

ti(e) = % in ye+, ie. Yo+ = gﬁi(e). We replace the maps he + by he+ = Ye+ 0 he+. As
5/674_(0) = E;_(O) = 1 and the two maps he 1 and he_ both conjugate g. with g, then they
coincide on V5 N Vs _. O

4.4 The Glutsyuk point of view
Instead of taking admissible lines as in Proposition 3.8 it is also possible to take admissible

lines parallel to the lines of holes as in Figure 8 but only for values of € such that |arge—k%| >
0 with k € Z, which we call the Glutsyuk domain. Then the fundamental domains are tori as

Z.

N
N

S

\\

Z. Z.
J J

Figure 8: Continuous families of admissible lines and strips for € in the Glutsyuk domain (for
the sake of simplicity we have not drawn the ramification of S¢ at the holes)

G commutes with Ty, (details as in [14]). The Fatou coordinates on the associated translation
domains yield analytic changes of coordinates to the model family in the neighborhood of
each of the fixed points of g.: these are named @fgi for those covering a neighborhood of z;

and @g 63 . for those covering a neighborhood of zy (there are g of these, one in each sheet of
the covering). The lower index is + (resp. —) if Re € > 0 (resp. Re € < 0). As in the proof
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of Proposition 4.3 we can show that they can be chosen so as to satisfy

O es(Fe(2) = ®F 1 (2)+

G,o0(4)

oy (4.25)
Oy, (Fe(2) = (I)O,ej,i(Z)—i_%'

From the shape of the Riemann surface as in Figure 1 it is clear that the domain of any @fa 1

. . G,m
intersects the domain of any ooy

The transitions between the Fatou coordinates are given by

G,j —
\II‘]C,;E,+ - (I)O,EJ,-}— 0 (¢‘]G,E,+) ! 4 26
P& — ¢ o ((I)GJ )—1 ( . )
Je— Ji€,— 0,e,— )

(There also exists other functions ¥ corresponding to the other intersections but they can
be deduced from these ones by means of (4.25).) They depend continuously on € as € — 0.
At the limit the domain becomes disconnected and the \IIJG6 4 tend to \Ifg on one half of the
domain and U2 on the other half. If one of the \I/?’OO is not a translation then so does the
corresponding \I/]GE 4. So the changes of coordinates to the model in the unfolding in the
Poincaré domain are not compatible. We write very few details as things are completely
similar to [8] and [14] and as this is not needed for what follows.

Remark 4.19 The projection of a Glutsyuk translation domain on which we can bring the
family to the model yields a neighborhood of one fixed point on which we can linearize the
diffeomorphism.

4.5 The Martinet-Ramis point of view

In [17] Martinet-Ramis present the orbit space of fy as the union of two spheres identified in
the neighborhoods of 0 and oo by two germs of diffeomorphisms (instead of our descriptions
with 2¢g-spheres and 2q germs of diffeomorphisms). Their description carries over to the
unfolding. Indeed

Proposition 4.20 Over each sector Vs 1 the orbit space of fe is described by the union of
the two spheres Sig U Sy identified in the neighborhood of oo (resp. 0) by 55 (resp. w%E)
where

W=l oL (4.27)

with o
L, (w) = exp < 7rzm> w, where mp = —1 (mod q). (4.28)
PrOOF. The map f. induces a global diffeomorphim between Sji6 and ij(j) . fixing 0 and
00, hence a linear map. From (4.7) it is easily seen that w € S;-i and w € S(f(j) . belong to

the same orbit if W = exp (—%) w. Let m be such that mp = —1 (mod ¢). Then w € S;e

belongs to the same orbit as w = exp (—@) w = L, (w) € ST,. Then identifying points

with same orbits in S; . and 57 through 1[)?76 is the same as identifying points with same
orbits in Sﬂ and S| through 1/3?76 = 1/1?76 0 Ly,. O

We do not discuss this point of view any longer as this is not needed in the rest of the
paper.
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5 The parametric resurgence phenomenon

For € # 0 the construction of Fatou coordinates allows to define renormalized return maps.
These maps allow to study the dynamics of the fixed points of g..

5.1 The renormalized maps as an alternative description to the modulus

We consider a normalized set of Fatou coordinates generated by admissible lines ljj-E(e). These
lines together with their images Ge(ljj.:(e)) determine strips C‘Jie Their images by pe are
crescents Cji. Their quotient under g. are conformally equivalent to CP*\ {0, 00} by Propo-
sition 4.1. We call these quotient spaces S;fé.

Proposition 5.1 1. Fore € Vs \ {0} there exist for the map ge:

i) a renormalized return map: kjc 4 Sj‘."6 — Sj‘-‘;, j=1,...,q, defined by
Fiet =liet © 54 (5.1)
where the map kj  is conjugate to (I);Fe yoT goo0 ((I>].+6 +)_1 by means of E given
in (3.38);
i) a renormalized return map: ko Sie — S’f; defined by
kO,C,Jr = l17€7+ ° 17&5)767"_ -0 ZZI":EF‘F ° 171)0757'*" (5'2)

where the map ko e+ is conjugate to q)iﬁﬁr oT_p240 (¢i€7+)_1 by means of E.
2. For e € V5 _\ {0} there exist for the map ge:

i) a renormalized return map: kj _ Sj_6 — S, k=1,...,q, defined by

J,€’

kjew =)ol (5.3)

]’6a7’

where the map kj — is conjugate to @ 0T_gq 0 (@;67_)_1 by means of E;
ii) a renormalized return map: ko — : SIG — SIE defined by
k07€7_ = lquﬁ)_ o (C;,OE,— ©--+0 ll,E,— ° w]i“iE,—’ (5'4>
where the map ko — is conjugate to (I)T,e,— oT_s240 ((I)Ie,—)_l by means of E.

PROOF. The proof is completely straightforward. O

Proposition 5.2 1. The first derivatives kg, ,(0), ki (0), j = 1,...,q, kp . _(00),

2,6~

k:;‘,e,+(00); 7 =1,...,q, are analytic invariants. Their values are:
k,O € +(0) = 647T2/M0(6) — 6747r2/6
k‘;aevf(o) = 647r2/uj(6) = 847r2(1+a6)/(q6) ] = 17 e q
ko _(00) = A2 /no(e) — p—4m?/e (5.5)
Ko (00) = elm/mi(0) = edm(tad/lae) 5 =1 ¢

as po(€) and pj(€) are given in (2.14).
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2. The maps lj .+ are independent of j when we deal with a normalized set of Fatou
coordinates. They are given by lj +(w) = v4(€) with

vi(€) = exp (q: (4—7r2 + 2”26‘)) . (5.6)

qe q

They depend on €, a(e) and q.

3. The (q + 1)-tuples (koe+, ..., kqe+) defined in Proposition 5.1 are representatives of
the modulus.

4. The maps Ljc+ depend only of the formal part of the modulus and of the parameter €.
PROOF.

1. It is classical that, if a diffeomorphism with a fixed point at the origin has a multiplier
of the form exp(2mif3), then the renormalized return map has a multiplier exp(— 223”).
A proof in the case § € R appears in [27]. A geometric proof for 5 non real appears in

[14].

2. We have the two systems, each in two unknowns:

{kg s (0) =TI (80, ) (0) (v +<ez>q = e~im/e (5.7)

K es (00) = (052 1)/ (00) (vi () ~H = etm e/ a9 - j— 1 ... g
and / _
{ZO(&; ; ]6)<( s o T
€ Joer—
from which we find (5.6) and also (4.4), hence proving Lemma 4.2.

3. It is clear that the @ZJ .+ can be recovered from the (¢ + 1)-tuples (Ko« .. kge+)-

4. The formula (5.6) shows that the maps ;. +(w) = v4+(e)w depend only of the formal
part of the modulus. Then so do the translations L, +. O

5.2 The parametric resurgence

We call parametric resurgence the phenomenon in which the non triviality of the modulus
for ¢ = 0 allows to conclude to the non-linearizability of g. (or f.) on some sequences of
parameter values converging to the origin.

Proposition 5.3 We suppose that for all j = 1,...q, (1&?}’21)’(0) = exp(272a/q). In the
sequel we will speak of normal form of resonant maps at co. By this we mean the normal
form at the origin of the conjugate under w = 1/w of the corresponding map.

(1) Let us suppose that the coefficients of ¢?’0 are such that & = exp(2mip/m — 27T2a/q)¢?’0
is mot linearizable at the origin because the s-th coefficient of the normal form does
not vanish, then the periodic (resp. fized) points z1,...zq, of fe (resp. gc) will be
nonlinearizable as soon as € has the form e = M% with n sufficiently large.

More precisely the s-th coefficient of the renormalized return map of f is nonzero.
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(2) Let us suppose that the coefficients of Y75 are such that §& = exp(2mip/m + 27r2a/q)1/1ff{)
s not linearizable at oo because the s-th coefficient of the normal form does not vanish,
then the periodic (resp. fixed) points z1,...zq, of fe (resp. ge) will be nonlinearizable
as soon as € has the form e = M% with n sufficiently large. Indeed the s-th
coefficient of the renormalized return map of f& is nonzero.

(8) Let us suppose that all @Z’?,Oa e v@bg,o are such that the map

és:w?,oolowé’,oolo---ow(?,ool, (5.9)

where [ is a linear map such that £5(0) = exp(2mip/m), is not linearizable at the origin
because the s-th coefficient of the normal form does not vanish, then the fixed point
20 = 0 of fe (and g.) will be nonlinearizable as soon as € has the form e = % with
n sufficiently large. Indeed the s-th coefficient of the renormalized return map of fa is

nonzero.
(4) Let us suppose that all Y705 - -+ Vg0 are such that
§4:¢%olo---o¢gfoolozpfool, (5.10)

where | is a linear map such that £)(c0) = exp(—2mwip/m), is not linearizable at oo
because the s-th coefficient of the normal form does not vanish, then the fixed point

20 =0 of fe (and gc) will be nonlinearizable as soon as € has the form e = —pzjrr% with
n sufficiently large. Indeed the s-th coefficient of the renormalized return map of fa is
nonzero.

PROOF. If a map has the form ¢(z) = exp(27if3)z + o(z), then its renormalized return map
has the form h(z) = exp(—27i/[3)z + o(z) (see Proposition 5.2).

(1) and (2) The renormalized return map around z; has the form ky . = 1/1?’6,_ oly ¢, where
?7677 depends continuously on e. A priori [1 _ is a wild map, but we limit ourselves

to values of e such that k] . _(0) = exp(2mi ), i.e. Iy (w) = exp(2mip/m —27%a/q)w.
The map k1 — is hence resonant. It is nonlinearizable as soon as one of the coefficients
of its normal form is nonzero. As w?,a— depends continuously on e the non vanishing
of the s-th coefficient of the normal form of & implies the non vanishing of the s-th
coefficient of the normal form of ki .. The situation is similar at the other singular
points because of (4.6).

(3) and (4) This case is very similar to the previous one. Indeed we limit ourselves to values
of € for which the renormalized return map ko 4 (resp. ko, —) has same derivative at
the origin(resp. at oo) as &3 (resp. &) and is very close to it. So if the s-th coefficient
of the normal form of &3 (resp. &) is non vanishing then the same is true for the s-th
coefficient of ko 4 (resp. ko —) for € sufficiently small as described.
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6 The modulus of orbital analytic classification of a family
unfolding a resonant saddle

In [22] it is shown that the modulus of orbital analytic classification of a generic family un-
folding a generic saddle-node under weak equivalence is given by the modulus of the unfolded
holomomy map of its strong separatrix. We show that the same holds for a generic family
unfolding a generic resonant saddle.

6.1 Orbital preparation of the family

We consider a vector field with a generic resonant saddle at the origin, i.e. such that the first
coeflicient of its normal form is nonzero and a generic family unfolding it.

Proposition 6.1 With a change of coordinates and scaling of time we can bring the family
to the form ©, given by

61
{y =y[=E(L+n) + Au + h(z,y)],

with A # 0, u = 2Py? and h(z,y) = o(u).

PrROOF. As it is very standard we only give the main idea. A change of coordinates brings
the analytic separatrices to the axis and scaling allows to transform the system to

r = x

. 6.2
§ = Y2+ n) + Ol ) (62
The final form is achieved through a change of coordinates of the form
p—1 q—1
y=Y(1+Y aj(¥)2! + > bp(a)V"). (6.3)
j=0 k=0
O

The holonomy map of its x-separatrix has the form
fn(y) = exp (—27ri§(1 + 77)) y+ <2m'A exp(—27rz'§) + O(n)) Yt o(y?Th). (6.4)

If we choose to scale x and y so that A = ﬁ, then the map is almost of the form (2.2): only
p is changed to —p and the parameter is different.

An orbital preparation of the family must of course bring the holonomy map and its ¢-th
iterate to a prepared form. It is possible to apply a scaling (z,y) — (azx, fy) with o357 =1
so that the family is defined in the region |z| < 2 and the holonomy is defined as a map from
{x = 1} to itself. When we make further changes of coordinates we apply if necessary other

scalings of this type so that the holonomy is always defined as a map from {z = 1} to itself.
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Theorem 6.2 There exists an analytic change of coordinate (z,y) — (Z,7) = (x, By(1 +
O(u)) and of parameter n — € bringing the family (6.1) to an orbitally prepared form with
parameter

€ = 2mipn, (6.5)

i.e. a form in which the holonomy of the x-separatriz on the section {x = 1} is in prepared
form and in which the invariant manifold has an equation u = €, where u = TPy1.

Proof. The fact that the vector field is non integrable of order 1 leads to the “materialization”
of the resonance [12], i.e. to the birth of an analytic invariant manifold of a special form
which in the limit 7 — 0 goes to u = 0. For 1 = 0 there exists a formal change of coordinate
(X,Y) = (z,y + o(u)) bringing the system to the normal form

X=X (6.6)
Y = Y[-EQ1+n)+AU+n(U)], '
where h(U) = o(U) is a power series in U. In these coordinates the invariant manifold has
the form

n=kU)=>_a;(nl7, (6.7)
j=1

with a1(0) # 0 and the a;(n) depending analytically on n [12]. Even if the change of
coordinates is generically divergent, the invariant manifold is analytic. Coming back to
the original variables x and y it has an equation of the form 7 = ki(z,y) = a1(n)u +
o(u) = u(a(n) + m(x,y)) with m(z,y) = O(u). We take a change of coordinates: (Z,y) =

(x, y(zlw—(lnp) + %i’py))l/ ) in which the invariant manifold has the equation ¢ = @ with a = ZPg1.

This means in particular that the analytic invariant manifold intersects the section {z = 1}
at y? = €. Let f,, be the holonomy map in the variable §. We know that g7 — ¢ = 0 is the
equation of the g-periodic points of the holonomy map coming from the intersection of the
invariant manifold with = 1. Then the ¢-th iterate of fn has the form

i) =3+ 3" — €)1+ 0(n) + O(7)). (6.8)
The map is already prepared as (fil)(0) = exp(—2mipn) = exp(—¢). O

From now on we will always limit ourselves to orbitally prepared families of vector fields
unfolding a resonant saddle. We can suppose that the family has the form (6.1). We will
consider the family as depending of the parameter ¢ where € is given in (6.5) and we will
suppose that the holonomy f(y) of the variable y has the form (2.2) in which we replace z
by y and p by —p. Then its ¢-th iterate g.(y) has the form (3.1).

The variable u plays a special role as the equation of the analytic invariant manifold is
given by u = €. Note that changes of coordinates of the form

(#,§) — (& exp(h(a?,g»,gexp(—gfz(m))) (6.9)

preserve u as % = u.



32 C. Rousseau & C. Christopher

Remark 6.3 In the particular case p = ¢ = 1 the two separatrices play identical roles
although their holonomy maps are in general not conjugate (in particular they usually do not
have the same formal invariant), but related in a more complicated way. A negative rescaling
of time, t — —t, allows to exchange them. To study the analytic orbital equivalence of two
families we will have to distinguish one separatrix for each family and build the analytic orbital
equivalence by extending the conjugacy of the holonomies of these distinguished separatrices.

6.2 Complete invariant of orbital analytic classification for a generic family
of vector fields unfolding a generic resonant saddle

Definition 6.4 Two germs of analytic families of vector fields, O, (z1,y1) (resp. Oc,(72,2))
unfolding a resonant saddle at the origin for € = 0 (resp. €2 = 0) are orbitally equivalent if
there exists a germ of map

K=(h®,8): (e1,21,51) — (hler), Pler, x1,y1),&(e1, 21, 1)) (6.10)

fibered over the parameter space where
i) h: € +— €2 = h(er) is a germ of an analytic diffecomorphism preserving the origin;

ii) there exists a representative @, (z1,y1) = ®(e1,21,y1) which is an analytic diffeomor-
phism in (€1, z1,y1) on a small neighborhood of the origin in (€1, 1, y1)-space;

iii) there exists a representative &, (x1,y1) = &(€1,x1,y1) depending analytically on (€1, z1, y1)
in a small neighborhood of the origin in (€1, x1,y1)-space with values in C*;

iv) the change of coordinates @, and the scaling of time &, is an equivalence between
O, (71,91) and Op(¢;)(72,y2) over a ball of small radius r > 0:

On(er)(Pey (21, 91)) = E(e1, 1, 41) (Pey ) (O, (21, 91))- (6.11)

Theorem 6.5 We consider a generic family unfolding a generic resonant saddle with hyper-
bolicity ratio p/q in prepared form. The modulus of analytic classification of the holonomy
map of the unfolded vector field as described in Theorem 4.8, namely the two families of
equivalence classes

(e ¥l es)/ ™) ey, - (6.12)

together with a(0) is a complete modulus of orbital analytic classification under orbital equiv-
alence. In the case p = q = 1 it is the modulus of the family of resonant saddles with a
marked separatriz.

PROOF. The proof uses essentially the fact that the holonomy characterizes the differential
equation [16] and [17]. This proof can be carried nearly verbatim over a fixed neighborhood
of the origin for values of € in a small neighborhood of the origin.

One direction is obvious: If two orbitally prepared families are equivalent then there
exists an equivalence transforming one to the other. In these coordinates they have conjugate
holonomies for each value of € over a fixed neighborhood in y-space, hence the same modulus.

Let us now consider the converse. We consider two orbitally prepared families of vector
fields ©1, and O3, which are generic unfoldings of resonant saddles with hyperbolicity ratio
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p/q defined on the same neighborhood of the origin containing |z| < 2. We suppose that the
families of holonomies are conjugate. In particular the parameters n for the vector fields and
€ = 2min for the holonomies are the same. For each € in a neighborhood of the origin we
need to construct an orbital equivalence between the two vector fields over a neighborhood
of the origin W = B(0,2) x U, which is independent of e: the orbital equivalence will depend
analytically on e. As the hononomies f;., j = 1,2, are conjugate there exist an analytic
change of coordinate y2 = ((y1) = ((y1, €) conjugating fi . with fo,, ie. fic=( 1o fac0l..
(e is defined from {z; = 1} to {z2 = 1}. We want to perform a change of coordinates on
©1,, on a whole neighborhood of the origin so that the two holonomies become identical. As
¢c(0) = 0 since 0 is a fixed point and since the ¢g-th roots of € are periodic points of period ¢,

2nik

then ((y1) =€ ¢ y1+v1(yf — €)C1e(y1). We let the change of coordinate on W be given by

27mik

@1, 71) = (z1,y1(e « + (ur — €)Cre(y1))) = Ac(@1,11)- (6.13)

The change of coordinates A transforms the invariant manifold u; = € of ©1, into u; =
€. Moreover (Ac)«(O1,) and O3, have the same holonomy on {Z; = 1} and {zo = 1}
respectively.

So we can suppose that ©1, and O3, have the same holonomy on z; = 1. The next
step consists in constructing a change of coordinate K (z1,y1) = (x2,y2) transforming the
first system to the second. This change of coordinate will of course be the identity (i.e.
K(1,y1) = (1,y2)) on z; = 1. The first step is to extend K. to |z;| = 1. For that we
consider the path (¢%,0), 6 € [0,2n] which is lifted in the leaf of the foliation through (1, y;)
as (€, a;(0,y;)). We let

Ke(ewaal(eayl)) = (€i97a2(0>y1))' (614)
The next step consists in extending K. along lifting of radial paths:
Te; 0 [0, —Infz;|]] — W, r2;(8) = (w;€°,0), (6.15)

for 0 < [z;] < 1. The lifting in the leaf through (z;,y;) is a path (zje’, Bj4,(s)) with
endpoint 6;(z;,y;) = (‘z—]‘, Bjx;(—In|z;])). The map d; is the flow of ©;, for the time — In |z;|:
J

0j = 6); e, So the inverse map is well defined. We let

777
01 (1, = (&, 7(x1,
17(1 1731) (@1, 1) (6.16)
52 (wva) = (x27’72(x2ay2))
Then we let -
Ke(xbyl) = (x1772(Ma71(x1ay1)))' (617>

The map K. is a holomorphic equivalence between the vector fields outside z; = 0. As it is
bounded by Lemma 6.6 below it can be extended to xz; = 0. It clearly depends analytically
on €. a

Lemma 6.6 We consider a vector field

(6.18)
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defined on |x| < 2 and y < r, in which A € C is a parameter in a small neighborhood of
Ao > 0 where Re A > 0 and a(z,y) = O(|zy|). We consider a radial path as in (6.15) (we
drop the indices). Its lifting through (x,y) has endpoint 0x(xz,y) = (%,fy,\(x,y)). Then there
exists a neighborhood A C C of Ay and a neighborhood U of 0 such that for all A € A, for all
xo with 0 < |xo| < 1 and for all yo € U

Ao Ao
lollzol*2 < |va(zo, 0)| < |vollzol 2 - (6.19)

Proof. The proof is very close to that of [16] and [17]. From (6.15) we get § = 1. This yields
to the differential equation

dy(s)

1) — () (A + alzoe’,y(s))) (6.20)
with initial condition y(0) = yo. So
dly(s
B y(s)1(~Re A + alzoe” y(s)). (6:21)
For |z| < 2 and |y| < rg with 7o sufficiently small we have |a(z,y)| < %. Then
A A
—(22 4+ Re N)s <1In y(s) < (—Re A+ 22)s. (6.22)
4 Yo 4
Hence \ \
[pole™ (XD < Jy(s)] < [glel e A7 (6.23)
We evaluate this at s = — In |zg| and take |\ —Ag| < % from which (6.19) follows for |zg| < 1.
|

7 The transcritical bifurcation

We consider here the case of a resonant hyperbolic saddle of a real system (6.1) in prepared
form. Hence the parameter 7 is real and also the formal invariant a. Moreover in that case
we usually only observe the singular point and not the invariant manifold. We only need to
describe the behaviour for n < 0 and n > 0. As € = 2mipn this corresponds to € € iR~ and
€ € iRT. In the first case the renormalized return map for the ¢g-th power of the holonomy is
given by (5.4), namely:

koe— =lge oWy or ol ovr . (7.1)

We see that the renormalized return map, and hence the normalizability of the origin depends
on ¢7% _ only. In the second case the renormalized return map is given by (5.2):

0 0
k07€7+ = l17€,+ o 77b1,e,—i- 0---0 l(—;:e,Jr 0 w €, (72)

The normalizability of the origin depends on Mfﬁ, 4 only. In particular if we start with a
semi-normalizable saddle point: v linear and 9{° nonlinear (resp. ¢ nonlinear and ¥$°
linear) we may observe families in which the origin is non integrable for sequences of negative
rational values of 1 and integrable for n > 0 (resp. the origin is integrable for n < 0 and non
integrable for sequences of positive rational values of 7).

Such examples of families appear in [3] and [5] and raised the first author’s interest in the
subject. They are families of polynomial vector fields.
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8 Modulus of analytic conjugacy for a generic family unfold-
ing a resonant saddle

8.1 Preparation of the family

We consider a generic analytic 1-parameter family of vector fields unfolding a resonant saddle
of order 1. As the separatrices are analytic and depend analytically of the parameter the
family can always be brought by an analytic change of coordinates to the form

X, - {x = A (€)xzhy (z,y)

) (8.1)
U = Aa(e)yhae(z,y)

where :\\fggg = —g, % (i—f) # 0 and h;(x,y) = 1+ O(z,y). Modulo some preparation on the

orbital form as in the beginning of Section 6.1 we can suppose that

Aae)  p wi _ €
MO q(l + 1) th n omip (8.2)

We can of course suppose that the family

X
)\1 (6)h’1,6 (I‘, y)

is in prepared form (6.1) (because the transformations to get (6.1) are in y only and hence
preserve the equation & = x).

O, = (8.3)

Proposition 8.1 There exists a change of coordinate depending analytically on € and bring-
ing the family X. = \i(€)h1(z,y)Oc with O, given in (6.1) to the prepared form

)\1 (e)kl,e(‘ra y)@a (8'4)
with k1 ¢(z,y) =14 O(u).

Proof. A conjugacy given by the flow Xfe @9) of X, for a time & (x,y) transforms the vector
field X, to vector field Ai(€)k1 ((z,y)Oc provided

1 k1 e

_ Fe 8.5
1 + Xs (fe) hl,e ( )
(see for instance [4]). Hence
hi,e
Xe(6) =7~ 1. (8.6)
1,e

We need to choose & in such a way that ky (x,y) = 1 4+ O(u), with u = 2zPy9. For that
purpose we write

q—1

p—1
hie(z,y) =1+ vaic(x)+ > 27bjc(y) + me(z,y) (8.7)
i=0 j=0
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with a; (0) = 0 and b;(0) = 0 and m.(x,y) = O(u) and we take
q—1 p—1
= Yaiclx)+> 278 (y). (8.8)
i=0 j=0
Let ne(z,y) = Y100 y'aie() + X520 #7bje(y). As

q—1
X&) = MO +ne(e,y) + O ( +zau<x><—<p+n>+0<u>>) y
0 q

i=

T Z <Jﬁj ((y) T yB(y )(—(g +n) + O(u))) 7

(8.9)
and writing

ne(z,y) i
M ()1 +nc(z,y) + O(u Zy Vil HZ?L’ Jj.e(y) + O(u) (8.10)

with 7;.¢(0) = 6;(0) = 0 (this decomposition is not unique), this yields linear differential
equations

v () = (2 + W)ai(z) = ela) s
3Bje(y) — (2 +n)yB; (y) = dj.e(y) '
which all have analytic solutions vanishing at the origin. O

As in the previous section we can assume that we work in a neighborhood of the origin
of the form {|z| < 2} x W, where W is a neighborhood of the origin in y-space (a scaling
in (z,y) preserving u may be necessary to achieve this.) We will always limit ourselves to
families X¢ = Ai(€)h1¢(x,y)O, in prepared forms, i.e. such that hy(z,y) =1+ O(u).

Proposition 8.2 The family X, has four formal invariants:

i) € = 2mipn: the multiplier of the q-th iterate of the holonomy map of the x-separatriz is
exp(—e);

ii) a(€), where the multiplier of the q-th iterate of the holonomy of the x-separatriz at the
invariant manifold is exp(&;)-

iii) t1(e) = )\217{2) is the time spent along the loop x = xge®,y = 0 when 0 € [0,2x]. This
time is independent of xo. In particular we can take ro = 1.

iv) ta(€) is the time spent along the loop x = wge'

course assume that

,u = €, when 0 € [0,2mq]. We can of
2miq
A(e)(1+eCle))’

Again it is independent of xo. In particular we can take oy = 1. C(€) is completely
determined by ta(€) and admits a continuous extension at € = 0.

to(e) = (8.12)
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The first two invariants depend only of the orbital analytic classification and the last two
mwvolve time, so they are only invariant under conjugacy.

The problem we are interested in is the classification of analytic families under conjugacies
(the definition is similar to Definition 6.4 above except that we do not allow to divide by a
nonzero function: see below). For that purpose we compare our family to an adequate model
family. As above the comparison with the model family will generically be ramified and we
will find the modulus from this ramification. The modulus will have two parts, the first part
being the modulus of analytic orbital classification and a second part dealing with the time.

8.2 Comparing the family to a model family

This step is an intermediate step in deciding if two families are conjugate. Indeed a conjugacy,
it is exists will be found by composing conjugacies of each family to the model family. The
conjugacy is first defined on a section of the separatrix and then extended. Here we limit
ourselves to the definition of the conjugacy on a section.

We compare our family to a model family

= M(e)z(l+ C(e)u)

Ye = (1+ B(e)u)

g=-M(e)ly(1+ U)m .

(14 C(e)u)
where A(e) and B(e) are chosen so that u = € be the invariant manifold. Hence 2imp(A —
B — nB) =1, which determines B(e) as a function of A(e):

B Ale) B 1
14+ 2mip(l4n)

B(e)

(8.14)

Then the family can be rewritten

v = M(e)z(l+ C(e)u) o1
Co= _Al(e)gy 1= 2732']? 1 —il-LA_(Z)u (1+C(eu). o

1
Taking v = ua yields the equation

dv 1 v(v? —€)
de ~ 2miq z(1+ A(e)v?) (8.16)

To calculate the g-th iterate of the holonomy we take 2 = exp(2mig#) with 6 € [0, 1], which
yields
dv v(v? —€)

6~ 1+ A(e)vd’ (8.17)

The coefficients A(e€), A1(€),C(e) are chosen so that the family has the same four analytic
invariants described in Proposition 8.2 as (8.1). This goes in the following way:

ii) We simply have A(e) = a(e) as the g-th iterate of the holonomy is the time-one map of
(8.16);
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iii) We have ti(e) = /\21—7(2);

: 21
iv) t2(€) = xrecwy
We look for a conjugacy of a certain type, namely the flow of X, for a certain time & (z, y).
This flow map preserves the leaves over a fixed neighborhood of the origin for sufficiently small
e. It is shown in [4], [24] and [25] that X is mapped to Y. by an analytic diffeomorphism,
H. being the flow map X§6(W) of X, for some time & (z,vy), if

XK@ e e19
Hence we must construct a solution of (8.18). Let
T(€) = 14_]1% -1 (8.19)
Thus we want to construct & (x,y) satisfying
Xe(&e) = Te. (8.20)

The construction goes in two steps. We first construct a solution & (1,y) over the section
Y = {z = 1}: this step will be sufficient to define the modulus of conjugacy. We should then
extend it to a full neighborhood of the origin but we will see that this second step is not
necessary to solve the problem of deciding when two families are conjugate. Let y € 3 such
that fd(y) € ¥, where f. is the holonomy map of the z-separatrix and fg its g-th iterate.
Then the function & (1,y) = & ,¢(y) must satisfy

6510 — 1) = [ X (8.21)

where f. is the holonomy map, v,(y) is the lifting of the curve 7,0 = {(z = €¥,y),0 €
[0,27g]}, to the leaf through (1,y) joining (1,y) and (1, fd(y)) and dt is the time-form of X..

Before discussing the first step, namely the construction of a solution to (8.21) let us give
the definition of a time-form of a vector field.

Definition 8.3 A time form dt of a vector field X is a 1-form such ixdt = 1.

Remark 8.4 (i) Let w be a form such that ix(w) = 0. Such a form is called a dual form to
X. Then the time form is uniquely determined up to the addition of a dual form to X.

(ii) It is easily checked that if dtx is a time form for X and Y = ¢*(X) for some change of
coordinates then ¢*(dtx) is a time form for Y.

Lemma 8.5 Let
ke(y) = / Te dt. (8.22)
7(y)
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where y(y) is the lifting of the curve vo = {(z = €%, y),0 € [0,27]}, to the leaf through (1,y)
joining (1,y) and (1, f(y)). The function ke(y) of (8.22) is analytic in y. Moreover there
exists positive constants ci1(€), ca(€) such that

1(6)]y] neary =0 (8.23)

o(€)|y — €9 neary < /4,

PROOF. This comes from the fact that Y, has the same formal time invariants as X.. Indeed,
if dtx_ (resp dty,), is the time-form of X, (resp. Y¢) and if v, is a trajectory of X, (hence of

Y.), then
/ dty6 - thE = / Te dzx (8.24)

and this integral vanishes for y = 0 and y? = ¢, yielding the estimate (8.23). O

We now examine the holonomy on x = 1 with z = y as a coordinate and we lift to the
Z-plane by composition with (3.7): z = p(Z).

Theorem 8.6 Let

K. = keope
8.25
Fs = pe_lofeope- ( )

Let Q;;,i be a translation domain and <I>jjf€7jE be a Fatou coordinate on it. Let o be the
permutation on {1,...,q} given by j + j+p (mod q) and o* its i-th iterate.

(1) There ezists a unique holomorphic function éjjfe,i defined on <I>ﬁ7i(ij€7i) satisfying:

q—1 .
—_— = ~ 1
Er L (WH)-Z5 (W) =>_ Kji(j),e,i <W + 5) , (8.26)
i=0
where i
K, (W) =Kco (9, ) (W), (8.27)

and such that its limit is zero at the lower end of the strip and its limit at the upper
end of the strip exists. The function Efe,i depends analytically on € € V54 for e # 0
and continuously on € near € = 0.

(2) The different é]ie + are related by the following recurrence relations:

- ~ 1 ~ 1

=+ _ =% _ - + _

et =Fjes (W q> +EGex <W q> : (8.28)

(3) For e # 0 the E;;’i are related to the é;€7i by means of:
= =7t . — =t + - -1
{Hj’e’+ = et O Ljet = Fjer 0Py 0 Tga 0 (g 4) (8.29)

=T =57 . =t + R ! )
Hjae)_ - _'j+17€7_ © L]’ D ‘_'j+17€7+ © ®j+1,6,— © T—qOé © <(pj7€7_) ’

where Lj .+ are the Lavaurs translations defined in (4.15) and (4.16).
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(4) The different functions é;;_ (resp. §f€’+) all have the same limit at the upper end of
the strip.

PRrROOF. For all the proof we remove the lower indices. For the first part of the proof we also
drop the upper indices £. Let

q—1 .

~ ~ )

Rie(W) =" Kyij).c (W + 5) . (8.30)
=0

Let C' C ®;.(Q;.) be a closed strip of width 1 with boundary £UT; (¢), where £ is a line with
same direction as e*®, 8 € (6,7 — §), and Ty (W) = W + 1. By Lemma 8.5, the definition of
pe and the limit behaviour of the Fatou coordinates in (3.30) we have that R;.(W) — 0 as
Re(We™) — +o0.

Let Uy be an open neighborhood of C. Let § of the form

Im(We™
5(W) = s(Re(W) — cot 8 Im(W)) = s(—m(T‘;)) (8.31)
where s : R — R is C'°°, monotone increasing and satisfies
0 <
s(z) = { r=mn (8.32)
1 z>ux9

with 21 < 3. The values z1 and 3 are chosen so that § = 0 (resp. § = 1) on a neighborhood
V1 (resp. Vo) of £ (resp. T1({)). Let éj,e(W) = 5(W)R;j (W —1).) Then éj,e is a C'*°-solution
of (8.26).

The first derivatives of 3 are bounded as Re(We™) — +oo. Hence the function éj,e
satisfies

lim Zje(W) = 0. 8.33
Re(We=8)—+oo ],e( ) ( )

We must correct éjﬁ to an analytic function. As Rj,e is analytic in W we have that
02, (W +1) — 8= (W) = dR; . = 0, (8.34)

2

5 Hence EEN is periodic of period 1. Moreover

where 9 =

li 9=, (W) =0, 8.35
Re(We—lgg)eioo 7 ( ) ( )

as géj&(W) = 95(W)R; (W —1). We look for a function H., periodic of period 1, such that
JE;. = OH.. (8.36)
Then an analytic solution to (8.26) will be given by
Zjc=Zjc— H.. (8.37)
To find H, we let
me(z) = Zje (—1 In z) . (8.38)
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The function aa”;e = %%—? = 2731.2 583%6 is C*° on C* and bounded in the neighborhood of 0
(resp. O(z%) in the neighborhood of c0) on CP! because of (8.23). We will show the existence
of a function n, defined on CP! which will be C* on C* = CP'\ {0, 00} and C° on CP' and

such that on C*

ome  One
= . 8.39
0z 0z (8:39)
The function H. we are looking for is
H (W) = ne(e 2mW), (8.40)
Indeed H. is periodic of period 1 and satisfies (8.36) since

OH, On. 0z | On. 0% one 0%,
—_E: E—_ 6—_:2 .z 6: ie- 841
oW oW ozow oz ow (841)

To construct n. we now consider a covering of CP! by two connected open sets U; =
{z;|z| < p1} and Uy = {z;|z| > pa} with 0 < p2 < p1. Let Uy = Uy \ {0} and U5 = Uz \ {o0}.
Moreover the closure U; of each U; can be identified to a compact set of C. On each U; we
will construct in Lemma 8.7 functions n; . with are C? on U; and C™ on U; and such that
On;e = Ome on Uf. The difference niae = n1 . — na, is analytic on Uy N U = {z; pa < |2| <
p1}, hence it can be expanded as a Laurent series:

Nig,e = Zaj(e)zj. (8.42)

JEZ
The holomorphic functions

{m,e(z) =32 ?j(e)zj z€l (8.43)

roe(2) = — =00 a;(e)z! z € Uy
are analytic on their domain and satisfy ni2 . = 71, — 2. The function n. we are looking
for is given by

ne(z) = nie(2) — 1ic(2) for z € U;. (8.44)

Any other solution differs from this one by a global holomorphic function on CP!, ie. a
constant. In particular n.(z) is uniquely defined if we ask that n.(0) = 0.

We then extend Z;. by iterating (8.26) on ®;.(Q;.). The function defined here de-
pends analytically on € # 0 and continuously on € near ¢ = 0: this comes from the explicit
construction of n; . and rj.

For the proof of (2) we construct =1 . as in (1). The other Z; are constructed from Z
by means of (8.28) and yield solutions of (8.26). By uniqueness of solutions of (8.26) they
must be the solutions constructed in (1).

The proof of (3) follows since F, and G, commute with Ty, K, is invariant under Ty,
and (ﬁ;:e 0T gq 0 (qﬁj_,e)*l commutes with 77.

To prove (4) we first remark that lim pe(pye—i8)— 100 Eﬁ exists since lim pe (ype—8)— 100 B =

)

0, from (3.30) and from limpe(yye—is)— 0o He(W) = nc(oo) € C. The fact that it is the same
for all éjfe comes from (8.28) and (8.29). O
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Lemma 8.7 There exist functions n; . with are C° on U; and C™ on U, and such that

8ni,e N 8m5
9z oz (8:45)

on U;.

PRrROOF. We first construct nj . Let §; > 0 be small and let Uy 5, = {2;61 < |2| < p1}. Let
bes, be C°° on Uj such that

om
=< zeUs
bes, =4 97 o 8.46
€,01 {0 |Z‘ <%1 ( )

Let
< 61 d dc. 47
Ue 51 //{; C C A < (8 )

By Theorem 1.2.2 of [9] the function u. s, is C* on C and analytic outside U s5,. The function
n1,e we are looking for will be
Nnie= 6lim0 Ue,5, - (8.48)

1—)
It will be C* on U; and C° at the origin provided we show that

€

om
C (C) _ 2m ] 51 om 4
o = -2 —i6 € 0
/ /|<<51 g ende= 22/0 ‘ < ., oz e W) db (8.49)

ame (z)

tends to 0 as 4; tends to zero. This comes from the fact that is bounded in the

neighborhood of the origin.
The construction of ng . is similar. The result follows from the fact that angi(z) is O(E%)
in the neighborhood of co. O

Proposition 8.8 The functions

70 == A+ 0 -1
M= —jet T Titlext (\Ijj,e,i) (8.50)
00 == =+ (\I/OO )—1 '
get T Zjet T Thet Jet

are periodic of period 1. They are defined on the same domains as the corresponding \I/? foi,

namely Q €, m\I,]e:I:(Q]-&-le:t) (resp Q]e:l: mq]]e:t(Qje:t)) f07‘ e:t (7’68]) jo,g,:t)'
Moreover they are all determined by M1 et Since

Mr(f)(a) (W)= %(')vai(w —y) (8.51)
MRy (W) = M2 (W — ).
Let
G =M% o B (8.52)

The functions ng’i (resp ;"éi) are germs of analytic functions defined respectively in the
neighborhood of 0 (resp. oo) on CP' and wanishing at 0 (resp. oc) provided the different
éji,i have the same limit in the direction Re(We™ ™) — —oo (resp. Re(We ™) — o0).
This last fact follows from the recurrence relations (8.28) and (8.29). The functions 4]07’21
depend analytically on € € Vs + for € # 0 and continuously on € near e = 0.

Definition 8.9 The families of 2-tuples (Cgei, (7% +)|eevs , is the time-part of the modulus.



Resonant diffeomorphisms 43

8.3 The modulus of analytic conjugacy for families

Definition 8.10 Two germs of analytic families of vector fields, X, (z1,y1) (resp. X, (2, v2))
unfolding a resonant saddle at the origin for €; = 0 (resp. €2 = 0) are analytically conjugate
if there exists a germ of analytic diffeomorphism

K = (h, H) : (61,1’1,y1) = (h(el),H(el,xl,yl)) (853)
fibered over the parameter space, where
i) h: e +— €2 = h(er) is a germ of analytic diffeomorphism preserving the origin;

i) if we let H, (z1,y1) = H(21, 1, €1), the change of coordinates He, is a conjugacy between
Xe, (z1,91) and Xy, )(z2,92) over a ball of small radius r > 0:

Yh(el)(I{ﬂ (x17 yl)) = (Hél)*(Xﬁl (331, yl)) (854)

Definition 8.11 1. We consider the set D = Diff’ x Diff>* x H] x HE°, where Diff’ (resp.
Diff*°) is the set of germs of analytic diffeomorphims in the neighborhood of 0 (resp.
o) on CP! fixing 0 (resp. oo) and H (resp. HS°) is the set of germs of holomorphic
functions in the neighborhood of 0 (resp. co) on CP! sending 0 (resp. o) to 0.

2. We consider the following equivalence relation on D

WO (Cw) = CP" (w)
Y (Cw) = O™ (w)
O(Cw) = ¢ (w)

¢*(Cw) = (™ (w).

We note by [(10,4°°, (%, (*)] the equivalence class of an element of D.

(0, 4,0, ¢®) = (°, 9, ) = c e C* (8.55)

3. We call N the set of equivalence classes of D.

Theorem 8.12 We consider a germ of family of vector fields X. = \i(€)h1,O¢ as in (8.4)
in prepared form. Then the families (Me +)|ecv; ., with

Me,i = [(¢?,e,:|:a 'Qbioe,:l:a C?,e,:ta C?je,:l:)] eN (856)

together with the formal invariants a(0), ti(€),ta(e), is a complete modulus of classifica-
tion under analytic conjugacy. Moreover it is possible to choose families of representatives
(¢?7e7i7¢ﬁ¢7 ngj:, Cf‘gi)‘eev&i depending analytically of € for € # 0 and continuously on €
near € = 0.

PRrROOF. If two germs of families of vector fields are analytically conjugate it is already known
that they have the same orbital part of the modulus. Also they can both be brought through
an analytic change of coordinates to the respective forms X, = hy O, and X, = 51,6967
with same ©,.. We know that there is a change of coordinates H, transforming X, into X..
This change of coordinates induces a conjugacy between the holonomies (indeed H, sends

{x = 1} to a section ¥ transversal to the flow of X, and we compose with a transition map
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for X, from X to {z = 1}.) We can apply a change of coordinates H; . = (z, 8y + o(|x, y|))
to X, as in (6.13) so that the two vector fields X, = (Hj)«(X.) and X, have the same
holonomies on « = 1. Then H; o H, preserves the holonomy. Hence it induces a symmetry
of the holonomy. The symmetries of the holonomy have been described in Proposition 4.18.
A symmetry of the holonomy can be extended to a symmetry Hs . of the foliation described
O, by the same method as in the proof of Theorem 6.5. Then H» . is a change of coordinates
preserving the foliation described by ©. and transforming X, into )~(€. Then X€ and Xe have
the same holonomies and moreover the conjugacy induced by Hi o Hc o (H276)_1 between
the holonomies is the identity. Then the map Hy .o Hc o (HZE)*l preserves the leaves and
is hence given by the flow X& of the X, for some time function &. It follows that the two
families of vector fields have the same time part of the modulus.

The converse requires more work. We take two germs of analytic families of vector fields
which have the same modulus. We then know that they are orbitally equivalent, so we can
always suppose that they have the same prepared orbital form with same canonical parameter
e Xe = Mi(€)h1,0, and X, = Al(e)ﬁl,e@e over each of the two sectors Vs 1. For the rest of
the proof we drop the lower indices + referring to the sectors.

We will look for a conjugacy of a certain type namely the flow of X, for a certain time
Xe(x,y). This flow map preserves the leaves over a fixed neighborhood of the origin for
sufficiently small e. It is shown in [4], [24] and [25] that X, is mapped to X, under the flow
of X for some time x.(z,y) if

hi e
Xe(xe) = h? o (8.57)

(see [4]). Hence we must construct a solution of (8.57).
We first choose a function x1¢(y) defined on {x = 1} and satisfying

lf0) <) = [ i, (3.58)
Yy

where we integrate over y(y) which is the lifting of the curve z = exp(27if), 6 € [0, 27] and
dtx, is the time form of X.. We then extend it to a neighborhood of (z,y) = (0,0) except
on x = 0 by considering trajectories (x(t),y(t)) of X, through (1,y9). By passing to the
Z-variable, where Z = p-1(y), it suffices to find a function X1 (Z) such that

X1e(F(Z)) = X1,e(Z) = Ke(Z) — Kc(2). (8.59)

To construct explicitly x1, we first define functions

EjE = EjE o @fe
_ = 7 (8.60)
Eie = Ejeo0 <I>j’E

on (@;%6)_1(@]-76) and in U. (Note that X, and X, have the same Fatou coordinates @jfe.)

If ¢ = 1 it is natural to take x1 .= &1e — ELE which is well defined because the two vector
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fields have the same modulus. Then we would have

i) —x = [ (1) i (et ) .
N /y(y) <1Jrh0;(6€)u) - 1) Al(Sihl,e - (1 +hé7(5€)u) - 1> M(SZM,E

hl € El € dx hl ,€
= : ’ = = = —1)dtx,.
vy AT hych Y(y) \Nie
(8.61)

In the case ¢ > 1 we need to be more subtle and adjust to the fact that the functions
fj-’ce are defined by integrating over a time corresponding to the ¢-th iterate of the holonomy
map. The details are as follows. We first show that the function

E2), Ze (@)@ (8.62)

M}® = M)&od;

76 7E

Mfom B Md (D{ (8.63)
j?e - ]76 j76‘

0,00 _ 770,00
Then M.~ = M. Moreover

MY = —=F
Jy€ e TJtle

1 = _ = (8.64)
Jr€ = e

All this together implies that N, is well defined.
The function x1 . is given by:

X1e(y) = X1eop: " (8.65)
with L .
D) = T (BD) -ZH0) - B RO S0 (g
= Ne(F(2)) — Ne(2),

for Z € (@fﬁ)*l(ije). Since N is well defined, so is X1, and hence x1 . Moreover (8.59) is
satisfied since

o) (F2)) = E((2) = E500). OF(Z>—§fE?‘Pi(Z)
— Eﬁ: oT 1o(I) OF(Z)—E:,‘: oq)i(z)
2,€ B a(j).e J5€ J,€ (867)
—i—KJeoT 1 od ()oF(Z)
= K.(2),
because of (4.7), and similarly
=t =t J—
Eo(j)e(Fe(2)) = Eje(2) = K(Z), (3.68)

yielding (8.59).
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We must now extend x1.(y) to a function x.(z,y). Indeed we consider a solution curve
(x(t),y(t)) of T, with (z(0),y(0)) = (1,y0) and we let

xele(t), y(t)) = /0 (2 (s), y(s))ds. (8.69)

We must show that y. is well defined outside of x = 0 and bounded in the neighborhood of
x = 0, thus having an analytic extension at = 0. This is done in Lemma 8.13 below.

The fact that y. is well defined comes from (8.58).

On each of the sectors V; + we have constructed a function x.+ depending analytically
of € # 0 and continuously on € near ¢ = 0. The last step of the proof is to show that the
two functions x. + glue together in a uniform function ., which is therefore holomorphic. It
suffices to show that the two functions coincide on the intersection of the two sectors V 1.
Indeed on the intersection of the two sectors we have two functions x4+ and x._ such that
the flow XX“* of the vector field X, for a time .+ is a conjugacy between X, and X.. Then
the flow XXX~ is a conjugacy between X, and itself. Hence the function Xe+ — Xe,— 1S
a solution of (8.58) in the particular case 7. = 0. Constant functions are obviously solutions
of (8.58) when 7. = 0. To conclude that x4 — X¢— is constant we need some form of
unicity. This is obtained by applying Theorem 8.6 with the particular function K. = 0.
We know that the solutions §j76 of the equation (8.26) are unique up to a constant, hence
they are precisely the constant functions. As moreover we have that x.+(1,0) = 0 then
Xe+(1,¥) — Xe,—(1,y) = 0 and finally X = Xe,— using (8.69). O

Lemma 8.13 The function x(x,y) defined in a neighborhood of the origin minus the axis
x = 0 s uniformly bounded.

PROOF. As a natural trajectory from a point (xg,y0) with zg # 0 to (1,y(T(x0,%0))) we
first take a trajectory v, with time ¢ = t'A\(e) with ¢’ real, ¢ € [0,T1(zo,yo)], until we
reach a point (z1,y;) with |z1| = 1, and we follow by a lifting 2 of (e?,0) with initial
condition (x1,y;) until we reach (1,y(T(xo,y0))). The time from (z1,y1) to (1,y(T(zo,y0)))
is uniformly bounded. As the function 7, is uniformly bounded this part of the integral is
bounded. We concentrate on the integral on the first path. There we have that for small
m > 0 there exists 72 > 0 such that for |u| < no

d|z
|z|(1—m) < th < |z (1 +m). (8.70)
Hence
Te
/ . dt‘ < \)\1(6)|/ T dlal. (8.71)
n A
The result follows as 7. = O(u). O

9 Directions for further research

We mention some natural directions for further research:
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1. The first is to identify precisely the modulus space for germs of analytic families of dif-
feomorphisms unfolding a germ of generic resonant diffeomorphism. This is equivalent
to give the set of families 9. of 2-tuples of (Dif > x Dif f°) which can be realized as
the modulus of a generic family unfolding a resonant diffeormorphism. The difficulty
in this problem comes from the unknown behaviour in € of the ngooi at € = 0. We con-
jecture that there is probably some form of 1-summability in €, a stronger conclusion
than only continuity in € near € = 0.

2. The second is to generalize the previous results for higher codimensions. The Fatou
coordinates for individual vector fields have already been constructed by Oudkerk ([18]
and more recent work).

3. Any resonant germ of diffeomorphism can be realized as the holonomy map of a resonant
saddle of a 2-dimensional vector field [20]. Can any germ of family of diffeomorphisms
unfolding a germ of resonant diffeomorphism be realized as the family of holonomy
maps of a germ of family of 2-dimensional vector fields unfolding a resonant saddle?

4. Finally the last question is to identify the modulus space for germs of generic families
of vector fields unfolding a germ of vector field with a generic resonant saddle.
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