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1 Lecture 1

1.1 Syllabus

We will study how to derive cutting planes for integer programs from single constraint

relaxations using the mixed-integer rounding (MIR) inequality, and its extensions.

1. Lecture 1: MIR inequality and extensions

2. Lecture 2: Gomory’s master cyclic group polyhedron

3. Lecture 3: Group cuts

4. Lecture 4: MIR closure

5. Lecture 5: MIR cutting-plane proofs

1.2 Introduction

We will study mixed-integer programs given in the form

min{ex+ fv : (x, v) ∈ P} where

P = {(x, v) ∈ Rm : Ax+ Cv = d, x, v ≥ 0, x integer},

possibly after slack variables are added. We denote the continuous relaxation of P by

PLP . We assume that all numerical data is rational. Let

Q =
{

v ∈ R|J |, x ∈ Z |I| :
∑

j∈J

cjvj +
∑

i∈I

ai xi = b, x, v ≥ 0, x integer
}

,

where the single equation defining the set Q, called the base equation, is obtained by taking

a linear combination of the equations defining P . In other words, a = λTA, c = λTC and
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b = λTd for some real vector λ of appropriate dimension. As P ⊆ Q, valid inequalities for

Q yield valid inequalities for P .

1.3 Basic mixed integer inequality

The MIR procedure provides a unifying framework to derive valid inequalities for mixed-

integer sets. See Marchand and Wolsey[12] for examples. We now discuss this procedure.

For a number v and an integer t, define v̂ = v − bvc, and v̂t = tv − btvc. Define

Q1 =
{

v ∈ R, z ∈ Z : v + z ≥ b, v ≥ 0
}

.

Lemma 1 If b̂ 6= 0, then all points in Q1 satisfy the basic mixed-integer inequality

v

b̂
+ z ≥ dbe . (1)

Proof: Let (v, z) ∈ Q1.

Case 1: z ≥ dbe. Then v ≥ 0 ⇒ v/b̂+ z ≥ dbe.

Case 2: z ≤ bbc. Then v + z ≥ b⇒ v ≥ b̂+ bbc − z ≥ b̂+ b̂(bbc − z) = b̂(dbe − z).
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Figure 1: basic MIR inequality.

In Figure 1, the point (v̄, z̄) = (0, b) violates the basic MIR inequality when b is not

integral.

Lemma 2 Let b̂ 6= 0. Then

conv(Q1) =
{

v, z ∈ R : v + z ≥ b,
v

b̂
+ z ≥ dbe , v ≥ 0

}

.

Therefore the basic mixed-integer inequality is the only non-trivial facet defining inequality

for Q1. If b̂ = 0, then Q1 has no non-trivial facet.
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1.4 Applying the basic MI inequality

Let S ⊆ I. Starting with the equation defining Q, we can round up the coefficients of

xj , j ∈ I \ S, and drop continuous variables with negative coefficients to obtain

∑

cj>0

cjvj +
∑

j∈S

aj xj +
∑

j∈I\S

daje xj ≥ b,

a valid inequality for Q. Writing aj = bajc+ âj for j ∈ S, and re-arranging terms, we get
(

∑

cj>0

cjvj +
∑

j∈S

âj xj

)

+
(

∑

j∈S

bajc xj +
∑

j∈I\S

daje xj

)

≥ b.

The first part of this inequality is non-negative, and the second part is integral for all

(v, x) ∈ Q. Applying the basic mixed-integer inequality we get:

1

b̂

(

∑

cj>0

cjvj +
∑

j∈S

âj xj

)

+
(

∑

j∈S

bajc xj +
∑

j∈I\S

daje xj

)

≥ dbe .

The coefficients of xj in this inequality are:

bajc +
â

b̂
if j ∈ S,

daje if j ∈ I \ S.

The best choice for the set S is S = {j ∈ I : âj ≤ b̂}. Then the above inequality becomes

1

b̂

∑

cj>0

cjvj +
∑

j∈I

(bajc + min{
âj

b̂
, 1})xj ≥ dbe .

We call this the mixed-integer rounding (MIR) inequality.

Definition 3 The MIR function with parameter b 6= 0 is defined as:

f b(v) = min{
v̂

b̂
, 1}.

1.5 Scaled MIR inequalities

We can scale the equation defining Q by a rational number t before writing the MIR

inequality to obtain the t-scaled MIR inequality:

1

b̂t

∑

tcj>0

tcjvj +
∑

j∈I

(btajc + f tb(taj))xj ≥ dtbe . (2)

Definition 4 For a non-zero number t, the t-scaled MIR function with parameter b, is

defined by f t,b(v) = f tb(tv).
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Figure 2: MIR functions f 0.8(·) and f 2,0.8(·).

Subtracting t(
∑

j∈J cjvj +
∑

j∈I aj xj) = tb from the t-scaled MIR inequality, and

dividing by (1 − b̂t), we get an equivalent inequality

1

b̂t

∑

tcj>0

tcjvj −
1

1 − b̂t

∑

tcj<0

tcjvj +
∑

j∈S̄

ât
j

b̂t
xj +

∑

j /∈S̄

1 − ât
j

1 − b̂t
xj ≥ 1,

Lemma 5 Assume the equation defining Q is rational, and let n be the smallest integer

such that nb ∈ Z and naj ∈ Z for all j ∈ I. Then, there are at most bn/2c distinct t-MIR

cuts for Q, with integral t. In particular,

a. If t < 0, then the t-MIR cut is the same as the (−t)-MIR cut, and,

b. if t > n, then the t-MIR cut is the same as the (t− n)-MIR cut, and,

c. if n > t > bn/2c then the t-MIR cut is the same as the (n− t)-MIR cut.

Proof Define ht,b(v) = v̂t/b̂t if v̂t ≤ b̂t, and (1 − v̂t)/(1 − b̂t) otherwise. It is easy to

see that (i) ht,b(v) = h−t,b(v) for all v ∈ R, implying (a), and (ii) ht,b(v) = ht−n,b(v)

whenever v is an integral multiple of 1/n, implying (b). From (i) and (ii) it follows that

ht,b(v) = hn−t,b(v) for v an integral multiple of 1/n, implying (c). Finally, t = 0 or t = n

does not lead to a valid inequality, because b̂t = 0, therefore the only values of t that can

give distinct t-MIR cuts are 1, 2, . . . , bn/2c.

The above approach used in deriving scaled-MIR inequalities involves mapping

T : Q→ Q′ = {

(

v′

z′

)

= A

(

v

x

)

+ b} ⊆ Q1,

where A is a matrix, b is a vector. If αT

(

v′

z′

)

≥ β is valid for Q′, then αTA

(

v

x

)

+αT b ≥ β

is valid for Q. This approach is used in local cuts for the TSP by Applegate et. al. [?]

with varying A. Espinoza [6] also generates A dynamically to generate cuts for Q.
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1.6 A simple polyhedral set

In this section we study simple mixed-integer sets with three variables. The subsequent

results are from Dash and Günlük (2006). We first look at

Q2+ =
{

v ∈ R, y, z ∈ Z : v + αy + z ≥ β, v, y, z ≥ 0
}

,

when α, β ∈ R and satisfy 1 > β > α > 0, and dβ/αe > β/α. Note that variable z is

required to be non-negative. Under our restrictions on α and β, it is possible to describe

the convex hull of Q2+ explicitly. As we discuss later, the resulting inequalities are valid

for the general case under mild conditions. First we show that the following MIR based

inequalities are facet defining for Q2+.

Lemma 6 The following inequalities are valid and facet defining for Q2+:

v + αy + βz ≥ β, (3)
(

1/(β − α bβ/αc)
)

v + y + dβ/αe z ≥ dβ/αe . (4)

Proof Note that inequality (3) can be obtained by treating v+αy as a continuous variable

and writing the MIR inequality based on (v+αy) + z ≥ β. To obtain inequality (4), we

start with inequality (3), divide it by α and relax the resulting inequality as follows:

v/α + y + dβ/αe z ≥ β/α (5)

Writing the MIR inequality where v/α is treated as a continuous variable and y+ dβ/αe z

is treated as an integer variable gives inequality (4).

To see that the inequalities are facet defining, consider the following distinct points:

p1 = (0, 0, 1), p2 = (0, dβ/αe , 0), p3 = (β − α bβ/αc , bβ/αc , 0), p4 = (β, 0, 0)

and note that (i) p1, p3, p4 ∈ Q2+ are affinely independent and satisfy inequality (3) with

equality, (ii) p1, p2, p3 ∈ Q2+ are affinely independent and satisfy inequality (4) with

equality.

Inequality (3) and inequality (4) are sufficient to obtain the convex hull of Q2+. We

call inequality (4) the two-step MIR inequality.

Lemma 7 conv(Q2+) = T , where

T =
{

v, y, z ∈ R : v, y, z satisfy (3), (4), v, y, z ≥ 0
}

.
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Figure 3: Facets of Q2+

As shown in Figure 3, points p1, p2, p3, p4 are the only extreme points of conv(Q2+),

and the unit vectors give the only extreme directions of Q2+.

Lemma 8 If 1/α ≤ dβ/αe, inequality (4) is an (1/α)-scaled MIR inequality for Q2+.

Let Q2 be a relaxation of Q2+ obtained by allowing the z variable to assume negative

values. More precisely,

Q2 =
{

v ∈ R, y, z ∈ Z : v + αy + z ≥ β, v, y ≥ 0
}

.

and remember that β, α ∈ R satisfy 1 > β > α > 0, and dβ/αe > β/α.

Even though β is required to be less than 1 in Q2, the fact that z can take on negative

values makes the set fairly general. Some of the complexity of the facial structure of

conv(Q2+) when β is large can be captured by studying the set Q2. We next show that

inequalities (3) and (4) are facet defining for Q2 under mild conditions. They are not

necessarily sufficient to describe the convex hull.

Lemma 9 Inequality (3) is facet defining for Q2. In addition, inequality (4) is facet

defining for Q2 if 1/α ≥ dβ/αe.

Proof As p1, p2, p3, p4 ∈ Q2+ ⊆ Q2, we only need to show validity of inequality (3) and

(4). Inequality (3) is valid as it is derived in the proof of Lemma 6 without assuming

z ≥ 0

To see that inequality (4) is valid, notice that the inequalities

(1/α)v + y + (β/α)z ≥ β/α,

(1/α)v + y + (1/α)z ≥ β/α,
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are valid for Q2, and therefore, for any γ ∈ R satisfying 1/α ≥ γ ≥ β/α, the inequality

(1/α)v + y + γz ≥ β/α

is also valid since it can be obtained as a convex combination of valid inequalities. Since

1/α ≥ dβ/αe by assumption, 5 is valid for Q2, and therefore so is inequality (4).

1.7 Two-step MIR inequalities for Y

We present an example to illustrate how these inequalities can be applied.

Example 10 Consider the equation 1.2x1 + 3.35x2 + 2.5x3 + 0.8x4 + x5 = 4.7 with all

variables non-negative and integral. This equals 0.2x1 + 0.35x2 + 0.5x3 + 0.8x4 +w = 0.7,

where w = x1+3x2+2x3+x5−4. Here b̂ = 0.7; let α = 0.4. Then 1/α = 2.5 > db̂/αe = 2,

and ρ = 0.3. Since x2 and x4 are non-negative, the inequality

(0.2x1 + 0.1x3) + 0.4(x2 + x3) + (x4 + w) ≥ 0.7

is a relaxation of the previous equation. Of the three terms in brackets, the first two are

non-negative, and the last two are integral; we can thus apply inequality (4) to obtain

1

3
x1 +

1

2
x2 +

2

3
x3 + x4 + w ≥ 1

as a cutting plane.

We next generalize this procedure. First assume all cjs in Q are zero. Define τ =

db̂/αe ≥ 2, and define ρ = b̂ − αbb̂/αc. Let kj , lj be integers such that kj ≤ bâj/αc, and

lj ≥ dâj/αe, for j ∈ I.

Let I0, I1 and I2 be sets which form a partition of I. We can relax the equation in Q

to obtain

∑

j∈I1

(kjα+ (âj − kjα))xj +
∑

j∈I2

ljαxj +
∑

j∈I0

xj + w ≥ b̂,

which can be rewritten as

∑

j∈I1

(âj − kjα)xj + α
(

∑

j∈I1

kj xj +
∑

j∈I2

lj xj

)

+
(

∑

j∈I0

xj + w
)

≥ b̂,

Applying inequality (4) and substituting for w leads to inequality

∑

j∈I

γjxj + ρ τ z ≥ ρ τ dbe, (6)

7



where

γj = ρ τ bajc +











ρ τ if j ∈ I0

kjρ + âj − kjα if j ∈ I1

ljρ if j ∈ I2

By inspection, the strongest inequality of this form is obtained by setting kj = k∗j =

bâj/αc and lj = l∗j = dâj/αe for j ∈ I, and letting

I0 = {j ∈ I : âj ≥ b̂},

and

I1 = {j ∈ I \ I0 : âj − k∗jα < ρ}, I2 = {j ∈ I \ I0 : âj − k∗jα ≥ ρ}.

In other words,

γj = ρ τ bajc + min{ρ τ , k∗jρ + âj − k∗jα , l∗jρ }.

If the continuous variables have non-zero coefficients, then the two-step MIR inequality

for Q becomes
∑

cj>0

cjvj +
∑

j∈I

γjxj + ρ τ z ≥ ρ τ dbe, (7)

These inequalities imply the inequalities of Letchford and Lodi (2002). They also

equal some classes of inequalities for Q obtained by Atamtürk [2] via sequential lifting, if

the variables x have no upper bounds.

Theorem 11 (Dash, Günlük 2003) Given a point (v∗, x∗) ∈ QLP , the most violated two-

step MIR inequality can be found in polynomial time, assuming τ ≤ t for some fixed t.
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2 Lecture 2

We discuss how to obtain cutting planes for mixed-integer programs from Gomory’s master

cyclic group polyhedron .

2.1 Gomory’s master cyclic group polyhedron

In the previous lecture, we discussed the set

Q =
{

v ∈ R|J |, x ∈ Z |I| :
∑

j∈J

cjvj +
∑

i∈I

ai xi = b, x, v ≥ 0, x integer
}

.

Rewrite Q as

Q =
{

v ∈ R|J |, x ∈ Z |I| : (
∑

i∈I

baicxi − bbc) +
∑

j∈J

cjvj +
∑

i∈I

âi xi = b̂, x, v ≥ 0
}

and assume that âi (i ∈ I) and b̂ are rational numbers with a common denominator n,

and let b̂ = r/n, where 0 < r < n. We call n the scaling factor for Q.

Let Ik = {i ∈ I : âi = k/n} and define the mapping

wk =
∑

i∈Ik

xi,

v+ =
∑

cj≥0

cjvj , v− =
∑

cj<0

cjvj , (8)

z =
∑

i∈I

baicxi − bbc

that maps each point (v, x) in Q to a point (v+, v−, w) in the polyhedron

P ′(n, r) = conv{v+, v− ∈ R, w ∈ Zn−1 : v+−v−+
n−1
∑

i=1

i

n
wi−z =

r

n
, v+, v−, w ≥ 0, z ∈ Z}.

(If Ik is empty for some k, set wk to zero.) If Q has no continuous variables, then (8)

maps points in Q to points in the master cyclic group polyhedron of Gomory:

P (n, r) = conv{ w ∈ Zn−1 :
n−1
∑

i=1

i

n
wi − z =

r

n
, v+, v−, w ≥ 0, z ∈ Z}.

We view P ′(n, r) as the mixed-integer extension of P (n, r). We call n the size of P ′(n, r).

Thus the scaling factor of Q equals the size of the associated P ′(n, r) ( or P (n, r)). The

constraint defining P (n, r) can be written as

n−1
∑

i=1

iwi ≡ r (modn).

Further, for P (n, r) one can assume z is non-negative, but not for P ′(n, r).

9



2.2 Basic properties

Gomory [8] characterized the polar of P (n, r), i.e., the convex hull of nontrivial facets

(excluding the non-negativity inequalities) of P (n, r). We assume all facet defining in-

equalities have a right hand side of 1.

Theorem 12 (Gomory [8]) If r 6= 0, then
∑n−1

i=1 ηiwi ≥ 1 is a non-trivial facet of

P (n, r) if and only if η = (ηj) is an extreme point of the inequalities

ηi + ηj ≥ η(i+ j)modn ∀i, j ∈ {1, . . . , n− 1}, (9)

ηi + ηj = ηr ∀i, j such that r = (i+ j)modn, (10)

ηj ≥ 0 ∀j ∈ {1, . . . , n− 1}, (11)

ηr = 1. (12)

The property (9) is called sub-additivity; we call (10) r-additivity.

Theorem 13 (Gomory, Johnson [9]) An inequality ηT (v+, v−, w) ≥ 1 defines a facet of

P ′(n, r) if and only if it has the form

nη1v+ + nηn−1v− +
n−1
∑

i=1

ηiwi ≥ 1, (13)

where (η1, . . . , ηn−1) defines a facet of P (n, r).

Valid inequalities for P ′(n, r) yield valid inequalities for Q. Given a facet (13) of

P ′(n, r),

nη1(
∑

cj≥0

cjvj) + nηn−1(
∑

cj<0

cjvj) +
∑

i∈I

f(âi)xi ≥ 1, (14)

is a valid inequality for Q, where f(âi) = ηk if âi = k/n. We call such inequalities group

cuts for Q. We will see that the GMI cut can be derived as a group cut.

Let (v′, x′) ∈ QLP \ conv(Q), and let (v′, x′) be mapped to (v′+, v
′
−, w

′) via (8). The

most violated group cut for (v′, x′), if there is one, can be found by solving the separation

LP

min
{

(nv′+)η1 + (nv′−)ηn−1 +
∑

i

w′
iηi : η satisfies (9) − (12)

}

.

If the optimum value of the separation LP is less than 1, then (v ′+, v
′
−, w

′) 6∈ P ′(n, r)

and the corresponding group cut (14) is violated by (v ′, x′). If the optimum value of the

separation LP is at least 1, then (v′+, v
′
−, w

′) ∈ P ′(n, r) and (v′, x′) satisfies all group cuts.

10



We need some definitions before proving Theorems 12 and 13. For P ′(n, r), let ei (i =

1, . . . , n−1), e+ and e− be the unit vectors with ones in, respectively, the with component,

the v+ component, and the v− component, and zeros elsewhere. For a vector η in the

P (n, r) space, define its extension in the P ′(n, r) space as ηex = (nη1, nηn−1, η). For a

vector η′ in the P ′(n, r) space, define its restriction to the P (n, r) space by removing the

v+ and v− components, and denote it by η′re.

Lemma 14 Both P (n, r) and P ′(n, r) are full-dimensional unbounded polyhedra, and their

characteristic (recession) cones are Rn−1
+ and Rn+1

+ respectively.

Lemma 14 implies that if ηTw ≥ 1 is a facet defining inequality of P (n, r), then η ≥ 0.

Further, any non-trivial facet has the following property: for i = 1, . . . , n − 1, there is

a set of n − 1 linearly independent integer points χi in P (n, r) satisfying χi
i ≥ 1, for

i = 1, . . . , n− 1.

Lemma 15 Let η ∈ Rn−1 satisfy the constraints (10) - (12). If ηTx ≥ 1 is a valid

inequality for P (n, r), then η satisfies the sub-additivity constraints (9).

Proof Let j, k ∈ {1, , . . . , n− 1}, and let i = j + kmodn. Let χ = ej + ek + er−i. Then

χ ∈ P (n, r) ⇒ ηTχ = ηj + ηk + ηr−i ≥ 1 = ηi + ηr−i

⇒ ηj + ηk ≥ ηi.

Proof of Theorem 12 Let γTw ≥ 1 define a non-trivial facet of P (n, r). We argued

earlier that γ ≥ 0. We next show that γ satisfies (10) and (12). Observe that

er, ei + er−i ∈ P (n, r) ⇒ γr ≥ 1, γi + γr−i ≥ 1.

Further, there are integral points χ′, χ′′ and χ′′′ in P (n, r) lying on this facet such that

χ′
i ≥ 1 and χ′′

r−i ≥ 1 and χ′′′
r ≥ 1 Then γT (χ′ + χ′′) = 2. But

χ = χ′ + χ′′ − ei − er−i ∈ P (n, r) ⇒ γTχ = 2 − γi − γr−i ≥ 1 ⇒ γi + γr−i ≤ 1.

Similarly γTχ′′′ = 1, and

χ̄ = 2χ′′′ − er ∈ P (n, r) ⇒ γT χ̄ = 2 − γr ≥ 1 ⇒ γr ≤ 1.

Therefore γ satisfies (10) - (12). By Lemma 15, it also satisfies the sub-additivity con-

straints.

11



Let η satisfy (9) - (12). For any point integral w∗ ∈ P (n, r)

∑

i

ηiw
∗
i ≥

∑

i

η(iw∗

i ) ≥ η(
P

i iw∗

i ) = ηr = 1,

where the subscripts inside the brackets are computed modulo n. Therefore ηTw ≥ 1

defines a valid inequality for P (n, r). Let

P (n, r) = {w ∈ Rn−1 : Aw ≥ 1, w ≥ 0},

where Aw ≥ 1 represents the non-trivial facets of P (n, r). This implies that if Aj stands

for the jth column of A, then for any index i 6= r, Ai +Ar−i = Ar = 1. Observe that

min{ηTw : Aw ≥ 1, w ≥ 0} = 1,

as er ∈ P (n, r) and ηT er = ηr = 1. Therefore, an optimal dual vector y of the above LP

satisfies

yTA ≤ η, yT1 = 1, y ≥ 0.

If yTAi < ηi for any index i 6= r, then

1 = ηi + ηr−i > yTAi + yTAr−i = yT1 = 1.

Therefore yTAi = ηi for i = 1, . . . , n − 1. This implies that η is a convex combination of

non-trivial facets {ηi} of P (n, r), which in turn are solutions of (9) - (12). Thus, if η is

an extreme point (9) - (12), η is a facet of P (n, r), and the vector y is a unit vector. If a

facet is not an extreme point of (9) - (12), it is a convex combination of solutions of this

system, and therefore of valid inequalities for P (n, r).

Lemma 16 If χ = (v′+, v
′
−, w

′) is a vertex of P ′(n, r), then (i) both v′+ and v′− cannot be

non-zero, and (ii) v′+ and v′− are integral multiples of 1/n.

Proof (i) If v′+ and v′− are non-zero, and min{v′+, v
′
−} = ε, then

χ1 = χ+ ε(1, 1, 0, . . . , 0) and χ2 = χ− ε(1, 1, 0, . . . , 0)

belong to P ′(n, r) and χ = (χ1 + χ2)/2, which implies that χ is not a vertex.

(ii) If v′− is non-zero, then v′+ +
∑

iw
′
i/n− z = r/n for some integer z which implies that

v′+ is a multiple of 1/n. A similar argument holds for v ′−.

Proof of Theorem 13 Let ηTx ≥ 1 be a non-trivial facet of P (n, r). Let χ = (v ′+, v
′
−, w

′)

be a vertex of P ′(n, r), and assume v′+ > 0. Then nv′+ is an integer and v′− = 0. The

vector ηex defines an inequality (with r.h.s. 1) satisfied by χ as

ηT
exχ = η1nv

′
+ +

∑

i

ηiw
′
i ≥ η(nv′+) + η(

P

i iw′

i)
≥ η(nv′++

P

i iw′

i)
= ηr = 1.
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The subscripts inside the brackets above are taken modulo n. The inequalities above follow

from sub-additivity. Further, ηex ≥ 0 and the recession cone of P ′(n, r) equals Rn+1
+ and

therefore ηT
ex(v+, v−, w) ≥ 1 is a valid inequaliy for P ′(n, r). To see that this is a facet of

P ′(n, r), let χ1, . . . χn−1 be linearly independent points in P (n, r) which satisfy ηTχi = 1.

There are indices j, k such that χj
1 = s > 0 and χk

n−1 = t > 0. Define n + 1 linearly

independent points in Rn+1 as follows:

ψi = (0, 0, χi) for i = 1, . . . , n− 1;

ψ+ = ψj +
s

n
e+ − se1; ψ

− = ψk +
t

n
e− − ten−1.

These points satisfy ηT
exχ ≥ 1 with equality, and therefore ηex defines a facet of P ′(n, r).

Assume η defines a facet of P ′(n, r). There exists a vertex χ ∈ P ′(n, r) incident

with this facet (i.e., ηTχ = 1) with a positive v+ component. Then χv+
= t/n for some

positive integer t. Let χ′ in P ′(n, r) be obtained from χ by setting χ′
v+

to 0 and χ′
1 to

t. Then ηTχ′ ≥ 1 ⇒ nηv+
≤ nη1. By modifying a vertex χ of P ′(n, r) with χ1 > 0,

we can similarly conclude that ηv+
≥ nη1 and therefore ηv+

= nη1. The argument for

ηv− = nηn−1 is identical. Finally, any point in P (n, r) can be mapped to a point in

P ′(n, r) by appending zeros in the v+ and v− components, and therefore ηT
rew ≥ 1 is a

valid inequality for P (n, r). If it is not a facet, then ηre ≥
∑

i λiη
i for some facets ηi of

P (n, r), and some numbers λi ≥ 0. But that would imply that η ≥ λiη
i
ex. By the first part

of the proof, the vectors ηi
ex define facets of P ′(n, r), and this contradicts the assumption

that η defines a facet of P ′(n, r).

Remark 17 Gomory and Johnson [9] showed that P ′(n, r) has exponentially many facets

(in n). For example, when n = 50 and r = 10, P ′(n, r) has at least 74,000 facets, see [5].

2.3 Facets of P (n, r)

As the defining equation for P (n, r) has the same form as Q1, we can define valid inequal-

ities for P (n, r) by applying the MIR cut to P (n, r).

Definition 18 The t-scaled (two-step) MIR inequality for P (n, r) for an integer t > 0 is

the inequality obtained after applying the t-scaled (two-step) MIR inequality to

Qp = {wi, z ∈ Z :

n−1
∑

i=1

i

n
wi − z =

r

n
,w ≥ 0, z ≥ 0}

and then substituting out z.

13



Therefore one can obtain t-scaled MIR inequalities and t-scaled two-step MIR inequal-

ities as
n−1
∑

i=1

(bti/nc + f tr/n(ti/n))wi ≥ 1, (15)

n−1
∑

i=1

(bti/nc + gtr/n,∆/n(ti/n))wi ≥ 1 (16)

for rational t and ∆.

For a positive integer n and integers t and i, define (ti)n = timodn (here, kmodn

stands for k − nbk/nc). The (1-scaled) MIR inequality for P (n, r) is

∑

i≤r

i

r
wi +

∑

i>r

n− i

n− r
wi ≥ 1, (17)

and for an integer t > 0, the t-scaled MIR inequality (2) is

∑

(ti)n<(tr)n

(ti)n

(tr)n
xi +

∑

(ti)n≥(tr)n

n− (ti)n

n− (tr)n
xi ≥ 1. (18)
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Figure 4: (i) The MIR facet for P (10, 7); (ii) The 2-scaled MIR facet for P (10, 7)

Definition 19 An inequality
∑n−1

i=1 ηiwi ≥ 1 is a two-slope inequality if ηi − ηi−1 equals

either η1 or −ηn−1 for i = 2, . . . , n− 1.

Theorem 20 (Gomory, Johnson [9]) Every two-slope inequality for P (n, r) which satis-

fies the constraints (9) - (12) defines a facet for P (n, r).

Proof By definition, for i = 2, . . . , n − 1 either η1 + ηi−1 = ηi or ηn−1 + ηi = ηi−1.

The constraints above are just the sub-additivity constraints (9) (satisfied as equalities)

for i 6= r, r + 1, and the r-additivity constraints (10) otherwise. These, along with the

constraint ηr = 1 define n− 1 linearly independent constraints from (9) - (12).

Corollary 21 (Gomory [8]) The MIR inequality for P (n, r) defines a facet of P (n, r).

14



Proof Let ηTw ≥ 1 stand for the MIR inequality. It clearly is a two-slope inequality,

and satisfies (10) - (12). As it is a valid inequality for P (n, r), Lemma 15 implies that it

satisfies the sub-additivity constraints, and therefore the requirements of Theorem 20.

Corollary 22 The If t > 0 is a divisor of n and tr is not a multiple of n, then the t-scaled

MIR inequality defines a facet of P (n, r).

Proof (Sketch) It is clear that the inequalities above are valid for P (n, r). They are also

two-slope inequalities and satsify (10) - (12).

We show later that for every non-zero integer t, such that tr is not a multiple of n,

the t-scaled MIR inequality (18) defines a facet of P (n, r).

An automorphism φ is a bijection from {0, 1, . . . , n− 1} to itself such that

φ((a+ b)modn) = (φ(a) + φ(b))modn.

A bijection φ is an automorphism if and only if φ(i) = (ti)n where t is coprime with n (n

and t have no common divisors). The inverse of an automorphism is also an automorphism;

if φ(i) = (ti)n, then φ−1(i) = (ui)n where u satisfies tu≡ 1 (modn) (such a u exists as t

and n are coprime).

Theorem 23 (Gomory [8]) Let r be an integer such that 0 < r < n. Let φ be an au-

tomorphism defined by φ(i) = (ti)n, and let s = φ(r). If
∑

i ηiwi ≥ 1 is a non-trivial

facet of P (n, r), then
∑

i ηiwφ(i) ≥ 1 is a non-trivial facet of P (n, s). Equivalently,
∑

i ηφ−1(i)wi ≥ 1 is a non-trivial facet of P (n, s).

Theorem 23 says that for an automorphism φ, the facets of P (n, r) correspond to facets

of P (n, φ(r)) via a permutation of facet coefficients.

Example 24 Let w∗ = (w∗
1, w

∗
2 , w

∗
3, w

∗
4) be non-negative integer vector satisfying

1w1 + 2w2 + 3w3 + 4w4 ≡ 3mod 5.

Note that 2 is co-prime with 5, and 3 = 2−1 in modular arithmetic, as 2 × 3 ≡ 1mod 5.

Clearly w∗ also satisfies

2(1w1 + 2w2 + 3w3 + 4w4) ≡ 2 × 3 ≡ 1mod 5, or

2w1 + 4w2 + 1w3 + 3w4 ≡ 1mod 5.

Also, any solution w′ of the last expression satisfies

3(2w1 + 4w2 + 1w3 + 3w4) ≡ 3mod 5,

which is the same as the first modular equation.

15
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Figure 5: Two-slope facet for P (10, 7)

2.4 Two-step MIR facets

When applied to P (n, r), the two-step MIR inequalities yield many facets.

Theorem 25 Let ∆ ∈ Z+ be such that r > ∆ > 0. The two-step MIR inequality

n−1
∑

i=1

gr/n,∆/n(i/n)xi ≥ 1

defines a facet of P (n, r) provided that n > ∆ dr/∆e > r. We call the corresponding facet

the 1-scaled two-step MIR facet of P (n, r) with parameter ∆.

Proof (Sketch) For i ∈ I = {1, 2, . . . , n − 1} let ηi = gr/n,∆/n(i/n) so that the two-step

MIR inequality can be written as
∑n−1

i=1 ηixi ≥ 1.

First note that α = ∆/n satisfies the conditions of Lemma 9: (i) r > ∆ > 0 ⇒ b̂ =

r/n > α > 0, and (ii) n > ∆ dr/∆e > r ⇒ n/∆ > dr/∆e > r/∆ ⇒ 1/α > db̂/αe > b̂/α.

Therefore, the inequality is valid for P (n, r). The rest of the proof is identical to the proof

of Corollary 21.
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