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Abstract

In this paper we describe the moduli space of germs of generic analytic families of
complex 1-dimensional resonant analytic diffeomorphisms of codimension 1. In [13], it
was shown that the Ecalle modulus can be unfolded to give a complete modulus for such
germs. As the function of the canonical parameter, the modulus is defined on two sectors
giving a covering of a neighborhood of the origin in the parameter space. As in the case
of the Ecalle modulus, the modulus is defined up to a linear scaling depending only on
the parameter.

The compatibility condition is obtained by considering the region of intersection of
the two sectors in parameter space, which we call the Glutsyuk sectors. There, both the
fixed point and the periodic orbit are hyperbolic and they are connected by the orbits of
the diffeomorphism. This yields an alternate description of the equivalence class by the
Glutsyuk modulus: near each of the fixed point and of the periodic orbit we construct a
change of coordinate to the normal form. The Glutsyuk modulus measures the obstruction
of having one being the analytic extension of the other. In the intersection of the two
sectors, we have two representatives of the modulus which describe the same dynamics.
A necessary compatibility condition is that they have the same Glutsyuk modulus. This
necessary condition becomes sufficient for realizability

The compatibility condition implies the existence of a linear scaling for which the mod-
ulus is 1-summable in €, whose directions of non-summability coincide with the direction
of real multipliers at the fixed point and periodic orbit. Conversely, we show that the
compatibility condition (which implies the summability property) is sufficient to realize
the modulus as coming from an analytic unfolding, thus giving a complete description of
the space of moduli.

1 Introduction

The paper [13] presented a complete modulus of analytic classification for a germ of generic
1-parameter family unfolding of a codimension 1 resonant diffeomorphism and its application
to the orbital analytic classification of a germ of generic 1-parameter family unfolding of a
codimension 1 resonant saddle of a 2-dimensional vector field. It was shown that this modulus
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was an unfolding of the Ecalle modulus. At the time, the moduli space was out of reach. The
present paper fills this hole.

The problem studied here is part of a large class of problems trying to understand the
structure of the singularities of dynamical systems:

1. When are two germs of diffeomorphisms conjugate?

2. When are two germs of vectors fields orbitally equivalent?

3. When are two germs of families of diffeomorphisms conjugate?

4. When are two germs of families of vectors fields orbitally equivalent?

While these problems are simple to state, their solution is quite involved. The first two
problems were solved by Ecalle for 1-dimensional resonant diffeomorphisms (Voronin also
studied the case of multiplier 1), and Martinet-Ramis for the 2-dimensional resonant saddle.
In both cases, the “object” was classified by some formal invariants and a very complicated
analytic invariant of functional type. The paper [7] answered the third problem for the case
of a codimension 1 parabolic point with multiplier equal to 1: this shed a new light on the
first two problems: by studying the unfolding, it explained why the invariant was so complex:
the invariant encodes some of the dynamics of the unfolded object. The paper [13] treated
the third and fourth problem when the family unfolded a fixed point with resonant multiplier

exp (27?2%), or a resonant saddle. More recently, the paper [1] describes the moduli space for

germs of families of diffeomorphisms unfolding a parabolic fixed point, thus ending the study
started in [7]. We address the same problem here for generic unfoldings of codimension 1

resonant diffeomorphisms or resonant saddles. The resonant multiplier exp (2711%’) expresses

that the fixed point is multiple: it has merged with a periodic orbit of period ¢. When
g > 1, this yields additional technical difficulties compared to the case ¢ = 1. Indeed, in
[13], it is shown that two such families of diffeomorphisms are conjugate if and only if their
g-th powers are conjugate and we work with their ¢g-th powers. Here fortunately, working
simultaneously on moduli spaces for germs of families of analytic vector fields will allow to
simplify the realization problem and to reduce it to the case ¢ = 1.

To do this, we first prove that any germ of family unfolding a resonant diffeomorphism
can be realized as the holonomy map of a separatrix of a germ of family of vector fields.
The family of holonomies of the second separatrix is, in turn, a second germ of family of
diffeomorphisms. Iterating this trick a finite number of times allows to relate any family
unfolding a resonant diffeomorphism to a family unfolding a fixed point with multiplier equal
to 1.

The next step is to study the relationship between the invariants associated to the
holonomies of the two separatrices in a germ of family unfolding a resonant saddle. The
tool for this is the Dulac map. While the formal invariants and canonical parameters are not
the same, the “nonlinear analytic part” of the modulus is the same (as noticed by Martinet
and Ramis in the non-unfolded case). To do this, we work intensively with the Martinet-
Ramis point of view, which consists in describing the orbit space of the diffeomorphism by
two spheres with the neighborhoods of 0 and oo identified. We extend this point of view to
the unfolding. Exact formulae showing the relationship between the formal and analytic part
of the invariants of the holonomies of the two separatrices are given.
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Figure 1: The two small sectors V; and V..

Finally, we identify the moduli space. As explained before, it suffices to consider the case
q = 1, and hence germs of families of diffeomorphisms in prepared form

fe(z) =24 2(z —e)(1 + B(e) + A(€)z + O(2(z — ¢€)),

so that f/(0) = exp(—¢), thus guaranteing that the (canonical) parameter € be an analytic
invariant. The modulus of a germ of family of diffeomorphisms is given by

e the formal invariant a(e) which depends analytically on e,

e two families of germs of analytic diffeomorphisms (wgi, Soi)‘ where V4 are two

ecVy’
sectors whose union is a punctured neighborhood of the origin in e-space and ¢8¢ €
(C,0), 9% € (C,00). These families of germs are defined up to linear changes of
coordinates on CP' depending analytically on e.

The two sectors Vi intersect in two smaller sectors (Figure 1): over these, we have two
different descriptions of the dynamics. Conversely, given two families (wgd:, ?voi)LeVi’ the
sufficient condition for realizability consists in expressing that they encode conjugate dynam-
ics over the intersection sectors. This, in turn, implies that for an adequate choice of linear
coordinates on CP!, then 1° and 9> are 1-summable in e. The realization is then done in
two steps:

e the local realization in z, yielding two families, one for each sector V4;

e the global realization, where we correct to a uniform family in e.

The paper is organized as follows. Section 2 contains preliminaries. Section 3 describes
the modulus of analytic classification. Section 4 gives the compatibility condition. Section 5
describes the link between the holonomies of the two separatrices of a resonant saddle. In
Section 6, it is proved that any generic unfolding of a codimension 1 diffeomorphism can be
realized as the holonomy of a separatrix of an unfolding of a resonant saddle. In Section 7,
the realization theorem is proved simultaneously for unfoldings of resonant diffeomorphisms
and of resonant saddles. Section 8 studies the particular case of an unfolding of a resonant
real vector field.

2 Preliminaries

2.1 Notations

The notations collected here are often referred to in the paper.
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e L: the linear map

Lo(w) = Cw; (2.1)

e T'g: the translation
Tg(W)=W + B; (2.2)

e the g-root of unity

o
T = exp <ﬂ> ; (2.3)
q
e F: the map
E(W) = exp(—2miW); (2.4)
with inverse E~!(w) = — 5L In(w);

e > the map corresponding to complex conjugation

S(w) = ; (2.5)

°
[1]

: the reflection with respect to the imaginary axis
H(w) = —w. (2.6)
2.2 Preparation of the family

We recall briefly the results of [13]. We consider a germ of generic resonant diffeomorphism
of the form

2imp
2
fo(z) = e o gy Sl ey o(z911). (2.7)
q

Then f{ has a fixed point at the origin of multiplicity ¢+ 1, which corresponds, for fo, to the
coalescence of a fixed point with a periodic orbit of period ¢: the fixed point and periodic
orbit bifurcate in a generic unfolding. Because we can always localize the fixed point at the
origin, bring the family in normal form up to order g + 1 and rescale, then a germ of generic
unfolding can be taken of the form

2imp
2im
fe(z) = (e - a) z+ %z‘”l + o(291h) (2.8)

with « a small parameter.
It is proved in [13] that we can limit ourselves to consider the conjugacy problem for the
g-th iterate g. = f& of f., which has the form

ge(2) = 2(1 — €) + (1 + O(e)) 29T + o(2911), (2.9)

where iy a
(1—¢) = (eT - a) . (2.10)

Because gp has multiplier equal to 1 at the origin (and hence fixed points instead of
periodic points), it is easier to work with g. = fd than with f.. The following proposition is
shown in [13].
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Proposition 2.1 For a family of the form (2.9), there exists an analytic reparameterization
of (z,€) tangent to the identity and fibered over the parameter space allowing to reduce the
study to that of a family in prepared form

ge(2) = z4 2(27 — €)[1 + B(e) + A(€)2? + z(27 — €)h(e, 2)], (2.11)

where B(e) = (1 — e — exp(—e¢))/e = O(e€), and h(0,0) = 0. The diffeomorphism g. has fized
points zg = 0 and z;, j = 1,...,q with z? = ¢e. The multiplier Ay of the fized point zg = 0
satisfies

Ao = exp(—e), (2.12)

and hence the parameter € is an analytic invariant for g., which is called the canonical
parameter. Let A1,... Ay, be the multipliers of the fized points zj, where z;? = ¢e. The formal
parameter

1 1
o) =g © ; I\ (2.13)

depends analytically on €. It is a formal invariant of ge.

2.3 Strategy

Considering a prepared family (2.11), the strategy is to construct Fatou coordinates: these
are changes of coordinates which transform the family (2.11) to the associated “model family”
which is the time-one map of the vector field

z2(z1—¢€) O
_— 2.14
1+ a(e)z? 9z’ (2.14)
obtained as follows:

e the fixed points zp, 21, ..., 2, of g. coincide with the singular points of (2.14);

e let i be the eigenvalue of (2.14) at the singular point z; and \; be the multiplier of g,
at zj. Then \; = exp(u;);

e Since the eigenvalues at the singular points 21, ..., z, of (2.14) have the form

qe

-1 =1 2.15
Tra@e - bood (2.15)

Ho = —E€, Hj

then \; = exp(p;) forces the choice of af(e).

The construction of Fatou coordinates is given in [13] and we recall the essential step.

2.4 The two charts

We study the dynamics of the germ of family g.(z) on any sufficiently small neighborhood of
the origin in z-coordinate which we can choose of the form U = {z,|z| < r} with » € (0,1)
for all sufficiently small values of the parameter € in a small ball V' = {¢; ¢| < p}. We limit
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ourselves to values of e sufficiently small so that the fixed points of g. remain inside U. For
this it suffices to take .
r

P< 5 (2.16)

a condition which will be assumed throughout the paper.

We need to cover V' with two sectors, each of opening m + 2§ with 6 € (0,3). The
parameter § € (0, §) is chosen at the beginning and kept fixed for all the treatment. We give
a uniform treatment of g. over the two following two sectors of V:

Vs4 = {eeV]argee (=d,m+0)},

Vs.— = {eeV]argee (m—9,2r+0)}. (2.17)

2.5 The lifted diffeomorphism

We first introduce a change of coordinate which nearly rectifies the family g, to the translation
by 1 and sends the fixed points to infinity. We will in particular consider the translation

Ta(e) (Z) =7+ OZ(E) with
mi e £ ()
— ) g’ ’ 2.18
(o) {07 e (218)

We introduce the change of coordinate p, : S¢ — CP!\ {0,21,...,2,} given by

(=) """ o

z2=p(Z) = {/q (2.19)
_L> 7 e=0,
(3
where S, is the Riemann surface of the function
ez_\1/a
(eqi 1) €70, (2.20)

ALY e=0.

Figure 2: The domain of Z in the case ¢ = 2

For € # 0 it is univalued when the image is restricted to a strip of width a(e). We can
lift the map T,(c) to Se.
The image of U \ {0, 21,...,z,} under p_ ! is

U. = 5.\ UjezB;, (2.21)
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where By is the component of p71(C \ U) which contains the origin and B; = Té(e)( By) =
Tia(e)(Bo). By is called the fundamental hole. Tt is a g-covering of a neighborhood of the
origin.

We lift the function g.(z) to a function G¢(Z) commuting with Ty (o).

2.6 Translation domains

The Fatou coordinates are defined on maximal domains in Z-space called translation domains.

Definition 2.2 1. A line £ C U, is called an admissible line if £ and Ge(f) are disjoint
and the strip C(¢) between ¢ and G(¥¢) is included in U.. The strip C¢(¢) is called an
admissible strip.

2. Let £ be an admissible line for G.. The translation domain associated with £ is the set
Q)={ZecU|InecZG"Z)eC(f) and Vjel|0,n] CZ GI(Z)eU.}. (2.22)
(Forn <0, [0,n] ={j €Zn<j<0)

3. A Lavaurs translation domain (Figure 3(a)) is a domain associated with an admissible
line passing between the fundamental hole and one of its two adjacent holes (notation

QF).

4. A Glutsyuk translation domain (Figure 3(b)) is a domain associated with an admissible
line parallel to the line of holes (notation Q%).

(a) Lavaurs translation domain (b) Glutsyuk translation domain

Figure 3: A fundamental domain C, (¢) associated to an admissible line ¢ and the translation
domain it generates (the figure is drawn for g = 2)

2.7 Fatou coordinates
Theorem 2.3 Let Q. = Q(¢) be any translation domain.
1. There exists a holomorphic diffeomorphism ®. : Q. — C, such that

8.(Gu(2)) = (2) + 1, (2.23)
for Z € Q. NGZ1(Q.). Moreover,
lim  Im(®(Z)) = £oo. (2.24)

Im(Z)—+oc0
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2. If ®1 . and ®o . are two solutions of (2.23), then there exists A € C such that ®o(Z) =
A+ Q1 (Z). In particular, if Zy(e) € Qc(l), there exists a unique holomorphic diffeo-
morphism ®. satisfying (2.23) together with ®.(Zy(e)) = 0.

Moreover, let Zy(e) € Qe depend holomorphically on € (including at € = 0) and let @, be the
Fatou coordinate defined on Q¢ for € € V5 + and normalized by ®(Zy(€)) = 0.
Let
Qz = Ueev;, ({e} x Qo) C C? (2.25)

and let @4 : Q+ — C defined by Py(e,Z) = ®(Z). The function @1 is holomorphic in
Int(Qx) (i.e. for e #0), and continuous in Q.

Definition 2.4 A function ®, constructed in Theorem 2.3 is called a Fatou coordinate as-
sociated with the translation domain Q. The base point of a Fatou coordinate is the point
Zo(e) = ®71(0).

3 The modulus of analytic classification

For e = 0, Fatou coordinates are defined on translation domains which belong to the comple-
ment of a g-sheeted neighborhood of 0. If we consider an admissible line located in a sheet
on one side of the hole and the translation domain it generates, then, for ¢ > 2, this domain
intersects exactly two translation domains associated to admissible lines located on the other
side of the hole By (see Figure 4). Moreover, each of the two intersections is simply con-

Figure 4: Four admissible lines and one translation domain (here ¢ = 3)

nected, yielding that a comparison of the two Fatou coordinates is possible only in a domain
containing a half-plane. When € # 0, we have a similar picture, but repeated at each of the
holes. Remember that the whole surface looks like Figure 2.

So, for the sector Vs (resp. Vs _), we consider 2¢ global Fatou coordinates <I>jf . (resp.
@jf_) generated by admissible lines Kjf 4 (€) (resp. Ef_(e)), j =1,...q, located respectively
between By and either By or B_; on the different sheets and generating admissible strips
éfE’Jr (resp. éﬁ_) The lines £; _ and E;CJF (resp. {;, and KJ-C_) pass through By and B_;
(resp. By and Bj). (For the index j, we work (mod ¢).) They generate translation domains
Qf@ 4. Their indices are chosen so that the translation domains of K;f +(€) and £; 4 () (resp.
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K;FH’ 1 (¢) and £; (¢)) intersect and contain an “upper domain” (resp. “lower domain”), i.e. a

domain whose intersection with é]iE , contains an upper end (resp. lower end) of the cylinder

oE=
Ciet/Ge.
We define
(T = O )
0 _ & + -1 ’
Vet = Phet O (Piires)
j=1,...,q, where we identify <I>('1'Zr1757jE = (I)?_,e,:l:'

Remark 3.1 Note that the Fatou coordinates are only defined up to composition on the left
with translations. (2¢ — 1) of these degrees of freedom will be used to “normalize” the Fatou
coordinates. The remaining degree of freedom will be used later to adjust the families \I/?:zoi
so that they become 1-summable in €.

Whenever possible, we will drop the lower indices 4 referring to the sectors.

Lemma 3.2 [13] The maps \Ilgsoi(W) — W can be expanded as Fourier series with constant

terms Ag”zoi. It is possible to compose the Fatou coordinates with translations so that all

0,00 0,00
Ajy = A for
AY = — A% = mia/q.

Definition 3.3 A set of Fatou coordinates <I>;f6, j = 1,...q, such that the corresponding

transition maps \Ilg’fo, 7 =1,...,q, have constant terms as in Lemma 3.2, is called a normal-
i1zed set of Fatou coordinates.

From now on, we will only consider normalized set of Fatou coordinates.
Proposition 3.4 Here we drop the lower indices £ in the \If?’foi.

1. Each map \If?fo commutes with the translation by 1: \I’?fo oly =Ty0 \IJ?;X’ Hence W35

(resp. \Ilg’e) nduces a mapping \i/ﬁ (resp. \i/?@) defined on an open set of the cylinder
C/Z with values in C/Z.

2. Using the exponential function W +— w = E(W) = exp(—=2inW), we can identify C/Z
with the sphere minus two points : CP'\ {0,00}. The upper end of the cylinder C/Z,
corresponds to co € CP' and the lower end to 0. Conjugating \I/S:O with E yields
analytic diffeomorphisms %)7,5@0 =Fo \If?fo o B~ ]0-75 (resp. (U ) is defined in the
neighborhood of 0 and (resp. oo) on CP' and such that w?’E(O) =0 (resp. ¥33(00) = 00).

3. The functions ]ijc depend analytically on € # 0 in Vs and are continuous in € at

e =0.

4. The derivatives of ¢]0-7’§° are given by

{( ?75)’(0) = exp(272a/q), (3.2)

(¥52)'(00) = exp(2m?a/q).
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> A
W3- S3,a

S+

RES

(b) e € V5,4, arge =7/2 (c) e€ Vs, arge = —m/2

Figure 5: The maps ;. for different values of €

Since g, = f, it happens that only \1;(1):0 are independent, and the other \IJ?’OO

e »J > lare
conjugate to them by translations.

Proposition 3.5 We consider a map g. as in (2.11), being the g-th iterate of a map fe as in
(2.8), the corresponding lifted diffeomorphism G, and a normalized set of Fatou coordinates
on either Vs or Vs _.

1. Let o defined by o(j) = j +p (mod q) be the shift which represents the iterates of
exp(2mi/q) under multiplication by exp(2mip/q). Then

0,00 0,00
\Ila(j)75 = T% oW, o T_%. (3.3)
2. Let T = exp <%> Then,
Vo = Lot ot o Lr. (3.4)

3. Once <I>§E’6 is chosen, the other Fatou coordinates can be taken such that

q):l:

e 0 Fe=Tro o (3.5)

Definition 3.6 Two germs of analytic families f. and f. of diffeomorphisms with a fixed
point at the origin are conjugate if there exists a germ of analytic diffeomorphism H (e, z) =
(k(e), h(e, z)) fibered over the parameter space such that

hs © fE = Tk(g) o h57 (36)

where he(z) = h(e, 2).
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o0
W3,a,+

Figure 6: The crescents and maps wgfi for e € Vs 1

Theorem 3.7 We consider two germs of “prepared” families f. and f. of the form (2.8),
i.e. so that the families of their q-th iterates g and g, are prepared of the form (2.11). We
choose common sectors V54 on which the previous analysis applies. Then the two families
are conjugate if and only if they have the same formal invariants a(e) and there exist analytic
functions C1(€) : Vs+ — C* bounded and bounded away from zero and an integer m €
{0,...,q — i}, such that for any e € V5 1

00 —0,00
7/’?,’e¢ = Lce(e)1 ©Vjrmex © Ley(o- (3.7)

Definition 3.8 The families (a(e), (1/)251) / N), where ~ is defined in (3.7) is called the
modulus of the germ of prepared family F. The germ of analytic map a(e) is called the formal

0,00

part of the modulus, while (1/1]-767 i) / ~ is called the analytic part.

Remark 3.9 Note that with the notation we have chosen, the direction of the maps 1/)?:21
corresponds to identification of orbits when following the dynamics of g. forward. The maps
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Figure 7: The crescents and maps w;»)::'i for e € Vs

et (resp. w_?,e;l:) are defined in the regions where the dynamics of g, near the boundary of
U is in the positive (resp. negative) direction.

3.1 The Lavaurs phase

Proposition 3.10 1. For Vs, the q Lavaurs translations are the maps
Tiert = e 0 Tqa( © (250 ) 7 1 Q5 — Q- (3.8)
2. For Vs _, the q Lavaurs translations are the maps
Tjem = fi1 - 0T ga(e) © (7)1 Q5 — Qfyy (3.9)

3. When the Fatou coordinates are normalized, the Lavaurs translations are given by

i
Tjex(W) =W F <qi! + %m> . (3.10)
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3.2 The Glutsyuk point of view

It is also possible to take admissible lines parallel to the lines of holes as in Figure 8 when
we limit ourselves to values of € in V. UV}, which we call the Glutsyuk domain. Then the

0
e
N

0

O O
O O

Z. Z.
J ]

Figure 8: Continuous families of admissible lines and strips for € in the Glutsyuk domain (for
the sake of simplicity we have not drawn the ramification of S. at the holes)

fundamental domains are tori since G, commutes with Ty, (details as in [7]). The Fatou
coordinates on the associated translation domains yield analytic changes of coordinates to
the model family in the neighborhood of each of the fixed points of g.: these are named ®¢

7,67
and @f@l for those covering a neighborhood of z; and @g ’G{T and (I>0”€7l for those covering a
neighborhood of zy (there are g of these, one in each sheet of the covering). The lower index
is 7 (resp. 1) if € € V,. (resp. € € V}). As in the proof of Proposition 3.5, we can show that
they can be chosen so as to satisfy (for « € {r,1})

G _ G 1
(I)O,e,*] (FE(Z)) = q>0 €, *(Z) + %

From the shape of the Riemann surface as in Flgure 2, it is clear that, for x € {r,[}, the
domain of any (I>] ¢« intersects the domain of <I>0 e
The transitions between the Fatou coordinates are given by (Figures 8 and 9)

G,j _
\Ilfe,r = (I)O 7.0 ((I)(‘?e,r) 17 3.12
<I>G ((I) J )—1 ( : )

Js€,l Jrel 0,¢,l :
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They depend continuously on € as € — 0. At the limit the domain becomes disconnected and
the \I'jG@i tend to \I’(])- on one half of the domain and ¥7° on the other half.

(a) ec Vi b) ecV,

Figure 9: The Glutsyuk maps

Proposition 3.11 For x € {L, R},

G G

\PU(]'),E,* — T% O\Pj,ﬁ,* OT_% (313)
Remark 3.12 The projection by p. of a Glutsyuk translation domain on which we can bring
the family to the model yields a neighborhood of one fixed point of f. on which the family is
conjugate to the model.

3.3 The Martinet-Ramis point of view

In [8], Martinet and Ramis present the orbit space of fy as the union of two spheres identified
in the neighborhoods of 0 and oo by two germs of diffeomorphisms (instead of our descriptions
with 2¢-spheres and 2q germs of diffeomorphisms). Their description carries over to the
unfolding.

We consider a normalized set of (Lavaurs) Fatou coordinates generated by admissible lines
KjE(e). These lines together with their images GE(KjE(e)) determine strips éjie Their images
by pe are crescents C’;fe. Their quotient under g, are conformally equivalent to CP' \ {0, 00}
by Proposition 3.4. We call these quotient spaces Sfﬁ.

Proposition 3.13 [13] Over each sector Vi 1, the orbit space of fe is described by the union
of the two spheres Sffe U Sy tdentified in the neighborhood of oo (resp. 0) by ¥>° (resp. 4°)
where

he SIE — Sl e

{wgo = Vi (3.14)

0o_ ,,0
’(ps — ¥l,e o Lym

are defined by
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with

) w, where mp = —1 (mod q). (3.15)

4 The compatibility condition

We decide to work in the Martinet-Ramis point of view described in Section 3.3.

4.1 The renormalized maps

Using normalized Fatou coordinates and conjugating the Lavaurs translations by E yields
Lavaurs linear maps, L, () +, where

vi(e) = exp (:F <4—”2 + W“)) . (4.1)

qe q

We simply note them L, .

Proposition 4.1 1. Fore € V5 \ {0}, there exist for the map ge:
i) renormalized return maps: kfgﬂr : ng — Sffe, defined by
k‘{é,—l- =Ly, o wg,o-i-’ kl_,e,-q- = "wbzo-y- oLy; (4.2)
i1) renormalized return maps: k‘(jfe’Jr : Sfe — Sli’6 defined by
ket =Lu, o Ve - Koeq = Yoy oLy, (4.3)
2. For e € V5_\ {0}, there exist for the map g.:
i) renormalized return maps: k‘fe’_ : Sfe — Sfe defined by

k:f’e’_ =L, oL_—mo P kr =4Y o L;lm oL, ; (4.4)

€,—? l,e,— €,—
it) renormalized return maps: k‘(jfe o Si — Sli6 defined by

ke =Ly oL;mothg, kge = oLrmolL,_. (4.5)

PROOF. We calculate one case. The others are done in a similar way. To decide which maps
to compose, it is best to use Figure 5. The basic ingredients are the following:

Y% = Lm0 )7 0 Lym, (4.6)

Lym : S — S7. (4.7)

1. i) We have ¢2—1,e,+ : Sfr — Sq__l. Hence, for kafgﬂr, we compose it on the left with
L, , thus having a map w2_1757+ oLy, : Sfr — S;_l.We finally compose on the left

with Lym to get Lym oL, o ¢2_1767+ : S — Sf (using (4.7)).

+ _ 0
k0757+ - LTm © L(I)j+ °© wq_lvﬁy"’_ 0
= Ly, oYy . 0Lmm =1Ly, otpc,.

We finally use (4.6) and (3.14) to get the result.

(4.8)
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4.2 The compatibility condition

The two sectors Vj 4 intersect in two smaller sectors V; and V. (Figure 1). Over these sectors
we have two different moduli representing the same family. The compatibility condition
eXpresseS that these two moduli encode the same dynamics. Note that, on V; and V., all
maps k] etr J € {0, 1}, of Proposition 4.1 are linearizable.

It is pOSSlble to recover the Glutsyuk modulus (3.12) (or its conjugate by FE) from the
renormalized return maps kj ¢+ of Proposition 4.1 in w-coordinate (or either W-coordinate
as in [1]). This is rather straightforward and could be written in all details as in [1]. We have
chosen to use the Martinet-Ramis point of view in order to avoid working on the ¢-sheeted
space where the details look messier than they really are.

Later in Section 5.1, we will give a geometric justification of this trick, when realizing
each germ of family of diffeomorphisms as a germ of a family of holonomies of a separatrix
of a family of saddles.

Theorem 4.2 We consider a germ of family of diffeomorphisms with modulus deﬁned as
before. Fore € ViUV, let hj[6 4 J € {0 1}, the map tangent to the identity linearizing k;J et
There exists constant D(, e) D(r €), D'(l,¢) and D'(r,€) such that

hicro(de ) ' =Lpgegohi._o(hge )" oLpe, ecV, (4.9)
hO €,+ (hl € +) t= LD(r,e) ° has,— © (hl_,e,—)_l ° LD’(T,E)a e€ V. (410)

PROOF. The proof is similar to that of [1] made in the coordinate W = E~!(w), but here
we write it directly in the w-coordinate. Because the fixed points of g. are linearizable, a
fundamental domain is given by a torus (see Figure 9) of modulus 2%, We look for a covering
map on a sphere minus two points. This sphere is identified to an 1;1ﬁn1te cylinder, infinitely
winding over the torus. If we choose to normalize the diameter of the cylinder to 1, then
points w and %w are sent to the same torus point. So looking for this spherical coordinate
near a fixed poi]nt is equivalent to linearizing the renormalized return map. This linearizing
map is unique up to composition on the left with linear maps. Hence, the comparison of
these linearizing maps, an expression of the Glutsyuk modulus in these spherical coordinates,
is unique up to composition on the left and on the right with linear maps. In (4.9), a first
expression of the Gutsyuk modulus is given by hl et (ho . +) using the description of the
dynamics on V. A second expression is given by hye_ (h07 67_) 1 using the description of the
dynamics on V_. Thus, the two must coincide up to composition with linear diffeomorphisms.
The same reasoning is done on V.. O

Remark 4.3 On V] or V,, the choice of hj[6 4 or hf _ comes from the fact that we must
compare in the same region of z-space. Indeed the constants vi(e) defined in (4.1) are
exponentially small or large.

Theorem 4.4 [t is possible to choose Fatou coordinates such that the constant D(l,€) =
(%) (00) (resp. D(rye) = ( S,_)’(O)). Under this condition, there exists A > 0 such that,

fore e ViUV,
PO — P =0 <eXp<—%>>. (4.11)
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PROOF. It follows the ideas of [13]. The equation (4.9) allows to compute the involved hfe’ n

hafE’Jr:z'd—l—O exp | —i5

)}
hi._=1id+ O (exp —ﬁ ,

S ) (4.12)
(hge )™t =2 0 L, + O (exp (~ 1))

W et =Lpy O¢E++O<exp< ‘A| ),

where
Bi(e) = () (00) = (422)' (). (4.13)

There is one degree of freedom for each of the four Fatou coordinates (IDjE +. Two are used
for normalizing the Fatou coordinates. One is used for adjusting D(l,€) and the other for
adjusting D(r,e). The details are written below. Suppose now that we have adjusted the
Fatou coordinates so as to get D(l,¢) = (¢ )'(00).

This implies that

D(el) = (@2 e+ 0 (ew (- 5)).

This, together with (4.12), allows to conclude that

T (exp <—,—A,>> . (4.14)

To get the other part, namely

e — ¢l =0 (exp <—|—f|>> : (4.15)

we remark that we can obtain the h;‘fe’ , from the hfe’ , and then replace in (4.9). Indeed,

hj_,e,-i- *1 Ohje+ Vi ] € {071}7
hj_@_ = Lu:17—7” © h]75,_ oL, ;-m, JE {07 1}7 (416)
vy = le,
(¥2)'(0) = 7™ (1) (00).
The substitution in (4.9) yields
hiey©(hge)  =Lpgarmohf, _o(hf._ )" o Lperm. (4.17)

Now,
.

(o +)_1 = ¢8+ © Lpye) +0O <eXp <_%)) ’
W e = Lpy(e) 0 Yo+ O (eXp <_ﬁ>> : (4.18)
(hge )t :zd+0<exp —g>>, |

khl_,eﬂr =id+ 0 (exp (—% ) ,
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with
Ba(e) = ((¥24)'(0))~". (4.19)
Replacing in (4.17) yields (4.15).
The right side is done similarly, using (4.10). The calculations yield
hIE,Jr =1id + O (exp —ﬁ )

haa_:id—l—O exp —ﬁ ,

(b )™ =0 o Ly + O (exp (~24)
hges = Ly o9l +0 <eXp <_%)) :

9

(4.20)
)

with
Bs(e) = ((¢p2_)'(0))~". (4.21)

We use the last degree of freedom in the choice of Fatou coordinates (see details below) to
set

D(r,e) = () (0) 7",

D)= (2 0)+0 (exn (~7) ).

ha57+:id+0 exp —ﬁ ,

yielding

We also have

+ R A
h1757_—zd+0 exp | —7q) )

hge_ = Lp,@ 09X +0 <exp (‘ﬁ)) | (4.22)
(hie )™t = 9% 0 Ly + O (eXp (‘ﬁ)) ,
with
By(e) = (92) (00). (4.23)

We are now left to explain how we adjust the Fatou coordinates, so as to get the special
values of the constants D(l,¢) and D(r,e). We look for functions D4 (e) defined respectively
on Vi such that
Bi(e)(D(l,e)~", €€V,

Dy(e)(D—() " = {Bg(e)(D(Tv )7 €V

Indeed, we have (4.9). The degree of freedom allows to change 'gbgv’io to Lp, (e © gb?:io o
L(p,(e)-1- Then, this changes the functions hji’i to Lp, (¢ © hji,e,i o L(p,(e)-1- The new
constant Dy (1, €) (resp. Dypew (7, €)) in the compatibility condition becomes

{Dnew(l,e) = D(l,e)D.(e)(D_(e))™, €€V,
Diew(r,€) = D(r,e) Dy (e)(D_(e))7L, €€ V,.

The functions D4 (€) are just found as solutions of the second Cousin problem. O
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5 Link between the holonomies of the two separatrices of a
saddle

We start by justifying why it is relevant to study the link between the holonomies of the two
separatrices of a saddle.

5.1 The geometric justification of the reduction to the case ¢ =1

Below, we will use the following trick to reduce to the case ¢ = 1. Indeed, it is shown in [13]

that, for general multiplier exp (2711%), the modulus is given by
(i) the codimension 1,
(ii) the multiplier exp (2772%),
(iii) the canonical parameter,
(iv) the unfolding a(e) of the formal invariant,
(v) the family of pairs ( ng, Vet )eeVy -

Only (ii) depends on the multiplier. Moreover, (v) depends only of a (mod 5%).

We will show below in Section 6 that, given any p1,q; € N* such that (p1,¢q1) = 1 and
p1 < q1, and any pj € N* such that pj = —p1 (mod ¢1), for any unfolding f. of a germ of

resonant diffeormorphism with multiplier (for ¢ = 0) of the form exp (2%@'2—3) there exists an
unfolding of germ of vector field X, at a resonant saddle point with hyperbolicity ratio % for

e = 0, such that f. is the holonomy of the x-separatrix of X.. In practice, we can suppose
Py < q1 (since otherwise we can multiply the vector field by g—i to attain this case). We apply

this construction to find an unfolding of a vector field with eigenvalues 1 and _% where
;)1 —p1, P1<dqi,
=
1, g =1

The holonomy h, of the x-separatrix has multiplier exp <2wi%), while the holonomy h,, of

the y-separatrix has multiplier exp <2m’2—§>, with

D2 . q1 q1—p1
exp <2m—> = exp <2m—> = exp <2mi>
q2 b1 b1

for e = 0. We will derive the relation between the canonical parameter €; = € of h, = hy and
the canonical parameter ez of h, = hp. We also compute the relation between their formal

invariants. Moreover, we will show that for the analytic part of the modulus Sf;’ of h, and
0,00

eay Of hy, we have the relation:

0,00 _ HO( oo,O)—l OH,

€1,T €2,Y
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where

1
H(w) = =
So our construction has produced a new map h, with a multiplier exp (2772'1;—3) with g2 < q1.
We can iterate the construction until ¢, = 1. Now, we can proceed backwards. We
start with a family h, which is realizable. Then we realize h,,_1, etc., until we realize h;.
Hence, it suffices to derive the sufficient condition for realizability for a family of resonant
diffeomorphisms in the case of a multiplier equal to 1.

Before deriving this sufficient condition, we first write the details of the correspondence
between the moduli of the two separatrices of a saddle.

5.2 Link between the holonomies of the two separatrices of a saddle

If we consider a germ of generic family of analytic vector fields unfolding a codimension 1
resonant saddle with hyperbolicity ratio %, it is possible, by an analytic change of coordinates
and scaling of time, to bring it to a prepared form X, given by

XE:{ J = Y 4 0) +alput 0@, >

with u = zP'y4, such that the holonomy of the z-separatrix on the section z = 1 is in prepared

form (modulo a rotation in y of angle ) with canonical parameter

e = 2mip'n, (5.2)

and the invariant manifold has the equation u = e.

If one looks at the holonomy of one separatrix for a germ of resonant saddle point, for
instance the holonomy of the z-separatrix, it is possible to scale the x-variable so that the
section z = 1 belongs to the domain of definition, U, of a representative of the germ and to
scale y and the parameter so that the holonomy of the z-separatrix be prepared. We then
have used all our degrees of freedom in scaling and it is not possible to simultaneously scale
z and y so that y = 1 is included in U and the holonomy of the y-axis be prepared. We will
prefer a different scaling: we rather choose to scale x and y so that x = 1 and y = 1 both are
included in U. Using a change of variable tangent to the identity and a change of parameter

n = De
we can suppose that the invariant manifold be given by
xpqu =e.
Then, on z = 1 (resp. y = 1) the periodic points have equation y? = € (resp. oV = €). Let

fz (resp. fy) be the holonomies of the x (resp. y) separatrix. Then the canonical parameters
€, and €, for f, (resp. f,) are defined through

{(fé’)’ 0) = exp(—2mip'n) = exp(~2rip/ De) = exp(—e,), 653

(f1'Y(0) = exp(2migri) = exp(2miqrLe:) = exp(—e,).
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The formal parameters a, (resp. ay) of f; (resp. f,) are defined through
() (er) = exp (=) 5
(15 (ey) = exp (22)

the latter definition yielding a well defined limit as €, — 0 (resp. €, — 0).

Proposition 5.1 The canonical parameters e, and €, associated to the respective holonomies
fz and fy of the x- and y- separatrices satisfy

2mip'e,

—_— 5.5
€y + 2miq (5:5)

€x =
In particular, the images of sectors Vi 4(8) contain sectors Vi ,,(8") for some &' and conversely.
To prepare the family which is the unfolding of f, (resp. fy), an additional scaling x — T
(resp. y +— 1) is needed so that the equation of fized points of fi (resp ffl) becomes 11 = €,
(resp. §*' = €,). Moreover,

€ € 1R < ¢, € iR.

PrOOF. To study the holonomy f, of the z-axis we consider the family in prepared form
with canonical parameter ¢, for f,. The family in prepared form is formally equivalent to a
family

z(1+ Az(ez)u),

) / 5.6
y = —Ly(l+n.)(1+ Bu(ea)u), (56)
where €, = 2mip'n,, in which u = €, is an invariant manifold, yielding
Az(ez) 1
Bx x) = - - . .
(2) 1+mn, 2mip/ (14 n) (5.7)
Then the formal parameter a(e;) for f, is simply a,(e,) = Az (€). O

Remark 5.2 Even if a scaling in the variable is missing so that a family be in prepared form
we can still suppose that we have the same Fatou coordinates. We only need to compose the
map p. ! with the given scaling. We call the composition p;! (resp. Py 1y and drop the index
€.

Theorem 5.3 We consider a family (5.1) of vector fields in prepared form. Then

(1) If €5 (resp. €,) is the canonical parameter of the holonomy f, of the z-axis (resp. the
holonomy f, of the y-azis) and ay(e;) (resp. ay(ey)) is the formal parameter of fy
(resp. fy) then

2 1

ay(ey) = Ay(ey) = _Eax(ex) +

et (5.8)

(2) There exists appropriate representatives ( 27%,1#2?%) (resp. ( 2@,1@?%)) of the mod-
ulus of fy (resp. fy) such that

gﬁz =Ho (T’blcfey)_l © H_l (5 9)
N =Ho(py )toHT, ‘

where H(w) = 1/w.
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(3) In particular, f, and fy_1 have the same analytic part of the modulus (but not the same

~0 ~
formal invariant!): if ('l,b%gy,'lp:iy)) is the analytic part of the modulus of fy_l, then

0o ~0 ~ 00
( g,exv Q/Jx,ex) = (¢y76y7¢y,€y)' (510)

PROOF.

(1) In order that the invariant manifold v = €, for (5.6) becomes u' = ¢, when we prepare
(5.6) with z and y interchanged, we need to scale (z,y) — (2/,y) = (ax,By) with

o' Bl =C = _p’(linz) = —q(l;;,"y). This yields By(e,) = % and Ay (e,) = %.
From (5.7) we also get
A, (e 1
By(ey) = ) (5.11)

1+mn, 2mig(1+n,)

as expected. The formal invariant a,(e,) = A,(e,) for the holonomy f, is then given
by (5.8).

(2) We now consider the Dulac map A from a section {y = 1} to a section {z = 1} (see for
instance [6]). The Dulac map is defined as follows: let (z,1) be a point of the section.
We define A(x) as the endpoint of the lifting inside the leaf starting from (z, 1) of the
path from z to ﬁ followed by the path from ﬁ to 1 along the circle of radius 1 in
the positive direction. Since both the map A and its inverse are ramified, they must
be seen from the universal unfolding of a neighborhood of the origin in z-plane to the
universal unfolding of a neighborhood of the origin in y-plane. We call f;, (resp. f)
the holonomy of the z-axis (resp. y-axis). The map A satisfies

{AORx:fx_loA’ (5.12)

Ao R, :fy_loA_l,

where R, (resp. R,) is defined on the universal covering of a neighborhood of the origin
in z-space (resp. y-space) by R,(z) = e*™x (resp. R,(y) = e*™y). By choosing an
adequate determination for A we have that Ao A™' = id = A~! o A, from which it
follows that

(Ry) 'oA=Aof, (5.13)

Noting that R, (resp. R,) commutes with f, (resp. f;), we finally get
Ao (Ry) o (f,) " = R o f10A. (5.14)

Indeed, using (5.12) and (5.13), we have

Ao (R)™o ()7 = (fo)Tolof,”
(f2)To (Ry)P o A (5.15)
R o fioA.

Let us now consider a crescent in {y = 1} for f, 7 " Tt is limited by a curve /¢ (the
inverse image of a line in Z-space), and its image ¢; = f, ¥ o Rz ?(¢). It follows that its
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(a) e=0 (b) e#0

Figure 10: The image of two crescents by A

image by A yields a crescent limited by A(¢) and A(¢;) (Figure 10). Indeed, the map

fy is approximated by a rotation of angle — 2;,‘1. Hence, f, 7 " behaves like a rotation of
angle 2mq. Let ( 27%,'1,0;‘,’6%) (resp. ( 2@,1,0;?%)) represent the modulus of f, (resp.

fy). Then, if we pass to the orbit space by identifying ¢ and ¢; and introducing the
spherical coordinate on the orbit space provided by the Fatou coordinate for f,° 1 then
the spherical coordinate is transported by A on the sphere produced by identifying A(¢)
and A(¢y). It is the same as the spherical coordinate induced by the Fatou coordinate
for f,, yielding (5.9). O

Remark 5.4 (i) Since (¢9,)/(0) = (¢52)'(c0) = exp(2”;“), we have

A2a  2mim
q

(90)'(0)(1°)' (00) = exp( )- (5.16)

This is compatible with (5.8) and (5.9). Indeed, let n such that
mp' —ng = —1, (5.17)
which implies ng = 1 (mod p’). Then

2 3 72a T Tim
() (0) (1) (00) = exp(dT e 4 2mim) — exp(—2TRu 4 20 4 2nim)

— exp(— T 4 ommL) — exp(— AT 4 giny  (5.18)
= ((¥9)(0)" (%) (00)) .

(ii) If we were to normalize the representative (¢2, 1) of the modulus of f,, then we would
replace it by

(oo %) = (ww O Lowp(zimy, ¥y © Loxp(mqm)) ’

so that . B
(1,)'(0) = (¢, ) (00)) ", (5.19)
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and, similarly, for f,- LoIf (7])2, {pz") is the normalized modulus for f,~ ! then
{@2)'(0) (,)(0),
(@2 )(00) = (9h,)'(c0).
As expected, the following theorem is true:
Theorem 5.5 We consider
e relatively prime positive integers p' and q,
e a germ of analytic function ay(e),

e two germs of family of pairs of analytic diffeomorphisms (wg%i,wgf’ﬁz,i)exevm(éw),
where Vy 1+(05) are germs of sectors in € as before,

e and we suppose that, for p = —p’ (mod q), the compatibility condition of Theorem 4.2
18 satisfied by (T,bg,%i,T,bg?ez,i)ezevx,i(gz).

Let €, ay(ey) and ('l,by7ey7i,1,by7ﬁy7 Jeyev, 1 (s,) be defined respectively by

€, — 2miqey

y €x+2mip?

Ly _a_x 1

p + 2mipq’ (520)

(ty.c ,%,Ey)Z(HO( ) ToH T Ho (g )" o HTY).

Then, ( yey,'l,b ) satisfies the compatibility condition of Theorem 4.2. Moreover, a, € iR
if and only if a, 6 iR.

6 Realization of the unfolding of a resonant diffeomorphism
as the unfolding of the holonomy map of a resonant saddle

We consider an unfolding f. of a codimension 1 resonant diffeomorphism f; with multiplier
exp (2772%). We say that it is prepared if its ¢-th iterate is prepared. In fact, it is not difficult
to show that, if g is prepared, then the family f. can be written as

£.(2) = exp <2m§> <z + 109~ (1 b e, z))> . (6.1)

q
The “model” (or formal normal form) for such a family is given by

fe - Lexp (27ri§> v

N =

) (6.2)

where v! is the time t-map of the vector field (2.14). Indeed, it suffices to see that a g-th root
of this form exists and to use the uniqueness of a ¢-th root with a given mutliplier.
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Theorem 6.1 We consider a prepared germ of generic family f. unfolding a codimension
1 resonant diffeomorphism fo with multiplier exp (27?2%). There exists a germ of family

of vector fields unfolding a resonant saddle with quotient of eigenvalues —%l (—@ mn
the unfolding) where p' € {1,...,q} and p' = —p (mod q), such that the germ of family of

holonomies of the x-separatriz on the section {x = 1} is the family fe.

Before going into the proof itself, we first need to refine the preparation.

Theorem 6.2 We consider a family (6.1) and its normal form f,. with same canonical pa-
rameter. Then for any k € N* there exists a germ of family of diffeomorphisms he tangent to
the identity such that

feohe—heof.=0 (azkﬂ(azq - e)kH) . (6.3)

PROOF. We first consider a change of coordinate z — m/(z) such that
foom—mof,=0 <xk+1) .

We conjugate f. by m and obtain a new family. It is of course sufficient to make the proof
for this new family, which, for simplicity, we still note by f.. Let zg = 0 be the fixed point of
fes and z1, ..., z4 its periodic points. This new family has the property that

FOu) -T2 =0@),  j=0,....q, L€{0,... k}. (6.4)

The proof is by induction on k. The case k = 1 is the preparation already made. We look
for (we drop the index € in h. and f)

h(z) = z 4 2*(29 — €)* Py(2),

where Py (z) is a polynomial in z of degree less than or equal to k. The polynomial Pj(z) will
be uniquely determined if we determine uniquely the h®*) (2j). These in turn will be found by
asking that the k-th derivative of (6.3) vanishes at all fixed points. The k-th derivative of a
composition of two functions usually contains many terms. Fortunately, here all derivatives
h(e)(zj) =0 for 1 < £ < k. Hence, we are left with simple equations. Let f(z;) = z,(j). Then
(we drop the indices)

(f o )®(0) = FR(0) (I (0))* + f/(0)hP)(0),

(f o )®)(z5) = FE) () (W (23)F + f/(z)h®) (=),

(ho F)®(0) = h®)(0)(F'(0))* + ' (0)T*)(0),

(ho B (2)) = B0 (2, ;) )T )E + B (2o ) T (29)-

Note that
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The set of equations (f o h)*)(z;) = (ho f)*)(2;) in the unknowns h(¥)(z;) has a matrix of
the form (up to reordering of rows)

a 0 0 0 -~ 0 0
o g5 —p 0 -~ 0 0
o 0 g~ - -~ 0 0
0o 0 0 0 - pF —p
o -6 0 0 --- 0 p*

for nonzero «, 3. The determinant of this matrix is equal to «(8* — 39). Hence it does not
vanish when 39 # 1 which is the case for nonzero e. Some quantities are small, for instance
a = Cre(1+ O(e)) and also 87" — B4 = Cae(1 + O(e)) for nonzero Cy, Co when k = nq for
some n € N. But this is no problem since the right hand sides are also small because of (6.4)
and it is possible to find a solution which has a limit for e = 0. O

PrROOF OF THEOREM 6.1. To construct the family of vector fields unfolding the resonant
saddle, we consider the model family (5.6) in which we forget the index . For this family
1

the holonomy f. is exactly the model described above, namely f, = L vd. The proof

exp(2mi2
is standard and follows closely the corresponding proof in [5]: we first COIEStl“lqlCt the family of
vector fields on an abstract manifold and then use the Newlander-Nirenberg (see for instance
[9] for the theorem in finite differentiability) to show that this abstract manifold is indeed an
open neighborhood of the origin in C2.

Indeed, we consider z in the universal covering of x-space punctured at the origin and a
sector X -

V= {3?; |Z| < 2,argz € (—77,27T + Z>} .

Let D, be a disk in y-space. Over V x D,s we consider the model family (5.6) (in which we
replace x by #). For x = 1, we make the gluing

X(@,y) = (@™, feo (F)™H(y))

and we extend along the leaves in the obvious way to the domain {a?; |Z] < 2,argd € (—71, %) } X
D,..

A natural almost complex structure can be introduced over this space and shown to be
integrable, exactly as in [5]. This allows to fill the hole created by the missing z-axis. The
only thing we need to check is that we have sufficient differentiability near = 0. This follows
if we have previously applied Theorem 6.2. O

7 Realization of a germ of family unfolding a codimension 1
resonant diffeomorphism

Theorem 7.1 Let p,q € N* with (p,q) = 1 and p < q, let a(e) be a germ of holomorphic
function at the origin, and let a pair of germs of families of analytic diffeomorphisms

( 8,:|:7 Q/JS,O:I:)EEVJE
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satisfying (5.16) and the compatibility condition of Theorem 4.2. Then there exists a germ of
prepared analytic family of diffeomorphisms f. depending on the canonical parameter e with
the following properties

o fore =0, fo has a fixed point with multiplier exp (2772%);
e the formal invariant is given by a(e);
e the modulus is given by ( S’i,@bff’i)ﬁevi.

PRrROOF. The proof contains three parts:

(i) The reduction to the case ¢ = 1. Indeed, it follows from Section 5.1 and Theorem 5.5
that it suffices to prove the realization for a germ of family of diffeomorphisms tangent
to the identity for e = 0.

(ii) The local realization. We first show that we can realize each family

( g,j:v w;o:l:)eevi

in a family of diffeomorphism fc |
limit fy when € — 0.

eV depending analytically on € € V4, with uniform

This part is completely analogous to the corresponding part of [1]. Instead of repeating
the details, we transform our case to the case studied in [1]. Indeed, suppose we have
a prepared family

fe(z) =24 z(z —€)[L + B(e) + A(e)z + z(z — €)h(e, 2)]. (7.1)

The change of coordinate and parameter

I __ 2z—e€
Z = 2+4ae’

r €
{6  Crag” (7.2)

brings (7.1) to the form studied in [1]

fo(Z) =2+ (% =1+ B'(e) + A'(e)2 + (2% — €)W/ (¢, 7)), (7.3)

the only difference being that the functions depending analytically on ¢ now depend
analytically on v/¢/. Hence, the two sectors Vi in e yield two sectors V1 in € of opening
greater than 27. Contrary to the case discussed in [1], the two families over V/ and V|
need not be the same.

Each family ( g7i,¢?7°i)gevi can be transformed into a family depending on € € V.
Hence, it can be realized as the modulus of a family over V{ of the form (7.3) defined
over a fixed disk of radius r. Coming back to (z,€), yields two families f. 4 of the form
(7.1) over Vi. We need to correct this to a uniform family f.. This part is what is
called the global realization.
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(iii) The global realization.

We have V. NV_ = V; U V,. The compatibility condition ensures that that the two
families are conjugate over the intersection sectors V; and V., by means of analytic
diffeomorphisms h.; and h, such that

he,j o fe,—l— = fe,— o he,j, ] S {l,?"}.

Moreover, as in [1], an appropriate construction of f. 1 allows to have

hej =id + O <exp <—|—f|>> ,

uniformly over V, U V,. for some positive constant C'.

To correct to a uniform f., we construct a uniform f. over an abstract manifold and
we recognize that this manifold is holomorphically equivalent to a neighborhood of the
origin in C? minus a line corresponding to € = 0. The details are as follows.

The maps f + are defined on some opens sets Uy = D x Vi where D is a disk of radius
r in z-space. The open sets {U;,U_} form an atlas. Let U; =D x Vj, j € {l,r}. Over
Uj, the transition maps are given by J; : U; N U4 — U_, where

Jj = hej xid, (z,€) — (hej(2),€) .

This is an analytic manifold. Because the limit exists for ¢ — 0, we can glue in
D x {0}. Because of the flatness of he j at € = 0, this yields a C'°° manifold M. We will
endow it with an integrable almost structure and apply Newlander-Nirenberg theorem
to recognize that this manifold in an open set in C?. The construction is completely
similar to that of [1], but we include it for purpose of completeness. We call (z,€) the
coordinates on Uy.

We let (©4,0_) be a partition of unity associated to the covering {U;,U_}. We
can suppose that the derivatives of ©L grow no faster than a negative power of the
variables. We can also suppose that the ©4 depend on € alone. Let us first construct
a C°°-diffeomorphism
Q: M — (C%0)\ {e=0}
defined by
Q=041 (24,6) +O_-(2_,¢) = (O124 + O_z_,¢).

Its extension by the identity on € = 0 is again C'*°, because of the flatness of h.; at
¢ = 0. This endows (M) of two complex coordinates (Z, ) where

Z = @+Z+ + O_z_. (74)

We now show that € induces an integrable almost complex structure on (M). Such
an almost complex structure is given by two forms w, £ which are C-linear in the sense
of this structure.

The almost complex structure is integrable when there exist coordinates (w1, ws) such
that

(dwy, dwa)c = (w, &)c.
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In that case, there exists a 2 x 2 invertible matrix A whose entries are C'*° functions in

(Z,€) such that
w\ dwi)
() =a(Gu) - adw.

w> = dAAdw contains no (0,2) component. The Newlander-Nirenberg

§

Theorem asserts that this necessary condition is also sufficient for integrability.

In particular, d (

For the second form of the complex structure we take & = de. The first form, w, should
play the role of dZ. It will be given by

w=(QH*@) (7.5)
for some form @ defined on M. The form @ is given by w1 on the chart Us. On U_
we take w_ = dz_. So we want wy = dz_ on Uy NU_. There, we have
dz— = %de + gTJider

Tegde + (14 Tej)dzy,

where the two functions 7, ; and T, ; are exponentially flat in le| ! near € = 0. The gluing
is done in the following way: we should remember that § can been chosen sufficiently
small so that J; (resp. J,), and then 7.; (resp. 7.,) and T,; (resp. T.,) exist for
arg(e) € (—26,420) and arg(e) € (m— 20, 7+ 25). We take a C* function ¢ : R — [0, 1]
such that

1, —d<ax<y,

p(x) =<0, 20 <z <m— 20,
1, m—d<x<m+4,

and which is decreasing (resp. increasing) in the region (6,20) (resp. (m — 20,7 — 9)).
Then,

dzy, arg(e) € (20,7 — 20),
Wy = dzy + p(arge) (1e pde + T pdz_), arg(e) € (—0,20),
dzy + p(arge) (1e de + T ydz—),  arg(e) € (m — 25, m + 0).

From its construction, the form w = wy on Uy is well defined on M, C* and of type
(1,0).

Let us now remark that the difference w — dZ decreases exponentially fast as ¢ — 0.
This comes from the fact that 7. ; and T, j, j € {l,7}, are exponentially flat in ||~}
near ¢ = 0. This allows to extend the almost complex structure {w,de} to e = 0, by
taking the two forms dz and de. The resulting almost complex structure is C* in a
neighborhood of the origin in C2.

To show that this complex structure satisfies the necessary condition for integrability
we need to show that {dw, d(de)} contains no terms of type (0,2). Obviously d(de) = 0,
so we only need to study dw. From its construction dw has no terms of type (0,2). The
special domain where ¢ is non identically zero ensures that w (which is obtained from
the pull-back of @) also has no term of type (0,2).
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Since the almost complex structure satisfies the necessary condition for integrability, we
can apply the Newlander-Nirenberg Theorem (for instance [9]) to the manifold Q(M).
Then, the local charts, which are holomorphic in the sense of this complex structure,
are C™. Hence, there exists a diffeomorphism I' : Q(M) NU — C?, where U is a
neighborhood of the origin in C2, which is holomorphic with respect to this structure,
and whose image is a neighborhood of the origin in C2. From the form of the complex
structure, it is clear that ¢ can be taken as one of the complex coordinates. So we
can suppose that I' preserves e. The composition I' o 2 is an analytic diffeomorphism
between an open set of M and a neighborhood of the origin in C2. The map T is not
unique. We can always choose it in such a way that it sends the curve z(z — €) = 0 to
the same curve.

We now conjugate the map (fe, €) with I o Q yielding
(ges€) = (T o Q)0 (fe,€) 0 (o)~

Since g, is bounded in the neighborhood of € = 0, it is possible to extend it to ¢ = 0 in
an analytic way. For each fixed ¢, the map g, is conjugated to f. defined on the slice
M. By continuity, it is clear that gg is conjugated to fo = lim._.q fe. O

8 The particular form of the compatibility condition for a
resonant saddle of a real vector field

It is easy to verify that, for 2-dimensional vector fields on C? coming from the extension
of a real vector field on R? with a saddle point at the origin, the holonomy maps of the
separatrices are reversible, i.e. satisfy

Sof=floy, (8.1)

where
X(2)=z (8.2)

is the complex conjugation. For simplicity we only discuss the case of the unfolding of a
saddle point with eigenvalues +1.

We consider the case of a germ of reversible family of diffecomorphisms satisfying (8.1). To
prepare the family to the form (7.1), we need to do a rotation z +— iz. Then the reversibility
condition becomes

Eo fe= (fE)_l oE, (83)
where
E(z) = —=Z. (8.4)
Lemma 8.1 The formal invariant a(e) satisfies a(€) = Z(a(e)) = —a(e). In particular a(e) €
iR when € € R.

We compare such a family with the time-one map of the vector field

_ z(z —€)
1+ a(e)z’

€
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which satisfies

Ei(ve) = —ve 0 E. (8.6)
Proposition 8.2 (i) It is possible to construct Fatou coordinates such that

E F
ProE=Eo0dT.

(i) The modulus is reversible, namely there exist representatives satisfying
PO® o2 =Zo (W)L, (8.7)
(11i) The functions h;-i’i, j € {0, 1}, satisfy
Sohyr=hi. 0%

(iv) The compatibility condition becomes: for e € R,
Ye =T o) oz,

Let us explain this in words. We know that if we have a family of real vector fields then,
in adequate coordinates, the Glutsyuk modulus is reversible. Hence, if we start with families
of germs of diffeomorphisms (\I'Sio )eev;. which are 1-summable in € and reversible, it turns
out that the compatibility condition is exactly equivalent to the reversibility of the Glutsyuk
modulus for € € R when derived from (\Ifgio )eVs 4 -

PROOF OF PROPOSITION 8.2.
(i) and (ii) are obvious.
(iii) This follows from the fact that EoZ =X o FE.
(iv) We derive Glutsyuk moduli for € € V=
{1/’5+ = Mo (hge )™
¢S =hi,_o(hg._ )"

Hence,
T/JS+ =Xo (1/)5_)_1 0.
We also know, by the uniqueness of the Glutysuk modulus that, for € € R, there exists
a,b € C* such that Q,Z)ng =L,o0 ¢g_ o Ly.
We first prove that b = @. Indeed,

Y& =ToLyo (Y& )T oL,oX. (8.8)
Also,
Y& = Leoyf oLy
= LaoEo(¢6G+)_1 oXoly (8.9)

= 2 o} LE o} (’l/}e(?_i_)_l o LEO 2
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Comparing (8.8) and (8.9) yields b = @ when 1/15+ # id. (Note that when wng = id,
then wg  is symmetric and we are finished.)

So, for e € R, we let & = L,1/2 o ¢S_ o L.1/>. Then Y =X o (&)~ o T. Indeed,

No@f)teX = YolgupoW ) oL, upo
= L,120X0 (wf_)_l 0¥ oL 1
— La71/2 [e) ’l]Z)g_i_ (o) La,1/2

e
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